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Sets, 
Logical Reasoning, 
and Patterns 


Numeration and 
Place Value 


Addition and 
Subtraction of 
Whole Numbers 


Multiplication 
and Division of 
Whole Numbers 


Fractional Numbers 


Problem Solving and 
Applications 


Estimation 


Number Theory 


Measurement 


Geometry, Number 
Line, and Graphs 


Special Topics 


_.wolgarten 


Units P and R 


Concept of sets: P13-14 

Comparisons of sizes: P1-8, P11-12, P15 
Similarities and differences: P17-32 
Patterns: P9-10, P16 

Maze: P32 


More than and less than concept: 
P33-37, P43-47 

Matching, one-to-one correspondence: 
P37-42 

Numerals and numbers 0 to 10: 
R1-7, R11-12, R17-32 

Recognition of number of a set: 
R8-10, R13-16, R37-38 






Addition combinations 1 to 10 (intuitive): 
R32-36, R39-44 

Subtraction related to sums of 10 or less 
(intuitive): R45—46 

Order of numbers 1 to 10: R48 


Recognition of simple shapes: 
P17, P27, P28, P30, P48 


Book One 


Units a, b, c, and d 


Comparing sets: a1-9 

Equivalent sets: a5-8 

Cardinal number of a set: a13-14 

Empty set: a19 

Union of sets and addition: 
b1-13, b25-32, b41 

Sets and subtraction: b15-23, b33-37, b45 

Sets of ten: c1-4 

Skip counting: d54, d62 

Logic: a59-60, d42 

Patterns: c14 


Introducing ten: c1—4 

Grouping by tens: c5-13 

Counting to 99: ¢15-26, d44 

One more than: a9, a27, 29, 31, 33, 35 
Greater than and less than: a41—49, d55-61 
Numeral writing: a15—23, a27-36 


Addition and subtraction facts, sums through 
9: b1-51, c35-45 

Zero principle for addition: b9 

Inverse relation (+ and —): c57-60, d49-52 

Missing addends: ¢53-56, d45-53 

Sums of ten: d1—-11 

Addition and subtraction facts, sums greater 
than 10: d13-23, d35-43 

Commutative (order) principle: d41, d51 


Introduction to fractions, +, 3 , and 
z :d25-33 


Solving money picture stories: ¢47-51 
Discussions: a2, 14, 26, 42; b2, 16, 26, 40; 

c16, 36, 46, 54; d2, 14, 26, 46, 56 
Picture story for zero: a20 


Skip counting sequences: d54 
Skip counting even numbers: d62 


Concept of length: b53.-57 
Centimetres: b57—61 

Length of paths: b62, d34 
Readiness for area concepts: c62 
Readiness for volume concepts: d24 


Number line: a47; b11, 21, 29, 35, 43, 47; 
d5, 19-22, 48, 54 

Recognition of basic shapes: a12, a50-54 

Open and closed curves: a55 

Segments and paths: a57 

Same size figures: a59-61 

Symmetry: d25 


Telling time: ¢27-33 

Money: ¢45-51 t» 

Let's have fun: a12, 24, 40, 50, 62; b14, 24, 38, 
52, 62: c14, 26, 34, 44, 52, 62; d12, 24, 34, 
44, 54, 62 
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Book Two fa 


Units e, f,g, andh 





Cardinal number of a set: e1-7 
Maze: e40, g22 
Sets and addition: e43 
Sets and subtraction: e47 
Counting sequences: e15, 62; f36; 
g6, 11, 13; h38 
Informal logic: e52, 57; £55; 
g12, 34, 37;,h20, 50 
Patterns: f10 
Attribute pieces: g23 
Puzzle problems: 934, g62, h8 
Multiplication and sets: g50-52, g55, g57 


Numeral writing: e3 
2- and 3-digit numerals: e7—11, f13-18, g 
Counting to 99: e13-17, h62 

Greater than and less than: e17—23, g12 
Roman numerals: e32-39 

Expanded notation: f49, g16-17 
Regrouping: h33, h41—44, h52-56 
Fraction numerals: h21—29 






Addition and subtraction facts, sums of 
10 or less: e41—-51, e59 

Missing addends: e53-61 

Inverse relation (+ and —): e57-58, h13 

Basic principles: f1-9 

Addition and subtraction facts, sums to 
18: f11-35, g35-47, h1-19 

Addition and subtraction without 
regrouping: f47-61, g15—21 

Addition and subtraction with 
regrouping: h31-61 


Multiplication concepts: g49-61 


Halves, thirds, and fourths: h21—29 


Money problems: e25-31, g14 

Addition and subtraction problems: e60 
32, 34, 54, 60; g20, 46, 60; h16, 18, 45,5 

Multiplication problems: g59-60 

Addition and subtraction problems with 
regrouping: h45, h58, h60 

Discussions: e2, 26, 42; £48 


Introductory concepts leading to 
regrouping: h31, h39 


Odd and even numbers: e12 
Skip counting: e62, £36, h38 
Nomograph addition: f24 
Square numbers: f62 


Time: e83-—39 
Centimetres: f37—40 
Perimeter: f41—42 
Area: f43—44 

Litres: f46 

Volume: 948 


Number line: e6, 46, 49; £12, 16, 21, 29; 
g54, 58; h35 - 

Triangles, squares, rectangles, 
circles: g23-26 

Segments: g27-28 

Congruence: g28-30 

Similarity: g31-32 

Graphing: h48 


Time: e33-39 

Roman numerals: e32-39 

Money: e25-31, g14 

Magic squares: h8 

Let's have fun: e12, 24, 32, 40, 52, 62; 
£10, 24, 36, 46, 62; g14, 22, 34, 48,62; | 
h8, 20; 30, 38,48, 62 - 
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Foreword 


The Investigating School Mathe- 
matics series co-ordinates the precise 
concepts of modern mathematics 
with an approach that stimulates the 
child to actively participate in his 
own learning experiences. The series 
provides for the necessary mastery of 
basic number skills, and presents the 
material in a way that emphasizes the 
exciting, creative nature of mathe- 
matics. As the child becomes in- 
volved in exciting explorations and 
investigations, the structure and 
beauty of mathematics unfolds. The 
children are encouraged to investi- 
gate and discover ideas for them- 
selves, to look for interesting patterns 
and relationships, and to develop 
their own generalizations. New and 
fascinating topics are explored not 
solely for their mathematical value, 
but also because they stimulate 
interest and motivate children to 
put forth their best efforts. 

In our view, the development of a 
sound mathematical structure need 
not be hindered by an exciting, 
activity-oriented approach. Rather, 
the activity approach can and should 
reinforce the child’s experiences as 
he investigates mathematical topics 
in an orderly, structured fashion. The 
same, sound mathematical structure 
that was called ‘‘modern”’ in the 
1960’s is present in Jnvestigating 
School Mathematics. The important 
difference in this new series lies in its 
approach. The child learns through 
continual active participation in ac- 
tivities and investigations that lead 
to the discovery of each new idea. 

As each new concept unfolds, 
the child is given an opportunity 


to investigate the ideas by using 
a wide variety of manipulative ma- 
terials and activities. Then, through 
guided discussion, he is led to a 
deeper understanding of the ideas 
and their relation to the overall 
structure of mathematics. Following 
the investigation and discussion, he is 
provided with sufficient problem- 
solving practice to develop speed 
and accuracy. 

The Investigating School Mathe- 
matics series 1S unprecedented in 
its careful provision for individual 
differences. Throughout each text, 
the child is challenged to do what 
he can do, not what someone else 
thinks he can do. Each child has 
the opportunity to experience in- 
dividual success in an environment 
that stresses co-operation and com- 
munication rather than competition. 
This careful provision for individual 
differences makes the J/nvestigating 
School Mathematics series unusually 
adaptable to such diverse teaching 
situations as ungraded schools, indi- 
vidual or small-group instruction, or 
whole-class instruction. 

The essence of the J/nvestigating 
School Mathematics series 1s re- 
flected in the beliefs to which we 
are committed: that there are funda- 
mental mathematical concepts which 
can be isolated and set forth with 
sharpness and clarity; that these 
concepts, when truly understood, 
provide powerful tools for extending 
knowledge; that children of every 
level should be encouraged to 
actively participate, to think, to 
question, and to seek understanding ; 
that, although a certain body of 


knowledge must be passed on to 
each generation from preceding 
generations, the individual creativity 
of each new generation must not be 
stifled by pedagogy which forces 
upon its pupils patterns of thought 
which have served us well in the past 
but which may be inadequate for 
the future. 

Mathematics can be successfully 
taught in this spirit. At every stage 
in the learning of mathematics the 
discovery of new relationships can 
be a delight. It is in this spirit that 
Investigating School Mathematics has 
been written. 

The authors wish to express their 
appreciation to Ball State University 
and to the Educational. Research 
Council of Greater Cleveland, where 
many of the ideas were generated and 
tested for the Elementary School 
Mathematics series, which served as 
a forerunner of /avestigating School 
Mathematics ; to Edith Biggs and the 
Nuffield Project in England, for their 
leadership in bringing the activity- 
oriented laboratory approach into 
prominence; to Mrs. Nancy Hilde- 
brand, whose contributions to the 
teachers’ manuals for Elementary 
School Mathematics are still re- 
flected in this manual; to Theresa 
Burke, who assisted in the prepa- 
ration of this manual by bringing. 
from a wealth of classroom ex- 
perience, many of the activities and 
teaching suggestions found in each 
lesson; and finally, to the many 
teachers and children who _ have 
proved that studying mathematics 
can be an exciting and stimulating 
experience in the elementary school. 
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The Book 6 Program 


Mathematics 
of the Book 6 Program 


Before using Book 6 of this series 
in the classroom, you are urged to 
take the time to study A Text for 
Teachers, which comprises the last 
section of this Teachers’ Edition. A 
careful study of this material will 
help you gain a better understand- 
ing and appreciation of the philoso- 
phy and the teaching strategy that 
underlie the mathematics of the 
Investigating School Mathematics 
program. 

All of the important mathemati- 
cal concepts that were covered in 
Book 5 are reviewed, expanded, 
and reinforced in the Book 6 
program. 

In structuring Book 6, we have 
assumed some minimal understand- 
ing and skill on the part of the 
children. We expect that children 
know addition and subtraction facts 
through 18 and multiplication and 
related division facts through 81. 
The children should also be able to 
find sums and differences that in- 
volve regrouping and should have 
some skill in finding products in- 
volving two-digit factors and in 
working long division with two- 
digit divisors. They should also 
have an understanding of the basic 
ideas concerning fractional num- 
bers and should be able to build 
and test sets of equivalent fractions. 

All of the preceding ideas are 
reviewed thoroughly but briefly in 
Book 6. The following ideas are 
introduced or expanded in the 
Book 6 program. 

Sets and logic: identification of 
sets; quantifiers (all, none, some); 
attribute pieces; similarities and 
differences; number and geometric 
patterns 

Whole-number concepts: place 
value through 24 places; exponents 
and scientific notation; estimation; 
multiplication using three- and four- 
digit factors; extension of the 
division algorithm using two- and 
three-digit divisors; arithmetic 


Vi 


mean (average); numeration sys- 
tems other than base ten 

Fractional - number concepts: 
equivalent fractions; lowest-terms 
fractions; inequalities; basic prin- 
ciples for addition and multiplica- 
tion of fractional numbers; addi- 
tion and subtraction; mixed numer- 
als and improper fractions; multi- 
plication and division 

Number theory: factors and fac- 
tor trees; prime numbers; union 
and intersection of sets; greatest 
common factor; least common mul- 
tiple; modular (clock) arithmetic 

Decimals: decimal names for 
fractional numbers; addition, sub- 
traction, multiplication, and divi- 
sion using decimals; mixed decimal 
numerals 

Ratio and Percent: equal ratios; 
scale drawings; meaning and nota- 
tion for percent; discount; sales 
price; interest; problem solving 

Geometry and Measurement: 
plane and space figures; congruent 
figures; symmetry; cross sections; 
tessellations; length; area; surface 
area; volume; circumference and 
area of circles; Pythagorean Theo- 
rem; graphing geometric figures; 
rotations; translations; similar fig- 
ures; magnifications 

Probability: experiments; equal- 
ly likely outcomes; meaning of 
probability 

Integers: negative numbers; basic 
principles for addition; adding in- 
tegers; graphing integers and func- 
tions 

A wide variety of story problems, 
optional exercises, flow charts, and 
special challenge problems (called 
Think problems) are integrated 
throughout the text to help the chil- 
dren improve their skills in problem 
analysis and problem solving. — 
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will provide a broader understand- 
ing of the overall mathematical 


development in the /nvestigating 
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the Book 6 Program 


Design Features of Book 6 

Each lesson is titled with either 
a question or a provocative phrase 
inviting the child to explore a given 
idea. The core lessons of Book 6 
are designed in one of two ways: 
those lessons which include an in- 
vestigation activity begin on the 
left-hand page with the investiga- 
tion, followed by a set of discus- 
sion exercises and then by a set of 
exercises on the right-hand page 
for the children to work indepen- 
dently. (The titles of these sections 
are Investigating the Ideas, Dis- 
cussing the Ideas, and Using the 
Ideas, respectively.) Other lessons 
are designed around a set of 
discussion exercises, titled Dis- 
cussing the Ideas, and a set of in- 
dependent exercises, titled Using 
the Ideas. 

Many lessons throughout the 
book contain starred exercises for 
enrichment and a Think problem 
for the more able or interested chil- 
dren. Each chapter contains a chap- 
ter review (Reviewing the Chapter) 
and every chapter, except the first 
two, contains at least one cumula- 
tive review (Keeping in Touch). 


Though each lesson in Book 6 
is presented on facing pages, this 
format may be treated with con- 
siderable flexibility. You may find 
that for some lessons you will want 
to spend your entire allotment of 
time for mathematics on the Inves- 
tigation and Discussion, saving the 
exercises for another day. In other 
lessons, however, you may find that 
you Can cover as many as two fac- 
ing-page lessons in one day. Keep 
in mind, though, that, in general, 
the core lessons are designed to 
be used for a single mathematics 
lesson in one day. 

Color is used _ functionally 
throughout the text whenever it is 
felt that color-coding of numerals 
and symbols will facilitate learning 
and understanding of key concepts. 


Teaching Strategies for Book 6 

While specific teaching strategies 
will be made clear through your 
teachers’ edition notes, there is a 
broad general plan for the teaching 
strategy throughout the book. The 
organization of the teachers’ man- 
ual, as well as the material in the 
child’s book, continually suggests 
this strategy. It is intended that 
each day’s lesson in which the child 
iS presented with a new concept be 
divided into these parts: Prepara- 
tion, Investigation, Discussion, 
Using the Exercises, and when ap- 
propriate, a follow-up. The prep- 
aration usually should be kept fairly 
short, and care should be taken to 
see that this work does not pre- 
empt either the Investigation or the 
Discussion. Generally, the Prep- 
aration should do nothing more 
than provide the children with that 
readiness which they need before 
they begin the Investigation. The 
Investigation presents the rudi- 
ment of the concept treated in the 
lesson and should be the “main 
event” in terms of pupil activity 
and involvement in the unfolding of 
the concept. 

In general, the Investigation 
should be done by the children 
either independently or in small 
groups. Think of the Investigation 
as a student-centred activity. It is 
fully anticipated that the students 


will grope, question, search, and 
explore. Most Investigations are 
designed to provide for individual 
differences; that is, the child is fre- 
quently asked to perform a certain 
task as many ways as he can, or to 
find how many ways he can do a 
certain thing. By presenting the 
child with this type of challenge, at 
least some degree of success is 
assured. That is, your slowest stu- 
dent will find that he can do some- 
thing more than one way, while 
your more able children will find 
many ways to do a given task. 
Thus, as you guide the children 
through an investigation, it is im- 
portant for you to recognize that 
they will achieve in widely differ- 
ing ways, and that you should give 
recognition for all levels of achieve- 
ment. Perhaps the most important 
thing to remember in working with 
the children during the Investiga- 
tion is to encourage them to do the 
thinking and exploring. It is their 
section. Do not help them too 
much. 

Following the Investigation, the 
children are given an opportunity 
in the Discussion section to talk 
about what they did and to sum- 
marize the mathematical ideas of 
the lesson in preparation for work- 
ing independently in the Using the 
Ideas section. Generally, the be- 
ginning discussion exercises are 
designed to stimulate the children 
to talk about what they did in the 
Investigation. You should encour- 
age them to discuss the various 
methods that they used to inves- 
tigate and explore the concepts. 
Also, you should follow your teach- 
ers’ guide carefully to be sure that 
whatever mathematical ideas are 
to be developed in the section are 
actually summarized and under- 
stood by the children. 

The section titled Using the 
Ideas (called Using the Exercises 
in the teachers’ edition) does exact- 
ly what the title implies. The chil- 
dren, having come through the first 
three parts of the day’s lesson—the 
Preparation, the Investigation, and 
the Discussion — should be ready to 
work on their own to use the ideas 
of the lesson. Again, you should 
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provide for individual differences 
in assigning work in this section; in 
other words, base your assignments 
on the needs and abilities of the 
children. The exercise sets in this 
section are generally graded, be- 
ginning with the easier exercises 
and ending with the more chal- 
lenging (starred) problems. Often, 
there will be a challenging puzzle- 
type problem for a given lesson. 
From time to time, a fairly easy 
challenge problem is provided to 
encourage less able children to 
attempt it. Also, quite often, all of 
the children will benefit from a dis- 
cussion of the challenge problem. 

At the top of each left-hand page 
of the teachers’ edition, under the 
heading Objective(s), the goal of 
the lesson is stated in terms of what 
the child should be able to do as a 
result of the lesson. This objective 
summarizes the key idea of the 
lesson in terms of the child’s per- 
formance. Throughout the teaching 
suggestions for the Investigation 
and Discussion, the most important 
ideas of each lesson are reempha- 
sized and clarified. It is important 
that you carefully consider the 
objective of each lesson so that 
you know how to direct the chil- 
dren through the development of 
ideas to the desired goal. 

Following the statement of the 
objective for each lesson, the teach- 
ing suggestions follow the format 
of -the general teaching strategy 
mentioned above. The Preparation 
lists any materials the child will 
need for the Investigation, and, oc- 
casionally, materials recommended 
for use by the teacher during the 
Discussion. The preparation sec- 
tion is designed to review ideas, 
motivate children, or give them 
necessary background information 
regarding the Investigation. De- 
pending on your classroom orga- 
nization, you may choose to use 
only those Preparations which are 
essential to the Investigation. At 
times it is recommended that you 
have children begin immediately 
with the Investigation. 

The next three sections of the 
teaching suggestions correspond to 
the sections of the child’s text: 
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Investigating the Ideas —Inves- 

tigation 

Discussing the Ideas— Discus- 

sion 

Using the Ideas — Using the Ex- 

ercises 
Each section contains teaching sug- 
gestions related specifically to the 
corresponding section in the child’s 
text. When lessons in the child’s 
text deviate from the standard for- 
mat, the teaching suggestions fall 
under the heading of Discussion or 
Using the Exercises or both. 

A section titled Mathematics is 
included in certain lessons to pro- 
vide background or to clarify for 
the teacher the principal mathemat- 
ical concepts treated in the lesson. 
This section is strictly for the 
teacher; terms used here need not 
be used with the children other 
than as indicated in the teaching 
suggestions or in the child’s text. 

The Follow-up suggests various 
activities, games, or worksheets to 
help reinforce the concepts de- 
veloped in the lesson. These are 
included only as suggestions to 
be used as your schedule allows. 
However, some of these activities 
and many of the materials recom- 
mended in the Resources for Active 
Learning may be used by the chil- 
dren independently at various ac- 
tivity or free periods throughout 
the day. 

Since effective use of the investi- 
gative approach requires knowl- 
edge of the materials available for 
activity-oriented classrooms, sug- 
gestions are provided in the section 
titled Resources for Active Learn- 
ing. The lists of resources in the 
chapter introductions and in most 
of the lessons offer an ample start. 
Provided some of these resources 
are available, you should be able 
to use or adapt the ideas contained 
in them to various situations. 

The ‘‘Manipulative Devices” can 
be used to support the lesson. The 
“Commercial Games” and “Gen- 
eral Activities” in the Chapter In- 
troduction should be useful as 
continuous activities throughout 
the chapter, for review or practice 
of basic skills and concepts. The 
Resources listed for specific les- 


sons are directly related to those 
lessons’ objectives. Choose one or 
two, and try them out in a variety 
of situations. 

At the time of this writing, the 
authors cited those resources which 
are of high quality and which di- 
rectly complement the active-learn- 
ing approach. Familiarize your- 
self with those materials which 
have been marketed subsequently. 
Check with your principal or super- 
visor for more recent materials to 
support this type of learning ap- 
proach. Such materials can often 
be obtained from your local sup- 
plier. Additional sources are listed 
on pages xi and xii. 


Provision for Individual 
Differences 

Minimum, average, and makxi- 
mum assignments are provided for 
each lesson other than review les- 
sons. These assignments are given 
to assist you in providing for the 
individual needs of the children. 
It is not intended that you give the 
minimum assignment to the slower 
children, the average assignment to 
the average children, and the maxi- 
mum assignment to the more able 
children. Rather, these designa- 
tions are given to assist you in 
making individual assignments ac- 
cording to needs, abilities, and time 
available for each individual child. 
For example, if time is short and 
you need to move rapidly through 
a particular lesson, you may choose 
to use the minimum assignment for 
all children. The minimum assign- 
ment will, in general, provide the 
children with sufficient practice 
and mastery of skills to move ahead 
to the next lessons. On the other 
hand, you may sometimes choose 
to use the maximum assignment 
with slower children over a period 
of two or three days. Also, it is 
highly likely that you will not want 
to assign the maximum assignment 
to the more able children, since 
quite often they need less practice 
than some average and below aver- 
age children. For example, when 
your more able children demon- 
strate the ability to perform a par- 
ticular skill with great efficiency, 


LONG-RANGE PLANNING CHART 





le 
i-% 
iS) 
- 
@ 
= 


I 
2 . 


84-85, 88-93, 
100-107, 110-113, 


; 120-123 


182-191, 202-206, 
212-216 
192-197 


224-239, 242-245, 
254-257 
246-247, 252-253 


DIS*267,, 292-275; 
278, 280-281 
268-271 


282-289, 300, 
302-303 
290-295 


304-307, 312-315, 
326, 328-329 
316-319 


>) 





— 










— 
oS) 


14 


330-336 


340-343 
344-347 


n 


— — — 
N 


they should not be made to drill 
excessively in that skill. In some 
cases, an asterisk is placed beside 
an assignment to indicate that the 
lesson could be omitted without 
loss of continuity in the flow of 
ideas. 
Long-Range Planning Chart 
The long-range planning chart is 
designed to provide the teacher 
with some guidelines for plan- 
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ning basic, average, and maximum 
course coverage of Investigating 
School Mathematics. 

The basic course outline covers 
all the essential parts of the pro- 
gram, but provides little in-depth 
or extension material. The average 
course covers all the material of 
the basic course plus considerable 
extension material. The maximum 
course provides for nearly total 
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coverage of all topics presented in 
the text. Optional material for each 
of the three courses is shown by 
page numbers shaded gray. 

The suggested time schedule, 
covering 36 weeks, should be 
viewed only as an aid in helping 
you plan a time schedule that al- 
lows for the individual differences 
within your own class. You should 
not view it as arigid schedule. For 
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example, the basic course may be 

used with children who are achiev- 

ing below the average grade level. 

This same course might be used 

in other ways, such as with a 

brighter child who may move rap- 

idly through these pages to make 
up for time lost through an absence. 

General Suggestions 

We offer two general suggestions 
regarding use of the chapter and 
page lesson notes: 

(1) Read and consider each point 
as it applies to the immediate 
objectives for the lesson and 
the overall objectives of the 
unit. 

(2) Do not allow the teachers’ 
manual notes to deter you from 
using your own effective teach- 
ing methods or to stifle creative 


efforts. 
Your manual does not attempt to 


dictate all of the activities in the 
day-to-day handling of your class 
and the individuals in it. You 
should use your manual as a guide 
to be co-ordinated with those meth- 
ods which you have found to be 
most effective in teaching mathe- 
matics in the past. One of the key 
techniques in presenting a struc- 
tured system of mathematics con- 
sists of developing a topic and 
pursuing it until you have reached 
a desired level of understanding 
with regard to that topic. This is 
one of the guiding philosophies 
behind the development of /nves- 
tigating School Mathematics. You 
will notice this philosophy particu- 
larly in the development of some 
of the more intense sections of 
work. That is, when the topic is 
being introduced, it is explored in 
great detail; however, we have tried 
to provide interesting activities 
to relieve the intensity of these 
longer sections. Treat the relief 
materials with a light touch and in 
the spirit of having fun and playing 
games with mathematics. 
Classroom Organization 

The Book 6 program can be used 
in situations where the entire class 
works together on the same lesson, 
where small groups work together 
on the same lesson, or where indi- 
vidual students are allowed to pro- 
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ceed at their own rate of speed. 
You will want to employ the type 
of classroom organization that best 
suits the physical facilities of your 
particular situation. Teachers often 
find it stimulating to vary group 
sizes for different lessons and units 
of work. Smaller-size groups can 
often work more effectively to- 
gether and allow greater opportu- 
nity to participate in the Investiga- 
tion and the Discussion. Whatever 
class organization you choose, keep 
in mind that the key to the /nvesti- 
gating School Mathematics pro- 
gramis active student participation. 
Evaluation of Progress 

A child’s attitude toward mathe- 
matics is often influenced by the 
methods used for evaluating his 
progress. All too often, evaluation 
procedures focus attention on what 
the child did not understand or 
master, rather than on what the 
child did accomplish. In evaluating 
a child’s progress, try to maintain 
a positive view, one which capital- 
izes on successes and develops 
confidence. 

Achievement and diagnostic tests 
for Book 6 may be obtained from 
the publisher. Chapter reviews as 
well as cumulative reviews are 
provided in the text, to aid in eval- 
uation of the child’s progress. How- 
ever, you may find that a day-to-day 
evaluation of the children, often 
involving personal interviews, will 
help you determine how well a 
child grasps the concepts and how 
well he is able to apply them. 
Children’s Bibliography 

Books listed in the Books to Ex- 
plore section of the pupils’ text 
(pages A25-A26) were selected to 
appeal to the natural interests of 
children as well as to provide his- 
torical background and reference 
material. Additional books which 
may be of interest to you and the 
children are listed below. 

More Books to Explore 


Adler, Irving, Magic House of 


Numbers (New York: The John 
Day Company, 1957. Also avail- 
able in paperback from the New 
American Library of World Lit- 
terature, 1962). An interesting 
book about whole numbers, num- 


ber systems with bases other 
than ten, and number curiosities. 
There are also many games, card 
tricks, and puzzles with and with- 
out numbers. (Answers are in- 
cluded.) 

Cutler, Ann, Instant Math (New 
York: Doubleday & Co., 1962). 
This book presents shortcuts for 
calculating based on the Trach- 
tenberg system. Learn how to do 
‘speedy elevens.” 

Dudeney, Henry, 536 Puzzles & 
Curious Problems (New York: 
Charles Scribner’s Sons, 1967). 
This book contains problems 
about arithmetic and geometry. 
There are magic squares, dom- 
inoes and other games, and match 
puzzles. 

Feravolo, Rocco, Wonders of 
Mathematics (New York: Dodd- 
Mead, 1963). The author offers 
activities and problems for de- 
veloping numeration systems 


other than base ten. 
Heath, Royal Vale, Mathemagic: 


Magic, Puzzles and Games with 
Numbers (New York: Dover 
Publications, 1953). In addition 
to the many puzzles and magic 
tricks involving numbers, this 
book contains pointers for you 
and your opponents in games of 
strategy. The explanations of 
why the tricks work make this 
book fascinating. Especially rec- 
ommended are “The Robber 
and the Sheep” (page 9) and 
“The Lost Digit” (page 45). 

Hogben, Lancelot, The Wonderful 
World of Mathematics (Garden 
City, New York: Doubleday & 
Co., 1968). This book shows 
how the civilization of man par- 
allels the development of mathe- 
matics as a science. It starts with 
the cave man and tells the story 
of man’s progress as he learned 
to measure and to count, to build 
and to navigate, to design com- 
puters and to calculate with 
them. 

Jonas, Arthur, New Ways in Math 
(Englewood Cliffs, N.J.: Pren- 
tice-Hall, 1962). This book uses 
cartoons to tell the story of math- 
ematics—including sets, proba- 
bility, and algebra. “Men in 


Math” (page 62) summarizes the 
lives of modern mathematicians 
such as Einstein and VonNeu- 
mann as well as those of antiq- 
uity, such as Pythagoras and 
Archimedes. You might also 
want to read More New Ways 
in Math (1964) by the same 
author. 

Kadesch, Robert, Math Menagerie 
(New York: Harper & Row, 
1970). The author demonstrates 
the fun, usefulness, and beauty of 
the world of mathematics. Build- 
ing flexagons, breaking codes, 
and blowing bubbles are some of 
the activities that reveal how 
mathematics works. Readers can 
do the suggested experiments by 
themselves using simple, inex- 
pensive materials. 

Ruchlis, Hy, and Jack Englehardt, 
The Story of Mathematics (Irv- 
ington-Hudson, New York: Har- 
vey House, 1958). The illustra- 
tions depict mathematical shapes 
and forms as they appear in art, 
buildings, shells, and microscopic 
plants. Explanations for prob- 
lems in space and experiments 
with drawing and cutouts add 
interest. 


Smith, David Eugene, Number 
Stories of Long Ago (Washing- 
ton, D.C.: National Council of 
Teachers of Mathematics, 1969). 
A storyteller gives an account of 
the numbers used by boys and 
girls of long ago, including their 
ancient methods of counting, 
writing numerals, and computing. 
Sample pages from schoolbooks 
hundreds of years old, number 
puzzles, and curious problems 
are also included. 


Thurber, James, The Great Quil- 
low (New York: Harcourt Brace 
Jovanovich, 1944); Many Moons 
(New York: Harcourt Brace 
Jovanovich, 1943). Both of these 
fairy tales make use of ideas 
of number, measurement, and 
comparison. 

Zarchy, Harry, Wheel of Time 
(New York: Crowell, 1957). 
This book develops various con- 
cepts of time from years to parts 
of seconds and emphasizes the 


dependence of everything in our 
lives on time, including science, 
navigation, and motion. 


Other Books of Interest 

Bell, Thelma and Corydon, The 
Riddle of Time (New York: 
Viking Press, 1963). A history 


of time 
Bendick, Jeanne, Names, Sets, and 


Numbers (New York: Franklin 
Watts, 1971). Sets, numbers, and 
classifying (science) 

Cutler, Ann, and Rudolph Mc- 
Shane, The Trachtenberg Speed 
System of Basic Mathematics 
(Garden City, New York: Dou- 
bleday & Co, 1960). “Speedy” 
arithmetic 

Hertzberg, Hendrik, One Million 
(New York: Simon & Schuster, 
1970). Number 

Hunter, James, Fun with Figures 
(New York: Dover Publications, 
1956); More Fun with Figures 
(New York: Dover Publications, 
1966). Puzzles 

Jones, Madeline, The Mysterious 
Flexagons (New York: Crown 


Publishers, 1965) 
Krahn, Maria and Fernando, The 


Life of Numbers (New York: Si- 
mon & Schuster, 1970). Number 
Linn, Charles, Puzzles, Patterns, 
Pastimes (New York: Double- 
day & Co., 1969). Puzzles 
Neely, Henry, Triangles: Getting 
Ready for Triogonometry (New 
York: Crowell, 1962). History 
of trigonometry and applications 
Newell, Homer, Space Book for 
Young People (New York: Mc- 


Graw-Hill Book Co., 1968). 
Space-oriented mathematics 
Razzel, Arthur, and K. G. O. 


Watts, Exploring Mathematics 
Series (Garden City, New York: 
Doubleday & Co.); Circles and 
Curves (1969), Geometry; Prob- 
ability— The Science of Chance 
(1967), Statistics; A Question 
of Accuracy (1969), Weights and 
measures; Symmetry (1968), 
Mathematics; This Is 4: The 
Idea of a Number (1967), Num- 
ber; Three and the Shape of 
Three (1969), Number 
Stonaker, Frances, Famous Math- 
ematicians (Philadelphia: J. B. 
Lippincott, 1966). Biographical 


Bibliography of Resources 

for Active Learning 

Abbott, Janet, et al., Franklin 
Mathematics Series: From Fin- 
gers to Computers; Making and 
Using Graphs and Nomographs; 
Mathematics Around the Clock; 
Petterns and Puzzles in Mathe- 
matics; Probability: The Science 
of Chance (Chicago: Lyons and 
Carnahan, 1970; available from 
McGraw-Hill Ryerson, Scarboro, 
Ont.). 

Bates, John, Donald Irwin, and 
Garry Hamilton, Developmental 
Math Cards (Don Mills, Ont.: 
Addison-Wesley, 1970). 

Biggs, Edith, and James MacLean, 
Freedom to Learn (Don Mills, 
Ont.: Addison-Wesley, 1969). 

Buckeye, Donald, William Ewbank, 
and John Ginther, A Cloudburst 
of Math Experiments, Volumes 
1, 2, and 3 (Birmingham, Mich.:: 
Midwest Publications, 1971). 

Clarkson, Dave, Math Activity 
Cards (New York: Macmillan 
Co., 1969). 

Cohen, Donald, Inquiry in Mathe- 
matics via the Geo-board (New 
York: Walker, 1967; available 
from Fitzhenry & Whiteside, Don 
Mills, Ont.). 

Cohen, Donald, Mathematics Us- 
ing String (Danbury, Conn.: 
Math Media, Inc., 1968). 

Cohen, Donald, Maths Mini-lab 
(Newton, Mass.: Selective Edu- 
cational Equipment, Inc., 1971). 

Davis, Robert, Madison Project: 
Discovery in Mathematics and 
Explorations in Mathematics: A 
Text for Teachers and Student 
Discussion Guide (Menlo Park, 
Calif.: Addison-Wesley, 1964). 

Elementary Science Study: Attri- 
bute Games and Problems; Geo 
Blocks; Mirror Cards; Pattern 
Blocks; Peas and Particles; Pen- 
dulums; Senior Balancing; Tan- 
grams (St. Louis: Webster Divi- 
sion, McGraw-Hill Book Co., 
1968-1970). 

Elliott, H. A., James MacLean, 
and Janet Jorden, Geometry in 
the Classroom: New Concepts 
and Methods (Toronto, Canada: 
Holt, Rinehart and Winston of 
Canada, Ltd., 1968). 
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Fletcher, Harold, Arnold Howell, 
and Ruth Walker, Mathematics 
in Modules (Sydney, Australia: 
Addison-Wesley, 1973). 

Goddard, T. R., and A. W. 
Grattidge, Applied Mathematics 
Cards (Huddersfield, England: 
Schofield & Sims Ltd., 1965; 
available from Mafex Associates, 
Willowdale, Ont.). 

Huff, M. Elizabeth, Donald Irwin, 
Activities in Geometry for Pri- 
mary Pupils (Don Mills, Ont.: 
Addison-Wesley, 1973). 

Jenkins, Lee, and Peggy McLean, 
It's a Tangram World (San 
Leandro, Calif.: Educational Sci- 
ence Consultants, 1971). 

Johnson, Donovan, Paper Fold- 
ing for the Mathematics Class 
(Washington, D.C.: National 
Council of Teachers of Mathe- 
matics, 1957). 

Mathex: Graphing and Probability 
No. 6; Numeration No. 7; Oper- 
ations and Problem Solving No. 
8; Geometry No. 9; Measurement 
No. 10 (Teacher’s Resource Books 
and pupil pages) (Toronto, 
Ontario: Encyclopaedia Britan- 
nica Publications Ltd., 1970). 

McLane, Lyn, William Perkins, and 
Norman Brule, Independent Ex- 
ploration Kit (Belmont, Mass.: 
Concept Co., 1968). 

Members of the Association of 
Teachers of Mathematics, Notes 
on Mathematics in Primary 
Schools (Cambridge, England: 
Cambridge University Press, 1967; 


available from Macmillan of 
Canada, Toronto). 
National Council of Teachers 


of Mathematics, Experiences in 
Mathematical Ideas, Volume 1 
and 2 (Washington, D.C.: Na- 
tional Council of Teachers of 
Mathematics, 1970). 

Nuffield Mathematics Project: 
Computation and Structure 3 
and 4; Graphs Leading to Alge- 
bra 2; Probability and Statistics; 
Problems — Green Set, Red Set; 
Shape and Size 3 (New York: 
John Wiley, 1967-1970). 

Pearcy, J. F. F., and K. Lewis, 
Experiments in Mathematics, 
Stages 1, 2, and 3 (Boston: 
Houghton Mifflin, 1966; available 
from Thomas Nelson & Sons 
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(Canada), Don Mills, Ont.). 

Read, Ronald, Tangrams — 330 
Puzzles (New York: Dover Pub- 
lications, Inc., 1965; available 
from General Publishing, Don 
Mills, Ont.). 

School Mathematics Study Group: 
Probability for Intermediate 
Games Project (Stanford, Calif.: 
Stanford University, 1966, 1968). 

Seymour, Dale, and Joyce Snider, 
Line Designs (Palo Alto, Calif.: 
Creative Publications, 1968). 

Seymour, Dale, and Reuben Schad- 
ler, Creative Constructions (Palo 
Alto, Calif.: Creative Publica- 
tions, 1968). 

Swartz, Clifford, Measure and Find 
Out, Books 1, 2, and 3 (Glen- 
view, Ill.: Scott, Foresman & 
Co., 1969; available from Gage 
Educational Publishing, Agin- 
court, Ont.). 

Thomason, Mary, Modern Math 


Games, Activities and Puzzles 
(Belmont, Calif.: Fearon Pub- 
lishers, 1970; available from 


Clarke, Irwin & Co., Toronto). 

Turner, Ether, Teaching Aids for 
Elementary Mathematics (New 
York: Holt, Rinehart and Wins- 
ton, 1966). 

Wenninger, Magnus, Polyhedron 
Models for the Classroom (Wash- 
ington, D.C.: National Council 
of Teachers of Mathematics, 
1966). 
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Chapter and Page Lesson Notes 


PAGES 2-3 
Objective 

Given a typical lesson in the 
Investigating School Mathematics 
text, the child will be able to dis- 
tinguish its three principal parts: 
Investigating the Ideas, Discussing 
the Ideas, and Using the Ideas. 


Preparation 

This first step of the teaching plan 
for each lesson in the text is the 
briefest. However, it will often be 
the key to inspiring children with 
an enthusiastic approach to a 
lesson. In some lessons, it is essen- 
tial to the Investigation; in other 
lessons, it simply serves as a re- 
view. In most cases, it should be 
limited to five minutes. Brisk and 
lively, it should ensure that each 
lesson is begun with a positive 
attitude. 

For this introductory lesson, you 
might simply encourage the chil- 
dren to flip through the pages of 
the book, stopping to look at what- 
ever interests them. After one or 
two minutes refer them to the title 
and author page and the table of 
contents, asking them which chap- 
ters they think they will enjoy the 
most. Finally, refer them to the 
first introductory lesson. 


Investigation 

As stated in the introductory ma- 
terial, the investigation presents 
the child with an opportunity to 
explore, with minimal teacher di- 
rection, the ideas presented. Some- 
times this exploration consists of 
“tan investigation with concrete 
objects; at other times the child 
simply uses paper and pencil to 
explore ideas with number. In any 
case, this section should be totally 
child-centred. It is the  child’s 
opportunity to explore new ideas, 
or known ideas in a new way; it 
launches the lesson. The control- 
ling consideration should be that 
in this section the child cannot 
“make a mistake”; since he will 


often learn as much from _ his 
“incorrect” approaches as from 
finding ‘‘correct” methods, he 


should be encouraged to explore 
things on his own. 


2 








Read the introductory paragraph 
with the children, and point out 
the investigation question. Explain 
that, even though the text does not 
ask that they record their findings, 
keeping a record of their investiga- 
tion results is important. Encourage 
the children to work independently, 
but you might allow discussion 
among small groups as the children 
work if that seems beneficial. 


Can you find some Investigations where you 


will use objects like those shown below ? 
Answers will vary. Sample answers are given below. 








Investigating the Ideas 


This is a sample lesson to help you understand how to use 
your book. In this part of a lesson you will find things 
to investigate and discover. 







A geoboard 
Page 26% 


Discussing the Ideas 


In this part of a lesson you will discuss the ideas of the 
lesson with your classmates and teacher. You will share your 
ideas with others. You will be getting ready to use the ideas. 


1. Look through your book. What other kinds of objects 


will you use for the “Investigating the Ideas” sections ? 
Sample answers: Ruler, Compass, protractor, counters, coins 


3. Find a page called ‘Keeping in Touch.’ What do you 
think this means? Sample answer: Page 55. These pages review 





Colored strips 


@ /et’s explore your mathematics book. 


Graph paper 
Page 224 


Page 3° 


2. Sometimes a full page is devoted to ‘Discussing the Ideas.” 
Can you find a page like this ? Sample answer: Page 24 


the important ideas presented 


in previous portions of the text. 


Discussion 

The discussion section provides 
an opportunity for children to dis- 
cuss the ideas they investigated 
and for you to guide the discussion 
so that the emphasis is on the main 
point of the lesson. It is in this 
section that you will sometimes 
want to demonstrate various com- 
putational skills or use visual ma- 
terials to highlight a particular 
concept. The questions in the text 
help the children to focus on the 
most important concepts, but your 


skill in guiding discussion will be ~ 


of inestimable value in this section. 
Sometimes the discussion ques- 
tions do not explicitly deal with the 








Using the Ideas 


In this part of a lesson you will be using the ideas that 
you investigated and discussed on the opposite page. 

You will work problems that will help you to improve your 
understanding of those ideas. Try the problems that follow. 


1. 


Problems in these boxes are special challenge problems for you. 
Be sure to try some of them. See if you can do this one. 


aM Year\1973') | 1973 | 

|} (7+3)—-(9+1) =0 | 
(Spi) 9 7) = 
(Ji 3) esa A eed 
(Ce We) =3 





What chapter might help you to improve your understanding 
of fractional numbers ? Chapter 7 


. A What is the title of Chapter 10 of your book? “Decima\s” 


B How many “Investigating the Ideas” sections 
does it have? s 


. There is a special reference for you at the bottom 


of page 41. What is this special reference ? Can you 


find another page with a reference like this ? 
“More practice, page A-2,S5et 4.” Sample answer: page 49 
On page 55 you are invited to explore one of the 


“Mathematical Activities.” How many of these activities 
are there in this book ? \7 


. Find the first page of the Appendix. How many different 


parts or sections does the Appendix have? 5 


(9+7) +143) =4 
C9-—-7) +C3xID=5 
Ci+9+3)-7 = 
[Ec9-7)x33J-Il = 








investigation. In such a case, it is 
recommended that you begin the 
discussion section with reference 
to the investigation question and 
then continue development of the 
topic with the questions in the 
book. For example, in this lesson, 
ask children to give some of their 
findings from the investigation. 
Then continue with exercise 1. 
Exercise 2 points out that some 
lessons do not have an investiga- 
tion section but begin immediately 
with the discussion. As you discuss 
exercise 3, you might also point 
out the chapter review sections, 
which are titled Reviewing the 
Ideas. 


Using the Exercises 

The section in the child’s text 
which is called Using the Ideas is 
referred to in the teaching notes 
as Using the Exercises. This sec- 
tion is intended to provide the 
children with an opportunity to use 
the ideas they have investigated 
and discussed. Frequently, how- 


ever, you may wish to use a few of . 


the exercises as basis for discus- 
sion. Exercises on these pages may 
be assigned selectively. It is rarely 
essential that a child do all of the 
exercises; On many pages, how- 
ever, the exercises progress devel- 
opmentally so children should do 
at least some parts of each exercise. 


Starred exercises are those which 
extend the concept of the lesson or 
give more difficult applications of 
it. They are not intended for all 
children. 

Read the paragraph at the be- 
ginning of this section with the chil- 
dren and explain the purpose of the 
section. Assign the exercises as 
independent work. 

Point out the Think problem at 
the bottom of the page, explaining 
that it is a special challenge. All 
children should be encouraged to 
try most such problems, although 
the more capable children will 
probably find them more appealing. 
When children have finished the 
exercises, you might want them to 
discuss their answers. Such a dis- 
cussion at the end of the exercises 
will often serve as a summary or 
conclusion of the main points cov- 
ered in the lesson. 


PAGES 4-5 
Objective 

Given a set, some of whose ele- 
ments have a common property, 
the child will be able to identify 
those elements which have the 
common property. 


Preparation 

To prepare for this lesson, you 
might simply ask the children to 
recall some geometric figures, 
pointing out various objects in the 
classroom which suggest such fig- 
ures. For example, you might say, 
‘I’m thinking of the set of objects 
with curved surfaces. Name an 
object in my set.” Or, “I’m think- 
ing of the set of objects with curved 
surfaces that are in this classroom. 
Name an object in my set.” Aftera 
brief preparation such as this, ex- 
plain to the children that in the 
investigation they will be studying 
a particular set. 


Investigation 

It is recommended that children 
work on this investigation inde- 
pendently. Most of them will be 
able to draw additional figures in 
the set quite readily. For those who 
do finish quickly, you might sug- 
gest that they think of a set and 
write up some questions of their 
own to be used later as a follow-up. 
Also, suggest that they think of 
ways of describing the set in the 
text. (This will be a topic of the 
discussion section.) 


circles 





Discussion 

One of the most important ideas in 
this lesson is that, in order for a 
group or collection to be a set, one 
must be able to determine whether 
any given object is or is not in the 
set. A set is identified either by 
describing it or by listing its mem- 
bers. For example, the set in the 
investigation may be described as 
the set of all four-sided figures. 
Obviously, such a set cannot be 
identified by listing its members. 
Thus, a clear description is essen- 
tial. However, the set whose mem- 
bers are the digits used in the 
base-ten system is a set which may 
easily be identified by listing its 


some more figures that are in the set ? 





3. What is special about 
all the names or 


symbols in this set ? 
All are names for the number six. 


Sets, Logic, and Patterns 


®@ Can you name the set? 


Investigating the Ideas 


Here are some Clues about a special set of geometric figures. 





Can you answer the question and draw 


Discussing the Ideas 


1. How would you describe the special set of geometric 
figures in the Investigation 


2. What are some other sets of numbers or objects that 


you have studied in mathematics ? 
Prime numbers, geometric 


figures cess as squares, 





members: {1, 2,3, 4,5, 6,7, 8,9,0}. 

Notice that exercise 2 gives you 
an opportunity to discuss a variety 
of topics children have studied, 
such as fractional numbers, whole 
numbers, negative numbers, sym- 
metric figures, and so on. 








Any quadrilateral 
is acceptable. 





? Sample answer: The figures are made up 
of four line seqments. 


Sample answers: Whole numbers, 
odd numbers, even numbers, 





Using the Ideas 


Answer the question and describe the set in each exercise. 


ae 





2, 4, G, tese5 Z 8, 2, 10, 74 
1S, 18, 20, 15, 17, 19 67, 128, 293 


“All are multiples of |Z," or“ All areeven numblers.” 


a6 hE 
x2 SSeeiatieo-2 3+ | Sl 36*9 


8 = 

eee) 
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eeeO-S-2 |< tro 


“All are names for tye number four.” 


wid 









All are right triangles. 


All are members of the set of equivalent fractions {$33} . 


* 5. Make up some exercises like those above and give them 


to a classmate to solve. Answers will vary. 


Using the Exercises 
Note that the sets used in the exer- 
cises on page 5 relate to the topics 
which the children will be studying 
all year. Therefore, after the chil- 
dren do this page independently, 
you might not only stress the an- 
swers to each question but also 
discuss the description of each set 
briefly as a review. For example, 
exercise 2 might remind the chil- 
dren of basic operations, and addi- 
tion and multiplication facts for 
_ whole numbers. The star preceding 
exercise 5 indicates that this exer- 
cise is optional and might be used Assignments (page 5) 


as a challenge for more capable Minimum: 1-4. Average: I-4. 


children. Maximum: 1-5 







Mathematics 

Although this lesson deals with 
classifying the elements of certain 
sets, only the language of sets is 
required, not the notation or sym- 
bolism of set theory. 

The words all, some, and none 
are especially important in the 
lesson. In formal mathematical 
logic, these words are called quan- 
tifiers, since they specify, in a 
rather broad sense, the quantity or 
number of elements in a set. The 
word all is often used in discuss- 
ing sets with infinitely many ele- 
ments. Thus we may speak of “the 
set of all triangles” or “the set of 
all even numbers.” The word some, 
as used in mathematics, means art 
least one. Thus, in reference to the 
Seb 4 ty eos See Losec atta 
some of the numbers in the set are 
greater than 3. However, it would 
be false to assert that some of the 
numbers in the set are exactly 
divisible by 6, since none of the 
numbers in the set has this prop- 
erty. (It would be true to say that 
none of the numbers in the set is 
exactly divisible by 6.) 

Basically, the lesson introduces 
certain concepts by means of ex- 
amples and non-examples and 
gives the student the opportunity 
to discover the concepts through 
visual experiences. (For further 
discussion of these ideas, refer to 
A Text for Teachers, Investigating 
Mathematics Learning: Section 
III, in the appendix of this Teach- 
ers’ Edition.) 

Follow-up 
Patterns which children might 
make throughout this chapter 
would provide material for an inter- 
esting bulletin board. For example, 
some children may follow the ex- 
amples in the text to illustrate and 
display some clues for other sets 
so that other children can try to 
figure out which of the items are 
in each set. 
Resources for Active Learning 
Franklin Series: Probability, “Sets,” 
pp. 5-8, Lyons and Carnahan. 
(Available from McGraw-Hill 
Ryerson) 





Workbook, page | 


PAGES 6-7 
Objective 

Given a set of attribute pieces, 
the child will be able to classify 
them according to the properties of 
the figures and the relationships 
among them. 


Preparation 

Materials 

construction paper; scissors; circu- 
lar discs or objects to be used as 
templates; ruler (Or, Duplicator 
Masters, page 61) 


Before children can begin actual 
consideration of the investigation 
question, they must have the fig- 
ures to work with. If attribute 
blocks or duplicated shapes are 
available, their use would save chil- 
dren the task of making them. 
However, the children should be 
able to make the squares by using 
rulers. Note that the bases of the 
triangles have the same lengths as 
the sides of the squares. Thus, the 
large triangle may be made simply 
by using a side of the large square 
and the midpoint of its parallel 
side to mark the three dots for the 
triangle. The only figure for which 
you might need to provide a model 
or template is the circle. (These 
figures should be retained for use 
in subsequent lessons.) 


Investigation 
One of the best ways to have chil- 
dren work with the attribute pieces 
is to have them work in pairs. For 
example, in this investigation, one 
child might secretly remove one 
of the figures and his partner could 
try to guess which figure is missing. 
You might encourage the children 
to do some of their thinking out 
loud. 

After some practice, if, for ex- 
ample, the large red circle has been 


removed, a child might think: the . 


3 large triangles are there; the 3 
small triangles are there; the 3 large 
squares are there; not all 3 of the 
large circles are there; the large 
red circle is missing. 

It would be helpful to have the 
children repeat this activity several 
times. 


3 large squares 


if 





3 small squares 





Discussion 

To help the children answer the 
first discussion exercise, you might 
have them take a large red square 
and a small blue triangle. Then ask 
them to explain how these two 
pieces differ. Do this with several 
pairs of figures until children clear- 
ly see that two figures may differ in 
color, size, and shape. 

In exercise 2 stress how various 
properties may be shared by a set 
of figures. Other sets the children 
may form are the set of blue fig- 
ures, or the set of small figures, and 
so on. Encourage discussion of 
intersecting sets but do not belabor 





® Can you classify figures? 


Investigating the Ideas 


Trace, cut out, and color figures like these. Then mix them up. 





3 large triangles 





3 small triangles 


If someone secretly takes one of the figures, 


can you find out which one he took ? 
See Investigation. 





Discussing the Ideas 


The figures you cut out are called attribute pieces. 


1. Can you name three important ways in which one attribute 
piece might be different from another ? color, size, shape 


2. Use the attribute pieces to form the set of circles. 
How many more sets can you form and name ? séz¢ Discussion. 


3. Without looking, can you give the total number of pieces ? ja 


the terminology at this time. For 
example, the set of all blue pieces 
and the set of all circles intersect: 
the large and the small blue circles 
are in both sets. 





3 large circles 


3 small circles 








1. How many attribute pieces in each set? 


A 


moo @8 


squares 6 
triangles 6 
circles 6 
small pieces 12 1 red squares 2 
large pieces 12 s small triangles 3 


F red pieces 6 
ce yellow pieces 6 
H blue pieces 6 


Using the Ideas 


corners © 


2. Answer the question and describe the set of pieces. 











a 
Go 


“Allare squares.” 





ne @ &e 


a p> 


YA\l are red.” 
% 3. One piece is missing from each set. Which piece is it ? 


A Smal\bluecircleB Large blue circle € Large blue circle DLarge bluetriangle 


F,29 O°e 
A@ a 


Using the Exercises 

You might want the children to 
continue working with a partner as 
they do the exercises on page 7. 
Although exercise 1 appears to be 
asking only ‘how many,” it actu- 
ally provides the child with practice 
in classifying the figures. Note that 
in part O of exercise | the term 
“corners” refers to any vertex, 
that is, it is not restricted to square 
corners. 


o@ Fe 
A 


k small yellow pieces 3 
t large blue triangles | 
m not-red pieces 12 
n not-circle pieces |2 
o small pieces with 





@ .© 


8A 


Assignments (page 7) 
Minimum: 1, 2. Average: 1, 


Maximum: 








1-3. 
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Mathematics 

The 18 attribute pieces that are 
utilized in this lesson can be used in 
many ways to illustrate some ideas 
of set theory and informal logic. 





If A is the set of all circular 
pieces and B is the set of all of the 
blue pieces, then the intersection 
of A and B is the set consisting of 
the 2 blue circles. Thatis,A 1 B= 
{small blue circle, large blue circle}. 

The union of A and B (A U B) 
would consist of the set of all the 
pieces in A or in B or in both A 
and B. Note that set A consists of 
6 circles and set B consists of 6 
blue pieces but the union contains 
only 10 pieces, since the 2 blue 
circles are in both sets and can be 
counted only once. 

If A is the set of all circular 
pieces, then a subset of A would 
be the set of all red circular pieces. 

The idea of a negation in logic 
is involved when one of the pieces 
is described as being “not blue” or 
“not a square.” 

A conjunction is involved if a 
piece is described as being “red 
and square” or “small and _tri- 
angular.” 

A disjunction occurs when a set 
is described as containing all of the 
pieces which are either “circular 
or blue.” Note that this set is pre- 
cisely A U B described above. The 
set A Q B is the set of pieces that 
are “blue and circular.” 


Follow-up 

The children may use the attribute 
pieces in many games and activi- 
ties. For example, suggest that the 
children work as partners and take 
turns thinking of a set. When one 
child thinks of a set, his partner 
should select a piece and ask if this 
piece is in the set. After asking this 
about several pieces, he should be 
able to guess and describe the set 
his partner is thinking of. 


Resources for Active Learning 
Maths Mini-lab, Card 1, Selective 
Educational Equipment. 


PAGES 8-9 
Objective 

Given any two of the attribute 
pieces, the child will be able to 
state the similarities and differ- 
ences of the pieces in terms of size, 
shape, and color. 


Preparation 
Materials 
attribute pieces from the previous 
lesson; envelopes 
Although it would be suitable to 
begin this lesson immediately with 
the investigation, you might ask a 
few children to describe any games 
they made up with their attribute 
pieces. Use these brief descriptions 
to stimulate enthusiasm for the in- 
vestigation. 


Investigation 

You might have the children work 
either independently or in pairs. 
Remind them to record their find- 
ings. For example, you might sug- 
gest a chart such as the following: 


different 


Note that the actual investigation 
question requires examination of 
pairs of figures. Thus, if children 
use the chart to record their find- 
ings, they will have the information 
they need to find the required pairs. 

Even though systematic record- 
ing on a chart is suggested, the 
mood of the activity should be en- 
thusiastic and investigative. The 
chart should only serve as a tool 
which, by aiding memory and pre- 
venting needless repetition, facili- 
tates finding some of the required 
pairs of figures. 






large red 
square and 
large yellow 
circle 







@ Let's explore similarities and differences. 


Investigating the Ideas 


Choose any pair of the attribute 
pieces you made on page 6, and keep 
a record of how they are different. 









4 
Sample answers: |{_ ae Bite aids 
Large blue square and small blue square differ in only one way. 

Large blue square and large ved circle differ in only two ways. 
Large blue square and small redcircle differ in three ways. 





Can you find a pair of pieces that are different 
in only one way ? in only two ways ? in three ways ? 


See above 





Discussing the Ideas 


1. The pieces you made may differ in size (large or small), 
color (red, blue, or yellow), or shape (triangle, square, 
or circle). Can you think of any other ways they might 


g , 
‘ lea > Thick ' ' 
have been made to differ ? more colors etc. gi aD Peau 





colors ,etc. 


2. Suppose you put 
all pieces that 
are alike ina 
certain way into 
envelopes. eal A. (@) 
a If you put 
all pieces of the same into separate envelopes, 
then there will be __? __ envelopes with __ ? __ pieces 
in each envelope. 

sb Can you fill in the blanks in the above sentence when 


shape is written in the red box ? when color is written 
in the red box? Share * 3 envelopes, © figures 





gw ‘AO 

















Discussion 
Ask several children to name some 
pairs which they found in the inves- 
tigation. There are many, many 
pairs of figures which the children 
may find. If some children are curi- 
ous about how many pairs differ in 
one way, or two ways, or three 
ways, suggest that a few of them 
use a free-time period or time at 
home to try to figure out how many. 
Otherwise, such an inquiry would 
take a large amount of class time. 
As children discuss exercise 1, 
point out that size, shape, and color 
are “attributes” of the figures. 
Point out that with these attribute 
pieces, a pair which differ in one 


Color : 3 envelopes, © figures 











way are the same in two ways, and 
a pair which differ in two ways are 
the same in one way. As examples 
of other attributes which might 
differ, children may suggest thick- 
ness; weight; kind of material (such 
as metal, wood, or plastic); trans- 
lucent or opaque; smooth or rough : 
surface; and so on. You might also 
discuss the fact that the attribute of 
size is relative to the pieces being 
used. Thus, an actual measurement 
is not needed to compare a large 
triangle with a small triangle; the 
relative difference in size is ob- 
vious. 

As you discuss exercise 2, have 
the children separate their attribute 













which ways they differ. 
A. 


A 


ae ed 
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Size, 






Answers may vary. 
4. a Give 3 more pairs 


of pieces that 
differ in just 
one way. 

B Give 3 more pairs 
of pieces that 
differ in just 
two ways. 

c Give 3 pairs of 
pieces that fee| os 
differ in three LOAN 
ways. bus cae 
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5. Make a string of 6 pieces, each of which differs from 


the nextonein a 1 way. B 2 ways. 


* 6. 
that differ in A 1 Way. B 2 ways. 


Answers may vary. 


pieces into the categories being 
discussed. Distribute envelopes for 
this purpose, or simply have them 
sort the pieces into two groups. 
The exercise emphasizes that this 
particular set of attribute pieces 
deals with two sizes, three colors, 
and three shapes. Some children 
might find it interesting to know 
that the number of pieces in the 
final set can be determined by mul- 
tiplying the number of different at- 
tributes used: 2 (sizes) X 3 (colors) 
X 3 (shapes) = 18. 


1. The pieces in each pair differ in just one way. Write “size,” 
ffer. 


“shape,” or ‘color’ to show the way i i i 
Size hape Color vic piehahey a 


2. Each piece differs in just one way from the piece before it. 
Continue the “string” and name the pieces you use. 


@-@© B-a-.—.—--—-.--—. 


Answers may vary. 


. The pieces in each pair differ in just two ways. Tell in 


O,L!| @®@ 


Shape, size Shape, color 







Use all your attribute pieces to make a string of pieces 


Using the Ideas 
































Answers 
may vary. 


c 3 ways. 


c 3 ways. 


Using the Exercises 

You might assign these exercises 
as independent work or have the 
children work in pairs. Exercise 2 
contains a kind of activity which 
can be expanded, as in exercises 5 
and 6. It would be stimulating for 
children to do this activity as part- 
ners, taking turns adding appropri- 
ate figures to the ‘‘string.” 

You might use the Think prob- 
lem to illustrate that differences 
and similarities are not always 
obvious. 


Assignments (page 9) 
Minimum: 1-3. Average: 1-5. 
Maximum: 1-6. 


Follow-up 

Continue to encourage children to 
create various rules for games with 
the attribute pieces. Note that it is 
usually best for them to work in 
pairs rather than in larger groups. 
You might suggest an activity such 
as the following. 

For each player, make a card- 
board playing board with nine 
Squares, each 4-by-4 cm (so the 
board is 12-by-12 cm). Any of the 
18 pieces may be chosen. The rules 
for positioning pieces are as fol- 
lows: each piece must differ in one 
way from the piece(s) next to it 
horizontally, and differ in two ways 
from the piece or pieces next to it 
vertically. Each player fills his 
board according to the rules. Then 
players can compete for highest 
scores according to a chosen sys- 
tem. Points can be scored accord- 
ing to one of at least three score 
cards pulled before each player has 
filled his board. The different score 
cards will provide variety. If the 
card is kept hidden it becomes a 
game of chance; or, if it is shown, 
they can try to use pieces worth the 
highest points. 


Sample score card: 


All blue figures 15 


All squares 20 
All yellow figures 15 
All large figures 5) 


Allred figures 10 
All circles 5 





Sample game: 





Score: 
3 yellow figures 45 
3 blue figures 45 
3 red figures 30 
3 squares 60 
3 circles i> 
4 large figures PZ. 
Total: 215 


Resources for Active Learning 

Attribute Games and Problems, 
McGraw-Hill Ryerson [Suitable 
for use with this lesson and 
throughout the year]. 


PAGES 10-11 
Objective 

Given a set of elements and a 
description of one element within 
the set, the child will be able to 
select the element described. 


Preparation 

To prepare for this investigation, 
you might begin like this: Tell the 
children that you are thinking of 
some object in the classroom (such 
as your desk) and give hints using 
-only statements that are negations, 
such as: “It 1s not alive. It 1s not 
hanging from a wall. It is not one 
of the student desks. What is it?” 
Use another example giving only 
clues which are conjunctions (that 
is, statements that are connected 
by ‘“‘and’’). You might even use the 
same object and describe it with 
statements such as: “It is inanimate 
and it is made of wood. It is the 
largest single piece of furniture in 
the room and it is often used witha 
chair. What is it?” 


Investigation 

Some children would benefit from 
working with a partner on this in- 
vestigation. It would be helpful to 
have the children note that the 
examples in the book use the attri- 
bute pieces or numbers. According 
to children’s needs, encourage 
them to try to describe a particular 
attribute piece or number in state- 
ments using “not” or “and.” If 
they continue to work with the at- 
tribute pieces or with numbers, 
they should be able to use nega- 
tions and conjunctions in a straight- 
forward manner. However, they 
should eventually understand that, 
if they follow the patterns in the 
book, their descriptions should not 
combine negation and conjunc- 
tion statements in the description 
of a single element. It is also neces- 
sary that each description which 
uses negations eliminate every 
property the piece or number 
shares with another. Similarly, de- 
scriptions which use conjunctions 
must include at least one property 
which, together with the other 
properties mentioned, distinguishes 
the piece or number from every 
other element in the set. 
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® Can you use logical reasoning? 


Investigating the Ideas 


[4] 


Can you use logical reasoning to answer the questions 


above, and then make up a set of clues like these 
to give to a classmate ? 


Discussing the Ideas 


1. How did you figure out the answer to the question in a above ? 
See Discussion. 


2. Explain how the clues helped you find the number in B above. 
See Discussion. 


3. One of the 18 attribute pieces is covered 
up by this yellow card. What can you conclude 
if someone who knows gives you these clues ? 


It is not a square and it is not a circle. 


It is not large. 


It is not yellow and it is not blue. 


What piece is it ? 
Tt isa Small red triangle. 


Discussion 

For discussion exercises | and 2, 
encourage children to give their 
answers for parts A and B of the 
investigation and to explain their 
thinking for each. You might men- 
tion that the statements using ‘“‘not” 
are called negations because they 
negate a property; they state which 
properties the element does not 
possess. Thus, by a process of 
elimination, the single element can 
be recognized. Similarly, you might 
discuss the fact that statements 
joined by the word ‘‘and” are called 
conjunctions. In exercise 3, point 
out that the statement “It is not a 
square and it is not a circle” com- 





bines two properties the item does 
not possess (a conjunction of two 
negations). The third statement in 
exercise 3 joins negations of two 
colors, leaving the only possible 
color to be the one omitted, namely 
red. See the follow-up section for 
further activities with this kind of 
exercise. 





Mathematics 

If p and q are statements, then the 
statement ‘“‘p and q” is the con- 
Junction of p and q. The disjunction 
of p and q is the statement “‘p org.” 
As an example, let p and g denote 
the following statements concern- 
ing the attribute pieces. 

p: This piece is a triangle. 

q: This piece is small. 
Conjunction: This piece is a tri- 
angle and it is small. (p and q) 
Disjunction: This piece is a tri- 
angle or it is small. (p or q) 

Note that the conjunction and 
disjunction describe different sub- 
sets of the set of all the pieces. 

If p is any statement, the state- 
ment “‘not-p” is the negation of p. 
Using the statement p in the ex- 
ample above, the negation of p 
can be stated as follows: 

This piece is not a triangle. 

In discussing the ideas of the 
lesson, the children need only de- 
velop intuitive ideas of the formal 
logic discussed here. It is not 
necessary that formal definitions 
of conjunction, disjunction, and 
negation be introduced. 


Using the Ideas 


1. Each yellow clue card has the picture of one of these 
attribute pieces on the other side. Which piece is it ? 


® HA®OBABBREA 


SOMA@CHACHA 


It is not large. 
Itis yellow. 

It has no corners. 
Which is it ? 

Small yellow circle 








2. Each yellow clue card has one of these numerals written 


on the other side. Which number is it ? 
ee’ 3 4 5 6 fs 8 q lO 
B Cc 


A 


It is odd. 

It is more than 5. 
ak eee half 3 will “go into” it. 
of 10. ; Which is it? 9 

| Which i is sit? 7 


i periate:te 





3. Each clue card describes one of the numbers shown in 
the loops. Which number is it ? 


It is inside the 
red loop and 
it is inside the 


Follow-up 
Suggest that children group the 
attribute pieces according to cate- 
gories which you write on the 
chalkboard. For example: (1) all 
blue pieces; (2) not blue pieces; 
(3) not circles and not blue pieces; 
(4) not circles and blue pieces. 
This same kind of activity can be 
used with loops of yarn outlining 
the space for the pieces. 


Iti is noe inside 
‘the red loop. 
H ive is inside 


blue loop. 
It is between 8 
and 15. 
Which is it? 12 


|. the blue loop. 
Itis less than 8. 
| Which is it? Zz 





el 





Using the Exercises 
On page 11, children might want to 


Blue squares 





use their own attribute pieces for and fiahgles 
exercise 1. With more advanced 

children, you might explain ut “it Resources for Active Learning 

is not a square or a circle” might Mah etcacy Cand Caan acs 
have been used for “it is not a EERE 

square and it is not a circle.” When Maths Mini-lab, Cards 135-136, 
children finish exercises 2 and 3, SUiechie erdlestiona ena 
you might want them to make up Og 

more clue cards of their own for Munem Preece. Proper Red 
their classmates to solve. Set, No. 10, Wiley 


SMSG: Puzzle Problems and 
Games Project, pp. 13-20, Stan- 


ford University. 
Assignments (page 11) 


Minimum: 1, 2. Average: 1-3. Duplicator Masters, page | 
Maximum: 1-3. Workbook, page 2 
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PAGES 12-13 


Objective 

Given the first three or four num- 
bers of a numerical sequence, the 
child will be able to supply the 
next two or three numbers in the 
sequence, by interpreting dot pat- 
terns for the sequence. 


Preparation 

To help children understand what 
the investigation will require of 
them, you might write some famil- 
lar patterns on the chalkboard. For 
example: 


ON FAY Osh ae 
(Begin with zero and add 
two to each successive number.) 


RSs US ts 
(Multiples of 7, or add seven 
to each successive number.) 


Investigation 

Since this investigation is brief, you 
might assign it as an independent 
activity and lead right into the dis- 
cussion. You might challenge the 
children who finish quickly to find 
the next three numbers in a se- 
quence you write on the board, 
such as: 


Le, Se 3) See, Se heamext 
three numbers are 13, 21, 34: 
this is the Fibonacci sequence.) 


Oral 2] 4 te 16a. Ch hesmext 
three numbers are 22, 29, 37.) 


12 


36,45, 


pattern. 


2 





Discussion 

Use discussion exercises | and 2 to 
discuss how children found the 
next two patterns and numbers of 
the sequence in the investigation. 
Point out how the triangular dot 
pattern shows that each new row 
contains one more dot than the row 
preceding it. Arithmetically the 
sequence can be developed by add- 
ing the counting numbers, in order, 
to each previously formed number 
in the sequence. Thus, the sequence 
can be seen as 


ied Pree Peers Ie ee 


Help the children think through 
the explanations suggested in ex- 


a What sum would 
equal the fifth 
triangular number ? 1+2+3+4+5 
the sixth ? !+2+5+4+5+te 
sp Can you ‘‘see” these 
sums in the dot patterns 


for the triangular numbers ? 
“Yes, first row has one dot, second row has two dots, and so on.” 


3. a Why do you think the numbers 8, 15, and 24 are called 
rectangular numbers ? They can be represented by rectangular arrays 


ps Can you name some other rectangular numbers ? 
See Discussion. 





® Can you find the pattern? 


Investigating the Ideas 


The Dot Pattern Printer printed the dot patterns above 
for the number sequence 1, 3, 6, 10, Ill, lllll, . . . 


Can you draw the next two patterns the “printer” will 
make and give the next two numbers in the sequence ? 





Discussing the Ideas 


1. Why do you think the numbers in the sequence above are 
called triangular numbers ? Can you give a triangular 


number greater than 30? 
] ,e Ce 


2. Here is an interesting 


array. 


First: 1 


Second: 
Third: 
Fourth: 10=1+2+344 


ercise 2. In exercise 3, children 
consider how composite numbers 
or numbers that are multiples may 
be patterned in rectangular arrays. 
Note that some numbers such as 6, 
10, 15,... are both triangular and 
rectangular numbers. 


Triangular Numbers 


3=1+2 
6=1+2+3 








eeec008 eeree 
eecee cove 
eee8 eos 
Se as 
e N oO 





Sample answer: They can be represented 
by dots in a triangular 











Draw the next dot pattern the “‘printer’’ wil 
the next two numbers in each sequence. 


1. 





<= 


3 





Using the Exercises 

Assign these exercises as inde- 
pendent work, unless you prefer to 
have the children work in pairs. 
You might challenge more capable 
children not only to draw the dot 
pattern for the next two numbers 
of each sequence but also to try 
to figure out and explain the pat- 
tern arithmetically, as follows: 


DE PERE a Ce ae Ie 
(Add 3 to each number.) 

ame ees 16 20 ess 
(Add 4 to each number.) 

Smite ede 0 Fs 1679 25,005: 
(Beginning with 3, add the odd 
numbers, in order, to each new 


make and give 


Using the Ideas 


i) 


13 





term. Note that these numbers 
are all square numbers.) 

4) P2384) Dar sss 2 Ieee 
(Beginning with 2, add the even 
numbers, in order, to each new 
term. Note that these numbers 
are all odd.) 

Sem liceFaedts LORY See 
(Add multiples of 6, in order, 
to each new term) 





Assignments (page 13) 
Minimum: 1-4. Average: 1-4. 
Maximum: 1-5. 


Mathematics 

A sequence of numbers is a set of 
numbers given in a specific order. 
A sequence is finite if it contains a 
definite number of elements or 
terms. Many sequences in mathe- 
matics are infinite sequences. The 
set of even whole numbers (0, 2, 
4, ...) is an infinite sequence. 

There are many different kinds 
of sequences since the only re- 
quirement of a sequence is that it 
have a first term, a second term, a 
third term, and so on. Some of 
the more interesting sequences in 
mathematics are those which are 
formed according to a definite rule 
or pattern. An arithmetic sequence 
is a sequence which has a fixed 
difference between every successive 
pair of numbers in the sequence. 
Thetsequence’347, 1 aS ioss 
is an arithmetic sequence in which 
each term of the sequence is 4 
more than the preceding term. 

A geometric sequence is formed 
by starting with some number and 
then multiplying it by a fixed num- 
ber to arrive at the next term. A 
sequence is a geometric sequence 
if there is a constant ratio between 
successive terms of the sequence. 
For example, the sequences 1, 3,9, 
27798191243 asiewandd1 65834 s20i1¢ 
3,4, ... are geometric sequences. 
The ratio between successive 
terms in the first sequence is 3, 
while in the second sequence it is >. 


Resources for Active Learning 

Applied Mathematics Cards. 
Group 3/1-2, Schofield and Sims. 
(Available from M afex Associates) 

Developmental Math Cards, J+15, 
K221, L!19, Addison-Wesley. 

Discovery, Section I, Activities 
9-14, pp. 11-16, Encyclopaedia 
Britannica Educational Corp. 

Nuffield Project: Problems — Green 
Set, No. 13, 47, Wiley. 

Notes on Mathematics in Primary 
Schools, pp. 24-44, 47-61, Cam- 
bridge University Press. 

Teaching Aids for Elementary 
Mathematics, ‘Fibonacci Num- 
bers,”’ pp. 36-37; ““Number pat- 
terns,” pp. 114-115, Holt, 
Rinehart and Winston. 





Workbook, page 3 
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PAGES 14-15 
Objective 

Given a function rule which 
transforms a figure shown on an 
input-output card, the child will be 
able to apply the same rule to 
transform another input figure. 


Preparation 

To prepare for this lesson, you 
might introduce the topic of ma- 
chines, such as computers, and 
spend just a few minutes mention- 
ing various operations present- 
day machines can perform. For 
example, computers can run air- 
planes, show assimilated driving 
conditions for driver training, and 
so on. In this investigation, chil- 
dren will be studying a function 
machine. 


Investigation 

In this investigation, children must 
study the differences between the 
input and the output of a function 
machine and figure out what rule 
has been applied. Then, after deter- 
mining the output for a given input 
figure, they are challenged to make 
their own input figure. You might 
encourage children to make more 
than oné input-output card. Per- 
haps you will want to extend the 
investigation by having them make 


what happened. 
Rule A 


When you put a design in as 
the input of the function 
machine, the machine changes 
it in a certain way. Each 

time the machine changes a 
design, it prints a yellow 
input-output card to show 


and a design of your own ? 


1. a How would the machine above 
change this design ? tet and square onthe} 


@ Let's explore figure patterns. 


Investigating the Ideas 


Can you make an input-output card by using Rule A 


Designs may vary. 
See Investigation. 





Discussing the ideas 


ircle would be onthe] 























B Can you describe the way the 


machine changes any figure ? ‘ : = 
Positions of deSigns are reversed horizontally. See Discussion. 


2. Can you make up another interesting rule for the machine ? 





up an input figure for which a class- 
mate must select an appropriate 
output figure from three or four 


f 


choices. : 


14 


14 





Discussion 
Discussion exercise | requires that 
children verbalize the function rule 
that was applied in the investiga- 
tion. Accept any description which 
conveys the main idea. Some may 
say that the output design is the 
mirror image of the input design, 
with a vertical line between the 
two acting as.a line of symmetry. 
Others may say that the design has 
been “‘flipped.” 
Exercise 2 gives children an op- 
portunity to make up rules of their 
own. Have several children draw 
an input-output card on the chalk- 
board to illustrate the rule they 
suggest. You might have some vol- 


Answers will vary. 


unteers draw their input-output 
card first and ask the class to ex- 
plain the rule. Since this lesson 
should be treated with a light touch, 
you might turn it into a kind of 
“guess my rule” game: the child 
who guesses the rule can be the 
next one to draw designs for a new 
rule. However, the designs must be 
kept simple or too much time will 
be spent in drawing them. 











i 











Using the Ideas 


The first input-output card in each exercise shows what the 
machine does. Give the letter of the output for the second card. 


QOCRO 


gieiaials 
LT ta 
Blois] 


IEEE 
A B c CD) E 


A.5 











Using the Exercises 

Assign page 15 as independent 
work. Although children may ar- 
rive at an answer in various ways, 
the transformations they are deal- 
ing with are actually rotations, flips, 
and reflections. Also, for exercises 
2-5, children should observe that 
color changes must be taken into 
consideration. You might challenge 
capable children to try to state in 
their own words the rule for each 
exercise. For example, the rule for 
the first exercise may be expressed 
as “a 90-degree rotation to the 
left.’ When children finish, en- 
courage all to give a reason for each 
answer they chose. 


Assignments (page 15)* 
Minimum: 1-3. Average: 1-4. 


Maximum: 


1-5. 


Follow-up 

Children might be interested in 
doing some research regarding pat- 
terns developed by Blaise Pascal 
in the famous “‘Pascal’s triangle.” 
Although the triangle is named for 
Pascal, it probably originated in 
China as early as 1100. In Western 
civilization this triangle appeared 
in print around 1527, almost a 
century before Pascal was born. 
However, the arithmetic triangle, 
as it is also called, has been given 
Pascal’s name because of the ex- 
tensive work Pascal did with it, 
particularly in the field of prob- 
ability. 

Encourage children not only to 
do some research on this triangle 
but to try and find patterns within 
it themselves. Besides relating the 
triangle to the triangular numbers 
studied on page 12, suggest that 
they find the numbers of the fifth 
row, or that they find the pattern 
made by the sum of the numbers in 
CAaCh TOWsel 204 One Ose 


| First row 
ie Second row 

Lee l Third row 
Fourth row 


ea Oe ee Leino 


Duplicator Masters, page 2 
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PAGES 16-17 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 
Materials 
attribute pieces 

You might want to use a short 
review in preparation for this les- 
son. For example, give a statement 
applicable to an attribute piece and 
ask the children to name pieces to 
which it might refer. For example, 
the statement, “It is large and it 
is blue” refers to all large blue 
pieces. 


16 














a blue squares Z 
B large circles 3 


A 


15 5 


G05 
70 95 
45 90 


Discussion 
Although pages 16 and 17 might 
be used for evaluation, keep in 
mind that they will simply indicate 
a child’s relative grasp of the con- 
cepts touched in the chapter, rather 
than mastery of any reasoning 
skills. You might also use the ex- 
ercises on these pages as discus- 
sion topics. Stress comparison of 
phrases which utilize the “is”’ and 
“is not” concepts and the “all” and 
“none” concepts. With exercises 6 
to 8, stress the development of 
patterns. 

The Think problem may stimu- 
late much discussion. Allow the 
children time to discuss its main 


. How many ? (Use your attribute pieces from page 6.) 
c not yellow !2 
pb small and not triangular © 





2. Name the attribute piece described for each part. 


B Cc 





2 44 25 
86 r 

12 29 93 36 
8 1 37 3 72 00 


5. Give the number that fits the description. 


points. For the first part, discuss 
how the condition stated in the 


problem, together with the total 
weight given on each scale, deter- 
mines the weight of the large 
blocks. For parts 2 and 3, be sure 
children see how the large block 
may be thought of as being replaced 
by the appropriate number of small 
blocks. Thus, in part 1, they might 
think: Since block A weighs 6 times 
as much as block B, we could re- 
place A with 6 blocks of size B. 
Then each block B would weigh 
56 — 7, or 8 grams. Hence, it is easy 
to see that block A weighs 6~ 8, or 
48 grams. 


— red and not square 4 
F large and blue 3 


16 


48 
9) 











50,75 


64 
nS 








6. Draw the next dot pattern and give the next two numbers. 





7. Name 5 pieces you would 


use to continue this string O —- Ei — B PtP) DLP ESD DP) 


of “one-way” differences. angwers may vary. 


8. This card shows what a certain 
function machine does. 
Draw a picture of the output 
for each of the cards below. 


Input Output 





: Input Output 








Output 


Follow-up 

Since the Fibonacci series shown 
below has many interesting pat- 
terns related to it, you might have 
those who figure out its formation 
describe it to the class. 


tls 1*1, Dae Sarees 513 gts 1378 We 


Each new number in the sequence 
is formed by adding the two terms 
preceding it. 

Children might also be interested 
in a little of the historical back- 
ground of the man for whom the 
Fibonacci sequence is named. 
Fibonacci is really the “nickname” 
of Leonardo of Pisa (Fibonacci 
means son of Bonacci). He was the 
son of an Italian merchant and lived 
from 1180-1250. Since he studied 
under a Muslim teacher and trav- 
elled in Greece, Egypt, and Syria, 
he became familiar with the Hindu- 
Arabic numerals and used them 
before many Europeans adopted 
them. Encourage interested chil- 
dren to do further research in 
histories of mathematics or ency- 
clopedias. 





Workbook, page 4 
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CHAPTER 2 


Pages 18-35 


General Objectives 


To provide understanding of place- 
value concepts 

To review and extend work with 
inequalities 

To review and extend work with 
bases other than ten 

To provide background for the 
introduction of decimals 


A clear understanding of place 
value is one of the most important 
objectives of the I/nvestigating 
School Mathematics series. With- 
out such an understanding, there is 
little hope for meaningful compre- 
hension of the algorithms of arith- 
metic and decimal notation. For 
this reason, the concepts of place 
value are treated carefully, begin- 
ning in Book | and continuing 
throughout the series. 

Book 6 treats place-value con- 
cepts for whole numbers first and 
for decimal notation subsequently. 
In this chapter, place values 
through hundred millions are in- 
troduced, and _ inequalities are 
treated in such a way as to focus 
additional attention on important 
place-value concepts. Larger num- 
bers are introduced, followed by a 
lesson on “rounding” large num- 
bers. Powers of ten are used to in- 
troduce exponents, and scientific 
notation is introduced through work 
with exponents. The latter part of 
the chapter deals with different 
number bases. All of this material 
is provided to develop the chil- 
dren’s understanding of basic con- 
cepts of place value. 


Mathematics 


‘he symbols: O4 1} 2393..45) 5.6.80 
8, and 9 are digits. A numeral is 
any symbol that stands for a num- 
ber. Thus, the symbol 4 is both a 
digit and a numeral. You might find 
it convenient to ask a child to write 
the “number” 1486 or refer to it 
as a “four-digit number.”’ Strictly 


TI7A 


Numbers — Numerals 


speaking, these are incorrect uses 
of the terminology. (You do not 
write the number, nor does the 
number have four digits. You write 
the symbol or the numeral, and it 
is the symbol or the numeral that 
has four digits.) The children will 
no doubt understand that, when 
you say, “Write the number,” you 
want them to write the symbol for 
this number and that, when you 
call it a “four-digit number,” you 
are referring to the symbol used to 
represent this number. For this 
reason, we consider both expres- 
sions acceptable. However, cer- 
tain abuses of the number-numeral 
terminology are clearly objection- 
able and may confuse the children. 
Do not ask the children to add dig- 
its or numerals. They add numbers 
and write digits and numerals. 

The important thing to remember 
in number-numeral terminology is 
to keep your language simple and 
meaningful to the children. Say 
number whenever you are uncer- 
tain whether you should say num- 
ber or numeral. Avoid making an 
issue of these words with the chil- 
dren. If a child points to a symbol 
or numeral and calls it a number, do 
not criticize or correct this remark. 
Most children have an intuitive 
grasp of the difference between 
number and numeral, and a lengthy 
discussion of these ideas may serve 
only to confuse what was previ- 
ously clear. 

When we write the symbol 4357, 
the numerals 4, 3, 5, and 7 stand 
for 4000, 300, 50, and 7, respec- 
tively. This illustrates an important 
property of our numeration system: 
the utilization of place value. When 
we refer to place value, we mean 
simply that. the number a digit 
represents depends on the place it 
occupies in the symbol. 

Another property, which simpli- 
fies our calculations and makes it 
easy to learn arithmetic, is that we 


can represent any number by using 
only ten symbols: 0, 1, 2, 3, 4, 5, 6, 
7, 8, 9. Each digit used by itself 
represents a single number; it is 
only when we write symbols great- 
er than 9 that a given digit may 
stand for two or more numbers. 
Thus, in the numeral 636, one 6 
stands for 600, and the other stands 
for 6. 

Our place-value scheme has a 
base of ten, which means we group 
by tens. Given a collection of ob- 
jects, we find out how many dis- 
joint sets (sets that have no com- 
mon elements) of ten can be 
formed. Consider the collection 
of dots shown in the illustration. 
There are 3 sets of ten, and’ 8 Jet 
over. 





The importance of place value 
becomes evident when we write 
the numeral for this number of dots. 
Instead of writing ‘3 sets of ten, 
and 8 more,” we write “38” and 
agree that the digit in the “second 
place” (3 in this case) represents 
sets of ten. 

In order to represent numbers 
over 99, we need to group the sets 
of ten by tens. We then have sets of 
10 tens, each of which we call one 
hundred. For example, we might 
have acollection of objects grouped 
as follows: 5 sets of one hundred, 
3 sets of ten, and 7 more; we write 
Swe 


Teaching the Chapter 


Materials 


Atlases 

Colored strips 

Encyclopedia sets 

Other reference books suitable for 
finding large numbers (optional) 








Slips of paper approximately 7 by 
10 centimetres (5 per child) 

Slips of paper approximately 10 by 
15 centimetres (3 per child, if 
possible in three colors) 


Vocabulary 

abacus © operation 
base six period 

base ten place value 
billion powers of ten 
digit quadrillion 
equals quintillion 
equation rounding 
exponent scientific 
greater than notation 
hundred million set 

hundred thousand _ sextillion 
inequality ten million 
is not equal to ten thousand 
less than thousand 
million trillion 
numeral 


Although grouping sets of objects 
is impractical for the study of large 
numbers in base ten, encourage 
children who appear to have diffi- 
culty with the first few lessons to 
use physical objects in demonstrat- 
ing one-, two-, and even three-digit 
numerals. In the work with other 
bases, both the strips and sets of 
objects should be used freely, until 
children understand place-value 
concepts without physical objects. 

The vocabulary list is quite long, 
inasmuch as it includes words 
which may be new to the children 
as well as many which may al- 
ready be familiar. The majority of 
the words in the list should be 
familiar to nearly all the children. 
The words that are new, however, 
should be stressed so that they will 
be mastered by the end of the 
chapter. 


Lesson Schedule 


Plan to spend about two to two- 
and a half weeks on this chapter, 
depending upon the abilities and 
background of the children in your 
Class. If they have had considerable 
experience in working with place 
value, you will be able to cover the 
material more rapidly. 


Evaluation of Progress 


The purpose of the material on 
base six in this chapter is to in- 
crease understanding of base ten 
and to challenge the children. Mas- 
tery is not expected. The principal 
value of teaching something un- 
usual, such as base six, is that it 
arouses the children’s interest 
and stimulates them to do better in 
arithmetic. Keep these objectives 
in mind as you teach this small sec- 
tion of the chapter. 

Since you should not expect the 
children to master all of the topics 
concerning base six, do not be dis- 
couraged if some of them fail to 
understand the more difficult con- 
cepts. Most should understand the 
rudiments of grouping in other 
bases and the process of writing 
two-place numerals in base six. 
Treat this section with a light touch. 

The review exercises on page 
34 should serve as a guide for 
evaluating the children’s progress. 
We stress again that while place 
value and inequalities are vital to 
a successful continuation of the 
text, topics such as base six and 
different types of numerals are 
included as interesting sidelights 
and should not play a significant 
role in your evaluation of the chil- 
dren’s progress for this chapter. 
Encourage more capable children 


to make independent, in-depth ex- 
plorations of these optional items 
if they are intrigued by them. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Peas* and Particles, McGraw-Hill 
Ryerson [Estimation and large 
numbers] 

Franklin Series: From Fingers to 
Computers, “Finger Computa- 
tion,” pp. 5-17. “The Electronic 
Computer” (flow charts, expo- 
nents, expanded notation, binary 
system), pp. 60-98, Lyons and 
Carnahan (Available from Mc- 
Graw-Hill Ryerson) 

Modern Math Games, “Puzzles,” 
pp. 47-48, Fearon (Available 
from Clarke, Irwin) 

Nuffield Project: Problems — Green 
Set, No. 18, 44, Wiley 


MANIPULATIVE DEVICES 


Abacus or abacus board (Educa- 
tional Teaching Aids; school 
supplier) 

Cuisenaire Cubes, Squares, and 
Rods (Cuisenaire Co.) 

Multibase Arithmetic Blocks (Edu- 
cational Teaching Aids: Herder 
and Herder) 

Multi-base Converter (Math Me- 
dia; Selective Educational Equip- 
ment) 


COMMERCIAL GAMES 


Base Check Game (Lakeshore) 

Dr. Nim (Childcraft; Gamco) 

Equations (Creative Publications: 
Wff ’N Proof) 

Radix (Lang) 

Ranko (Midwest Publications) 

Think-a-Dot (Childcraft, Cuisen- 
aire Co.; Edmund Scientific) 
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PAGES 18-19 
Objective 

Given a numeral which has as 
many as 9 digits, the child will be 
able to read the numeral by recog- 
nizing and naming the periods. 


Preparation 

Materials 

slips of paper approximately 10 by 
15 centimetres (3 per child; if 
possible, each one a different 
color) 


To prepare for this lesson, you 
might present the idea that each 
number is unique but can be sym- 
bolized in many ways. For exam- 
ple, for the number nine, these are 
but a few of the symbols which 
might be used: 


9 IX 200-191 


ance | | We (rod numeral) 


Investigation 

Encourage children to work in- 
dependently on this investigation. 
Remind them to record their work 
carefully in order to avoid repeti- 
tion of anumber. They should need 
little or no direction throughout 
the entire investigation. A total of 
12 different numerals can be formed 
by using either 2 or 3 of the slips 
at a time. Besides the two shown in 
the text, they are as follows: 


276 524 
318 276 
3184524 
524 276 
524 318 
DIG S24 
276 318 
318 276 
318 524 
524 276 


318 
524 
524 
276 
318 
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of your slips. 


twe hun 


Hundred Ten 
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Discussion 

After working through discussion 
exercises | and 2, have children 
read the other numbers which they 
recorded, explaining which color 
paper tells thousands and which 
tells millions. Then, as you discuss 
exercise 3, stress the convenience 
of grouping these large numerals 
into periods. Note that the three 
digits in each period are read as if 
they were simply hundreds, and 
then the name of the period is at- 
tached. Although it is important for 
children to realize each place value, 
they will not need these labels if 
they recognize the periods in each 
number. 


Investigating the Ideas 


Cut out, mark, and color | 
3 slips of paper like these. ——- | 
Below are two numbers you 
can name by using 2 or 3 


There are 10 more numbers 
that you can name in this way. 


How many of them can you find ? 





‘Three hundred ei 
re sevent: 


3. Each group of 3 digits 


Pi Numbers—Numerals 


@ Let's explore symbols for numbers. 










Record 
your 
findings. 


Discussing the Ideas 


1. For the number named in example a, read, 
“two hundred seventy-six thousand, three hundred eighteen.” 


Read the other number that these two slips can name. 
“Three hundred eighteen thousand, two hundred seventy-six.” 


2. For the number named in example s, read, ‘five hundred 
twenty-four million, three hundred eighteen thousand, 


two hundred seventy-six.’ Read this numeral: 318 524 276 
hteen million, five hundred twenty-four thousand, 


is Called a period. The diagram below 
shows the place value of each digit. The “4” is in the 
thousands’ place. What digit is in the ten millions’ place ? 


Hundred Ten 


millions millions ae thousands thousands RIDE TE AG 


To give children further practice 
with large numbers, you might have 
them do some counting in which 
they begin with a large number and 
count forward several times. For 
example, you might have them start 
with 9995 and count to 10 005, or 
start with 199995 and count to 
200 005. 








vestigation. 











1. In the numeral 534 896 201 tell what digit is in each of: 


these places: 


A ones’ | 
Bs thousands’ 6 
c millions’ 


2. Starting at the right, the first period of the numeral |146 92 
contains the digits 8, 5, and 3. Copy and complete these 


bp tens’ Oo 
E ten thousands’ 9 
F ten millions’ 3 1 


sentences about the numeral. 


a The second period contains the digits _ ? __9,2. and 7 
and tells how many __? __. hundred thousands, ten thousands,and 
B The third period contains the digits __? _\,4,anag tnousands 
and tells how many __? __.hundred millions, ten millions, and 


3. Copy the sentence. Give the missing words and numbers. 

687: The 8inthe _?__ place means 8 x lll. tens’ io 

687: The 6inthe __ ?_ place means 6 x< lll. hundreds’ \o0 

395 687: The 5inthe __?_ place means 5 x lll. thousands) |ooo 
395 687: The 9in the _?_ place means 9 x ||. te" thousands, 
395 687: The 3in the _? place means 3 x ill. KUNSEES: 196 000 
The 4 in the _? _ place means 4 x |]. ™i!\iors, 
__ place means 1 x |jlijten mittions; 


A 
B 
c 
D 
E 
F 
G 
H 
i} 





214 395 687: 
214 395 687: 
214 395 687: 
214 395 687: 


The 1 in the _ 


The 7 in the __ 





Using the Exercises 
Have the children do the exercises 
on page 19 independently. You 
might point out that the chart at the 
bottom of page 18 would be helpful 
to them. If there are children who 
have difficulty understanding the 
basic concept of place value, work 
through these exercises with them. 
You might even want to have them 
use materials to group tens and 
hundreds, counting with them from 
numbers which span a decade or a 
hundred, such as 78 to 83; 89 to 92; 
97 to 105; 190 to 210; and so on: 
Sticks, pipe cleaners, or strips of 
paper bundled in groups of tens or 
hundreds can serve as counters. 


c hundreds’ 2 
4H hundred thousands’s 
hundred millions’5 


? 
The 2 in the __? __ place means 2 x |lll.pundved 
? __ place means 7 x llll.ones) 





Using the Ideas 





millions 


(© OOO 000 


100 600 000 


19 





When children finish, check exer- 
cise 3 carefully. Stress that because 
the 5 in 395 687 is in the thou- 
sands’ place it means 5 thousands, 
that is, 5 X 1000, or 5000. Children 
may spend a long time figuring out 
how the Chinese abacus works. Let 
them wait a few days if necessary 
before discussing it. The wires 
stand for ones, tens, etc. A bead 
above the separating wood stands 
for 5, a bead below stands for 1. 


Assignments (page 19) 
Minimum: 1, 2. Average: 1-3. 
Maximum: 1-3. 


Follow-up 

Encourage children to pursue any 
interest they may have in the aba- 
cus. Some may do a little research 
to investigate various kinds of aba- 
cuses or other calculating devices. 
Others may want to construct a 
Chinese abacus, using simple ma- 
terials such as a wooden frame, 
wire, and.-beads. Others may find 
it interesting to learn about the 
numerals used by various civili- 
zations. 


Resources for Active Learning 

Franklin Series: From Fingers to 
Computers, pp. 18-35, Lyons 
and Carnahan [The abacus and 
counting boards]. (Available 
from McGraw-Hill Ryerson) 
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PAGES 20-21 


Objectives 

Given two numbers written in 
base-ten notation, the child will be 
able to compare them using the 
symbols <, >, or =. He will also 
be able to write a base-ten numeral 
in expanded notation. 


Preparation 

Materials 

slips of paper approximately 7 by 
10 centimetres (5 per child) 


To introduce this lesson, you 
might simply ask the children to 
name some games in which the 
player or team with the highest 
score wins and some games in 
which the player with the lowest 
score wins. Explain to the children 
that in this investigation they will 
be playing a game in which the idea 
of highest or lowest will also deter- 
mine the winner. 


Investigation 

You might want to read through 
directions of the game with some 
groups of children. Since each child 
might use 5 different digits, suggest 
that they initial the reverse sides 
of their slips of paper. The game 
is best suited for two players, al- 
though it would also be possible for 
three players to participate. Chil- 
dren use only one set of digits for 
each round, so they may take turns 
using each other’s digits. Varia- 
tions may be introduced, such as 
using 6 or 7 slips of paper; or 
changing the goal so that the person 
whose exchange makes the small- 
est number wins. A sample game 
in which the goal is the highest 
number might be as shown below. 


lesiee vd ays lio | Te! 


Player A’s move 


Be vee 


Player B’s move 


Bee Gs el 


Player B wins this round. 
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Example: 


a 9847 
20 





Discussion 
Since the investigation in this les- 
son involves children in such in- 
structive fun, you might want to 
begin some of the discussion exer- 
cises between rounds of the game. 
Exercise | points out the right to 
left increase in the place value of 
base-ten numerals; thus, the largest 
digit must be in the place of the 
largest value, that is, furthest to 
the left, and the smallest digit fur- 
thest to the right. If players want 
the digits to name the smallest pos- 
sible number, they must reverse the 
order, placing. the smallest digit in 
the place of the largest value, as 
in 34 689. 


Cut out five slips of paper and 
label them with different digits. 


To play: 1. Mix the slips of paper 
and place them in a row 
to name a 5-digit number. 


Example: 8 


2. Take turns exchanging the positions of any two 
digits so that after each exchange a larger 
number has been named. 


@ How are numbers compared? 


Investigating the Ideas 


Can you play the game LARGE, LARGER... LARGEST 


with aclassmate? See Investigation. 








rae =| a 
, ; 


3. The player whose exchange results in the largest 
possible number wins. 


Discussing the Ideas 


1. How can you tell when 5 different digits name the largest 
possible number ? See Discussion. 


2. What is the smallest number you could make with 
the 5 digits above ? 34 689 


3. In the example, the number is expressed in expanded notation. 


93 864= (9 x 10 000) + (3 x 1000) + (8x 100) + (6x 10) +4 


Can you use expanded notation to show these numbers ? 


s 42165 
See Answers, TE. page ZO. 


c 357 869 


When children have spent suffi- 
cient time with the game, discuss 
exercise 3 and point out how each 
numeral may be written as a sum 
of the values in each place-value 
position. 


Answers, discussion exercise 3 
A 9847 = (9 X 1000) + (8 X 100) 
+ (4x 10) +7 
B 42 165 = (4 x 10 000) 
+ (2 x 1000) + (1 X 100) 
+ (6 x 10) + 5 
C 357 869 = (3 X 100 000) 
+ (5 X 10 000) + (7 X 1000) 
+ (8 x 100) + (6 x 10) +9 
D 62 709 = (6 X 10 000) 
+ (2 x 1000) + (7 x 100) +9 














Follow-up 

Suggest that children make varia- 
tions of the game in the investiga- 
tion. For example, besides using 6 
or 7 slips and playing to get the 
smallest number, they might make 
variations such as playing to get the 
smallest odd number, or the small- 
est even number, or using only odd 
digits and back sides as zero, and 
so on. They might also devise a 
way of recording scores so that a 
player must win a certain number 
of rounds in order to win a game. 


Using the Ideas 


1. For each exercise, use expanded notation to represent 
each number. 
A 436 c 6457 
B 7243 vp 5034 


See Answers, TE. page 21. 

2. For ‘37 is less than 42” we write: 37 < 42 
For 56 is greater than 48” we write: 56 > 48 
Give the correct sign, < or >, for each jl). 
a 348 il 328> pv 7296 il )7269> a 27 483 ll 31 120< 
8 694 i 684> & 5409 iil) 5390 > —w 56 257 il 56 527< 
c 462 ll 439> F 6843 ill 68 430< 1 83765 ll 84 101< 


Ee 67 491 
F 43 056 


c 274165 
H 869070 








Resources for Active Learning 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
“Graphing Number Sentences: 
Inequalities,” pp. 25-34, Lyons 
and Carnahan. (Available from 
McGraw-Hill Ryerson) 


3. Give the correct sign (>, <, or =) for each jp. 
a 285 ii 200+ 70+5> 
B 368 (3x 100) + (6x 10) +8 = 
c 7659 ji (7 x 1000) + (6 x 100) + (4x 10) +9> 
p 63 742 il (6 x 10 000) + (3 x 1000) + 742 = 
e 59 406 jl) (6 x 10 000) + (0 x 1000) +406 < 
F 378 941 ip (3 x 100 000) + (78 x 1000) +940 > 


Answers, exercises 1 and 4 
1.A 436 = (4 X 100) + (3 X 10) 


=P) 

ec 8 406 000 ill (8 x 1 000 000) + (4 x 100 000) + (6 x 10 000)< B 7243 x (7 x 1000) + (2 x 100) 

+ (4x 10) +3 

4. These exercises are about the number 342 817 695 C 6457 = (6 x 1000) + (4 x 100) 
a Rearrange the digits to name +(5X 10) +7 
the largest number possible. D 5034 = (5 X 1000) + (3 X 10) 

B Rearrange the digits to name +4 


the smallest number possible. 





E 67 491 = (6 x 10 000) 


c Give the number 5 million greater. + (7X 1000) + (4 x 100) 
p Give the number 42 million less. + (9x 10)+1 
+e & Give the number a half million less. F 43 056 = (4 X 10 000) 
+ & What must be added to the + (3 X 1000);4+-(3: xX 10) + 6 
number to reach 343 million ? G 274 165 = (2 X 100 000) 
See Answers, TE. page Zl. + (7 X 10 000) + (4 x 1000) 
More practice, page A-1, Set 1 2 + (1X 100) + (6X 10) +5 





H 869 070 = (8 X 100 000) 

+ (6 x 10 000) + (9 x 1000) 
Using the Exercises ar ol) 
Assign the exercises on page 21 as 
individual work. If necessary use 
the exercises on expanded notation 
as a basis for further discussion. 
The exercises with inequalities are 
suitable for practice in reading large 
numerals as well as for the study of 
inequalities. 

Attempt to give all the childrena 
chance to read and solve the riddle 
in the Think problem before the 
correct answer is given. Even if 
only a few children solve the riddle, 
everyone should understand and 
benefit from a discussion of the cor- 
rect answer. 


4.A 987 654 321 
B 123 456 789 
C 347 817 695 
D 300 817 695 
E 342 317 695 
F 182 305 


Duplicator Masters, page 3 
Workbook, page 5 
Skill Masters, page 3 


Assignments (page 21) 
Minimum: 1, 2. Average: 1-4D. 
Maximum: 1-4. 
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PAGES 22-23 
Objectives 

Given the number one billion, the 
child will be able to think of it as 
1000 million. 

Given a number as large as sex- 
tillion, the child will be able to 
name the period of the number by 
referring to a chart of the names of 
some of the periods. 


@ How /arge is a billion? 





Investigating the Ideas 


One billion is 1000 million. 1. 182 classes, each containing 
We write: 1000000 000 30 pupils, would weigh about 
one million kilograms. It would 
take ||| such classes to 
weigh one billion kilograms. 


Preparation 
To prepare for this lesson, you 
might briefly review products such 
as 10 xX 10, 10 x 100, 10 x 1000, 
100 x 10, 100 x 100, and 1000 x 10. 
Alternatively, on the chalkboard 
write numerals for several numbers 
greater than one million and less 
than one billion and give the chil- 
dren an opportunity to read these 
numerals. 


2. One million centimetres is 10 kilometres. 
One billion centimetres is a little more than 
one-quarter of the way round the earth. 
One billion centimetres is. ||| kilometres. 





3. One million minutes is almost 
2 years. One billion minutes 
is almost [lll years. 





4. If your heart beats 70 times each 
minute, it will take about 10 days 
for it to beat one million times 
and about ||| years for it to beat 
one billion times. 


Investigation 

The basis of each of the problems 
in this investigation is the introduc- 
tory statement: “One billion is 
1000 million.” Except for problem 
4, children need simply refer to this 
fact: For example, if 182 classes 
weigh 1 million kilograms, 182 
1000 classes weigh 1000 million, or 
1 billion, kilograms. 


You might want to work through 





Can you estimate each of the missing numbers above ? 
See \nvestigation. 








Discussing the Ideas 


1. 


See Discussion. 


2. What number is: ; 
a 1 billion more than 1 billion E 1 million more than 1 billion 


this first problem with some groups 

to demonstrate an approach appli- B 2 billion more than 1 billion F 1morethan 1 billion 

cable to the other parts. c 1 billionmorethan9Q billion %* «6 1lessthan1 billion 
Problem 4 involves a further step p 5billionmore than 27 billion * 4 one half of 1 billion 


See Answers,T.E.page 22. 


of changing 10 000 days to years. 99 \ 


Remind the children that only esti- 
mates are expected. 





Discussion Answers, discussion exercise 2 
Encourage volunteers to explain A 2 000 000 000 (two billion) 
their answers. Accept any solution B 3 000 000 000 (three billion) 
which a child can explain, and, of _ C 10 000 000 000 (ten billion) 
course, which yields a reasonable D 32 000 000 000 
estimate. E 1 001 000 000 
As you discuss exercise 2, have F 1 000 000 001 
children write the numbers on the G 999 999 999 
chalkboard. For exercises 2C and H 500 000 000 
2D, you might want to refer to the 
diagram of the names of the periods 
on page 23. Help them find the 
period which comes after billions. 
You might use this diagram as a 
basis for further discussion. 


aa 





1. The diagram shows the names of some of the periods of a very 


large number. 


Sextillions\ Quintillions Quadrillions Trillions Billions Millions. Thousands 


Using the Ideas 


a What digits are in the quintillions’ period? 5,8,ana7 
B What digits are in the sextillions’ period ? 4,7, ana 6 


2. The average distance from Earth to the sun is 149 565 801 km. 
The largest period for this numeral is millions. 


Give the largest period for each of the following numbers. 
Sun’s diameter: 1 392 021 905 metresBillions 


A 
B 


Estimated remaining life of the sun: 


100 000 000 000 000 000 seconds Quadrillions 


Sun's mass: 1 969 000 000 000 000 000 000 million tonnes 
Recent estimate of Earth’s age: 1 806 750 000 000 days'rillions 
Earth's mass: 5 794 588 715 000 000 O00 thousand tonnes 


Quintillions 
3. The nearest star beyond our sun is called Proxima Centauri. 


It is about 40 trillion kilometres away. Write this numeral. 


away, and its mass has been calculated to be 


4 77 sextillion tonnes. Write each of these numerals. 
45 eae 7 OOO COO OOO 006 000 660 0 


5. Which has the greater mass, the Earth or the a the sun 





Using the Exercises 

Before children begin the exercises 
on page 23, point out that they 
are not required to memorize the 
names of these periods. You may 
find, however, that some of the 
children will want to memorize 
these names. 

The various facts presented in 
exercise 2 may stimulate the chil- 
dren to discuss some of these ideas. 
Be sure to allow adequate time for 
such discussions, which are an im- 
portant part of the children’s ex- 
periences in arithmetic. 


40 000000000 00°e 
4. Sirius is the brightest star in the heavens. It is 80 trillion km 


80000000000 000 


Sextillions 
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Assignments (page 23)* 


Minimum: 


Maximum: 


1-5. Average: 


1-5. 





1-5. 


Follow-up 

The accompanying table of dis- 
tances from the sun to the planets 
in our solar system furnishes other 
large numbers for the children to 
read and compare. Encourage the 
children to use these facts to write 
inequalities and to practice esti- 
mation and rounding. Trying to 
handle large, unwieldy numerals 
will give the class an appreciation 
of exponential notation when it is 
introduced. 

Astronomers sometimes use the 
average distance from the earth to 
the sun (149 566 000 km) as the 
unit for measuring distance in our 
solar system. This Astronomical 
Unit (AU, as it is called) can be 
used to discuss the large figures in 
the table. For example: 


1. Which planet is about 5 AU from 
the sun? 

2. Which planet is approximately } AU 
from the sun? Is its orbit inside or 
outside the earth’s orbit? 

3. Which planet is nearly 40 AU from 


the sun? 


Planet Average Distance from 
the Sun (in kilometres) 

Mercury 58 019 000 
Venus 108 134 000 
Earth 149 566 000 
Mars 227 784 000 
Jupiter 777 793 000 
Saturn 1 426 009 000 
Uranus 2 867 605 000 
Neptune 4 493 482 000 
Pluto 5 907 702 000 


Resources for Active Learning 
Nuffield Project: Computation and 
Structure 4, ‘Large numbers 
., pp. 50-58, Wiley. 
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PAGES 24-25 
Objective 

Given a number, the child will 
be able to round it to a specified 
place value, such as the nearest 
hundred, thousand, or million. 


Preparation 

To prepare for this lesson, you 
might review the meaning of the 
word “approximation.” For ex- 
ample, look at the clock and give 
the approximate time in hours or 
half hours. Or, give an approximate 
length of the room in metres. Point 
out that “approximate” means 
“close to” or “near.” 
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or 21 830 800 
or 21 831 000 
or 21 830 000 
or 21 800 000 
or 22 000 000 
or 20000 000 


® What does it mean to “round” a number? 


Discussing the Ideas 


1. Study the chart below. Then give the missing words. 
In a recent census” the population of Canada was given 
as 21 830 772. When less accurate information is needed, 
we often use a number that is ‘‘close’’ or approximately equal 
to the exact population. We say that the population is: 


21.8307 70, 









(rounded to the nearest ter 
(rounded to the nearest hu 
(rounded to the near 
(rounded to the nea 
(rounded to the nearest 
(rounded to the nea 
(rounded to the nearest _ 








2. Can you give a rule for rounding to a given place ? 
See Discussion. 


3. Quebec and Ontario are the two 


largest provinces in Canada. The 
area of Quebec is 1 540 6281540 ee 
square kilometres. The area of On- 
tario is 1 068 546 square kilo- 
metres. Give each area rounded 

to the nearest ten thousand.! ©70 000 











4. The Confederation building in Charlottetown 
cost $5 600 O50. Give the cost: 

a to the nearest ten thousand $ 600 000 

s to the nearest million 6 000 ooo 


5. There were 79 830 600 telephones in North America 
in a recent year. Give this number: 


a to the nearest thousand 
79 831 000 


B to the nearest million 
80 000 OOO 








“June 1972 
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Discussion 

Use discussion exercises | and 2 
to develop the rule for rounding 
numbers to a particular place value. 
As you work through exercise 1, 
be sure children realize that each 
figure shown in the chart has been 
rounded directly from the number 
21 830772, above. Point out that 
when 5 or a number greater than 5 
is the last digit before the place 
they are rounding to, they should 
round up. You might discuss the 
fact that the decision to round up 
when 5 is the last digit before the 
given place value is arbitrary, since 


5 is actually just as close to the 
place value below as to that above. 
You might want to have the chil- 
dren answer exercises 3, 4, and 5 
independently before discussing 
them. 





Using the Ideas 
Canada’s First Four Provinces 


In 1867 when Queen Victoria signed the British North America Act, Canada 
became a nation. At that time there were only four provinces: Nova Scotia, 
New Brunswick, Upper Canada (Ontario) and Lower Canada (Quebec). The 
territory which today constitutes the northern sections of Ontario and Quebec 
belonged at that time to the Hudson Bay Company, so that the area of each 
of these provinces was much smaller than it is now. 







> New Brunswick 


788,960 a 


634,557 
6,027,764 
7,703,106 


Nova Scotia 3) 390,000 
275,000 
Quebec 2) 1,200,000 


Ontario }} 1,650,000 


New Brunswick “4 


Nova Scotia 





1. Make a chart, as in the above example. Show the population figures 
rounded off to the nearest thousand. See Answers, T.E. page 25. 

2. a Rank the provinces according to the size of their populations in 1871. 
B Rank the, & provinces i according to the size of their populations in 1971. 

3. a Study the chart which you set up in Exercise 1. Which province has had 

the greatest increase in population between 1871 and 1971. Ontario 

B Which has had the least population increase between 187) ,and i 

4. |In 1971, which province had a population of 8 OOO OOO, as rounded out 
to the nearest million ? Ontario 

5. In 1871, which province had a population of 1 OOO OOO, as rounded out 
to the nearest million ? Quebec 

6. Inthe census of 1971, the territory with the smallest population was the 
Yukon, with 18 388 inhabitants, and Ontario had the largest population, 
with over seven million. If we round out the given figures to the nearest ten 
thousand, what is the difference between these two regions ? 7 680 000 
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Using the Exercises 
Before assigning the exercises on 
page 25, encourage children to dis- 
cuss the maps and the table at the 
top of the page. Encourage the 
children to make observations con- 
cerning the fact that the provinces 
shown on the map are not the same 
sizes and shapes that they were 
when Canada became a_ nation. 
Then discuss the changes in popula- 
tion that have occurred since 1867. 
This lesson should provide much 
more for the children than simply 
work with the rounding of large 
numbers. You might want to use 
this lesson as a springboard to other 
kinds of studies involving various 


geographical or historical facts. 

Following the discussion, have 
the children do the exercises. When 
they have finished, allow time for 
checking papers. 


Assignments (page 25) 
Minimum: 1-3, oral. Average: 1-3. 
Maximum: 1-6. 


Follow-up 

Capitalize on any topic the children 
found particularly interesting. For 
example, if some show a particular 
interest in population facts, sug- 
gest that they find and classify the 
population of the world, Canada, 
their province, county, city or town, 
and school. Then they might round 
these figures to the nearest hundred, 
thousand, ten thousand, and hun- 
dred thousand. This information 
could easily be charted. 












Rounded to the nearest 
100 000 10000 1000 100 





Canada 








Province 


Answers, Exercise 1, page 25 










































Popula-| Popula- 
tion tion 
Province 1871 197] 
Nova Scotia 390 000 789 000 
New Brunswick} 275 000 635 000 
Quebec 1 200 000) 6 028 000 
Ontario 1 650 000) 7 703 000 





Workbook, page 6 
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PAGES 26-27 
Objectives 

Givenanumber which is an exact 
power of 10, the child will be able 
to write the number in exponent 
form, using 10 as the base. 

Given a base-ten numeral, the 
child will be able to write it in ex- 
panded notation using exponent 
form. 


Preparation 

You might plan a brief practice of 
rounding numbers. For example, 
list numbers on the chalkboard and 
ask children to round them to a 
specified place. However, such an 
activity should be kept brief—no 
more than five minutes. 


Investigation 

It would be appropriate for children 
to work in small groups on this 
investigation, helping each other 
find and write the rule they are 
challenged to discover. However, 
for most children it will be a rela- 
tively short investigation which 
you can use to lead into a discus- 
sion relating the number of zeros 
in the products to the exponent in 
each of the powers of ten you dis- 
cuss. Children might be amused to 
learn that the number represented 
in Part E (ten as a factor 100 times) 
is called a googol. 


Discussion 

You might begin the discussion by 
asking children if they would like 
to learn a shortcut way of writing 
a googol. After you study this page, 
help the children to figure out that 
a googol may be written 101. 

As you read and study the dis- 
cussion exercises with the children, 
point out that the small numeral 
beside 10 in the first exercise tells 
how many times 10 is to be used 
as a factor. That is, they can think 
of 10? as 10 X 10 or as 100. Empha- 
size that the exponent indicates the 
number of times the given number, 
in this case 10, is to be used as 
a factor. 
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Make certain the children see 
that an exponent does not indicate 
that the base, in this case, 10, is to 
be multiplied by the exponent, but 
rather that the base is to be multi- 
plied by itself the number of times 
indicated by the exponent. Note 
also that 10? is often read ‘“‘ten 
squared” and that 10? is often read 
“ten:cubed,”’ 

As you discuss exercise 2, help 
children to see that 10° would be a 
single layer of ten rows each con- 
sisting of ten of the 10? blocks. 
Similarly, 10° would be a large 
block consisting of 10 layers each 
the size of the 10° layers. You 
might give the children an oppor- 








@ What are exponents? 


Investigating the Ideas 





Can you write a rule for finding the number 


ae zeros sy ins a for products like these ? 
> number of timesten 





Discussing the Ideas 





Part of this chart was torn off. Can you figure out how many 
zeros are in the answers for parts c, p, and E? 


i 6 zeros 


4 17 zeros 


JOO zeros 


is usedas a factor, 





1. The numbers indicated in red below are called exponents. 
Study the examples. 
For 10 x 10 we write 107. We read 107 as 
“10 to the 2nd power” or as “10 squared.” 
For 10 x 10 x 10 we write 10°. We read 10° as 
“10 to the 3rd power” or as ‘ten cubed.” 
Use exponents to write these products. Then read them. 


A 10 x 10 x 10 x 10\0% B 10 x 10 x 10 x 10 x 10 x 10 j0¢ 
“Ten to the fourth £83" 164 


ep ite i 102 “Ten to the sixth power.” 
e numbers 


3, 10%, and so on are called powers of ten. 
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tunity to discover, or encourage 
them to discover, why “squared” 
and “cubed” are used for these 
particular exponents. Of course, 
the idea has to do with area and 
volume, and you should help the 
children see this. 


Ten is called the base. 10' means 10. Can you give the next 


power of ten and explain what its picture might look like ? }o® 


t would look \iKe ten rows 
f the blocks 





Using the Ideas 


1. Give the missing numbers. 


Example: 10? = 100 ob 10® = ill 
A 10° = |llll ooo — 10’ = ill 
B 10* = || 'o coo F 10° = lil 
c 10° = [lll \oO00O  g 10° = Ili 


D |000 000 F 100 COO 000 
E 10 000000 G 1000 000 000 


2. Give the number for a. 

Then give the product for b. 

a 5 x 10°? = 5 x a = b10003;5000 
Pea tap aewa = b'sces, 
37 x 10? = 37 x a = bioo;3700| 
31x) 10%= 3) x a@ = bI0000;30:00 
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3. Give the number for a. Then give the power of ten for b. ace? 
A ps00U— 3x 4a4— 3 <x Diogo; ioc 2700 = 27 x a=27xb 
B 6000 = 6 x a=6 x biooo;i0? np 90000 = 9x a=9xb 


10 000; 1Io* 
4. Find the products. 
Ara 10 ce 135° 10 te 4 x 10%) 6 57°30102") "8x 108 
B 8 x 107 pv 48 x 10? - 65 x 10? n 39 x 103 y 7 x 108 
A 4000 Cc 12000 E40000 G 5700 L 800000 
B 800 D 4800 FG5000 H 39000 J 70090000 


5. Write each of the following as a product of a number between 
1 and 10 and a power of ten. 
Example: A 90091027¢ 2002xi0%E 70 000xi0G 20 0002xi0* 
700 = 7 x 10? B 8000zxi0D 6O000exi0% 90 OOO2xi0 600 O00exi0* 


6. Write each of the following as illustrated in the example. 
Example: 362 = (3 x 107) + (6 x 10) + (2 x 1) 
This is called expanded notation (exponent form). 


A 457 p 2348 c 5042 Js 9000 
B 384 E 2459 H 6703 k 37 256 
c 4265 F 6782 1 8006 Lt 79 384 
See Answers, T.E. page 27. 

More practice, page A-1, Set 2 27 


(7 x 1000) + (5 x 100) 


Using the Exercises 


Assign the exercises on page 27 as + (3 x 10) +6 
independent work. Notice that = (7 x 10°) +; (5.x 107) 
they are set up in a developmental ++ (2 PGdO ssrB 


way, progressing from the simple 
expression of the power of ten 
(10? = 100) to use of the powers 
of ten in expanded notation. For 
some groups of children, you will 
want to discuss this development 
step by step. For example, work 
through some particular expres- 
sions in a manner something like 
this: 


Assignments (page 27)* 
Minimum: 1-4. Average: 1-5. 
Maximum: 1-6. 


10° = 1000 
7 X 10? =7 X 1000 = 7000 
7536 = 7000 + 500 + 30 + 6 





Follow-up 

If necessary, provide children with 
further practice using expanded 
notation. You might provide a 
worksheet similar to the following. 





Match the numerals with the correct 
expanded form: 


2285 

3782 
4265 

. 8971 

37 582 

. 7 608 423 


a. (8 < 10%) + (9 x 102) 

a oS LO) at 
b. (7 x 106) + (6 x 10°) + (8 X 103) 
+ (4X 102) == (2% 10)e-3 

Com 22102) (Sie 10) ees 
d. (3 x 104) + (7 X 103) + (5 x 10?) 
4 (8 10) -+- 2 
e. (4 x 103) + (2 x 10?) + (6 Xx 10) 
+ 5 


f. (3 x 108) + (7 x 10?) 








a 3:< 10) 2 


Resources for Active Learning 

Nuffield Project: Computation and 
Structure 4, “Indices” (expo- 
nents), pp. 59-64, Wiley. 


Answers, exercise 6, page 27 
A 457 = (4 X 107) + (5 X 10) 
cin en) 
B 384 = (3 x 107) + (8 X 10) 
Sen ine. 
C 4265 = (4 x 10°) + (2 x 10?) 
(6 * 10) 4-45 560) 
D 2348 = (2 x 10%) + (3 X 10?) 
+ (4 X 10) (8 X17) 
2X 10°) + (4107) 
+ (9° 10) (9 5e7) 
F 6782 = (6 X 10°) + (7 X 10?) 
(8) 10) (2 1) 
G 5042 = (5 x 10%) + (4 x 10) 
qa 2X LL) 
H 6703 = (6 X 10%) + (7 X 10?) 
Sad) 
I 8006 = (8 X 10%) + (6 x 1) 
J 9000 = 9 x 103 
K 37 256 = (3 X 104) + (7 X 103) 
HAZ 107) ib ( 5: 10) 6 (6561) 
L 79 384 = (7 X 104) + (9 x 103) 
+43 107) (850 10) 4a (4exo1) 


E 2459 = 


— 





Duplicator Masters, page 4 
Workbook, page 7 
Skill Masters, page 4 
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PAGES 28-29 


Objective 

Given a relatively large number 
expressed in base ten, the child 
will be able to write it in scientific 
notation. 


Preparation 

To prepare for this lesson, it would 
be helpful to quickly review the 
manner of writing powers of ten. 
For example, write expressions 
such as 10%, 1000000, 10°, 10% 
10000, and 100000000 on the 
chalkboard and ask children to 
change them from an expression 
with exponents to the ordinary 
numeral or vice-versa. 


Investigation 

As for many investigations, you 
might want children to work to- 
gether in groups of two or three. 
For children who finish very quick- 
ly, write other large numbers on 
the chalkboard or suggest that they 
themselves find large numbers and 
write them as products with powers 
of ten. However, remind these 
children that when writing these 
products they should first round 
a large number. For example, 
92 912 000 is rounded to 93 X 10°; 
but 93 000 000 might be rounded 
to9 x 107. 


28 





@ What is scientific notation? 


Investigating the Ideas 


The 1975 population of the world is estimated at 4 000 000 000. 
For this large number we could write 4 x 10%. 


Diameter about 
of Earth 12 000 000 m 
txto™ 


Orbital speed 


of Earth 110 000 km/h 
2 xto> 


almost 
520 000 000 
square kilom tres.6 


Area 
of Earth 


Can you name each of these large numbers as a product 
of a number between 1 and 10 and a power of ten ? 





Discussing the Ideas 


1. When a number is named as a product of a number between 
1 and 10 and a power of 10, the number is expressed in 
scientific notation. Express this number in scientific 
notation: 30000 000000000 3x\o* 


2. Why do you think scientists invented scientific notation ? 


Sample answer: “To avoid the need to write Out the very large, 
numbers involved in many fields of Sciences.” 


3. Earth’s mass is nearly 6 X 10° tonnes. Can you name this 


number as an ordinary numeral ? 
6 OOS GOO OOO OOO OOO OOO COO 
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Discussion 


As you discuss the material in this 
section, use the examples from the 
investigation. Now that the chil- 
dren have had an opportunity to 
work with exponential notation 
involving powers of ten, you may 
want to elicit from them simple 
rules, such as, ““The exponent helps 
us to count the number of zeros.” 
Here is a case where it is not only 
important to understand just why 
10° is 1 followed by nine zeros, it 
is also useful to know this conve- 
nient and easy rule. Work through 
other examples as needed until 
children realize how to use scien- 
tific notation. ) 


Exercise 2 brings out an impor- 
tant aspect of this lesson by relating 
arithmetic to the important role it 
plays in science, particularly in the 
physical sciences. 

Children may want to refer to the 
chart shown on page 23 for assis- 
tance in naming 6 X 107) as an 
ordinary numeral. 


Using the Ideas 


1. Write the ordinary numeral for each exercise. 
Rua LO7 ¢ 107 e 5 x 10° c 7 x 108 inex ade 


B 108 pO? Feo x 107 H 6 x 10% Jee xit O10 
See Answers, T.E. page 29. 


2. Use scientific notation to name each of the following. 
a 50005x10* 8 70007xI0? c 70 0007xI0* p 20 0002x104 
E 300 0003*'0° - 5000 0005*!0° g 7 million 7*'0° 
H 80 millionxio’ x1 6 sextillionéxio"* » 500 quadrillion 5xio"” 


3. Use the chart and the diagram to help you understand and 
answer the questions. 


The diameter of our sun is about 1 392 OOO km. It would take 
over a million Earths to make an object the size of the sun. 


5 


Earth is about 149 570 OOO kilometres from the sun. 


[2] 
i) 


One of the two nearest stars, Alpha Centauri, is like 
our sun and is about 39 814 705 000 000 kilometres away. 


| There are probably 100 000 000 000 other stars in our galaxy, 
or group of stars. 


[s] 


a 


As many as 500 000 O00 OO0 other galaxies (groups of stars) 
have been detected by high-powered telescopes. 





a Give the sun's diameter to the nearest hundred thousand km. 
a Give the distance of Earth from the sun, 1400 000 km 

rounded to the nearest 10 million kilometres. }50 000 o00km 
c Give the distance to Alpha Centauri, 


rounded to the nearest 10 trillion kilometres. 
40 000 000 000 000 km 


4. Name each answer to exercise 3 | in vnelemtitic notation. 
Az) x joe B: 2x10® Cc: 4x 


5. Use scientific notation to name a number of other galaxies. 5xio"" 
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Using the Exercises 
Before assigning exercises from A 10 000 000 
page 29, you might want to use B_ 100 000 000 





Answers, exercise 1, page 29 


exercise 3 as a basis for further 
discussion. 

The information provided under 
the table in this exercise is intended 
to give the children an idea of the 
tremendous size of the universe. 
That is, if the sun were the size of 
a pea, the earth would be only a 
tiny speck one metre away; and one 
of the nearest solar systems would 
be Alpha Centauri — 225 BTC HEL 
away! 


C 1 000 000 000 

D 10 000 000 000 

E 5000 

F 800 

G 7 000 000 

H 60 000 

I 4.000 000 000 000 
J 80 000 000 000 


Assignments (page 29)* 


Minimum: 1, 2. Average: 1-5. 


Maximum: 1-5. 


Follow-up 

As suggested in the follow-up sec- 
tion on page 23, various distances 
between bodies in the solar system 
provide large numbers which are 
suitable for practice in both round- 
ing numbers and using scientific 
notafion. Encourage those inter- 
ested or those who need further 
practice to make a chart showing 
the planets and their average dis- 
tance from the sun, expressed as 
rounded numbers and in scientific 
notation. For example: 


Mercury 58019 000— 60 000 000 
— 6x10’ 

Venus 108 134 000100 000 000 
; —> 110° 


Phe) 


PAGES 30-31 
Objective 

Given a base-ten numeral, the 
child will be able to write it as a 
base-five numeral or a_base-six 
numeral. 


Preparation 

Materials 

yellow strips (4 per child); white 
strips (4 per child) 

Since the content of this lesson 
does not relate directly to that of 
previous lessons of this chapter, 
you might want to omit any prep- 
aration and begin immediately with 
the investigation. 


Investigation 

Because this investigation calls for 
the use of 4 yellow and 4 white 
strips, children are forced to think 
of numbers in groups of fives and 
ones. However, they are introduced 
to this idea through the familiar 
process of building trains. If some 
children have difficulty, simply ask 
them to pick up any number of the 
yellow and white strips and record 
the length of the train according 
to how many fives and ones they 
have. Note that trains of 1, 2, 3, 
or 4 centimetres in length will be 
recorded simply by 1, 2, 3, or 4 
as in base ten. The notation for 
five, which is 10,;), will be devel- 
oped in the discussion, but when 
necessary, elicit from a child the 
observation that, with the strips he 
is using, a train of length 5 centi- 
metres will be 1 yellow strip and 
should be recorded as 1 five. The 
lengths and trains that can be found 
are listed below. 


13; 2 fives and 3 


heel 

eo) 14; 2 fives and 4 
3; 3 15; 3 fives 

4:4 16; 3 fives and 1 
5; 1 five 17; 3 fives and 2 
6; | five and | 18; 3 fives and 3 
7; 1 five and 2 19; 3 fives and 4 
8; 1 five and 3 20; 4 fives 

9; 1 five and 4 21; 4 fives and 1 
10; 2 fives 22; 4 fives and 2 


11; 2 fives and 1 
12; 2 fives and 2 


23; 4 fives and 3 
24; 4 fives and 4 
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a fours. 
3 fours and | 


30 





Discussion 

The objective in the investigation 
is for children to think of numbers 
in groups of fives and ones. The in- 
tention in the discussion is for chil- 
dren to learn the notation of such 
grouping and to transfer this con- 
cept of grouping to other bases. 

In discussion exercise 1, use 
children’s examples to help them 
realize how numbers are written in 
base-five notation. Point out that 
the only digits appropriate in base 
five are 1, 2, 3, 4, and 0. Help them 
figure out how the number five or 
1 five, should be written. When 
you discuss this numeral 10,5), 
point out that the place value of 


Use 4 white and 4 yellow strips 
for this Investigation. 


Here is a 13-centimetre train. 


When you use any number 
of the 8 strips listed above, 
how many trains of different 
lengths can you make and 


record like this ? 
See Investigation. 


2. Instead of using your strips, 
you can think of grouping objects. 
The figure shows thirteen sticks 
grouped by fives. Explain what 
you would get if you grouped by 


Investigating the Ideas 









Discussing the Ideas 


Sz 





B Sixes. 
Z sixes and | 


the 1 is five and that this is indi- 
cated by the small subscript 5 
written in parentheses. Thus, 10,5) 
means | five and zero ones; it is 
read “‘one, zero, base 5.” 

Exercise 2 relates the concept of 
base to grouping objects rather 
than to strips. It also extends the 
notion of base to include bases 
other than five. You might want to 
demonstrate with groups of three, 
four, or six objects, asking children 
to record the groupings you show. 
Stress examples using base six in 
preparation for the following exer- 
cise set. For example, show three 
groups of six and 2 singles; ask 
children to record the number in 


@ Let's explore other bases for numerals. 


Fido] & offer egetal 


coon | OE 


RECORD 





1. Study the chart below. Then explain how to write a base-five 
numeral for some of your trains in the Investigation. See Discussion. 





=> 
oS 
= 


2 fives and 3 
We write: 23,5) 



























Using the Ideas 










WW 
WWW le 


. Forsets A, B, and C above, give the base-ten numeral that 
tells how many objects are in eachset.A\3 B\\ C7 


Sake 
ees 


Set B 












2. a How many groups of 6 sticks are inset A? 2 
s After all the possible groups of 6 are made, how many 
extra sticks are there ? | 
c Give the base-six numeral that tells how many sticks 
are insetA. 2!) 








3. Give the base-six numeral that tells how many objects 
are inset B;insetC. B \5¢é) = C \I¢) 


Gp Gp G> Gp Gr Gp 
np ap Gp Gp Gp &D 













. Since there is the same number 
of checkers whether we group by 
ten or six, we write 20.10) = 32.6). am Gp Gp Gp &> Gp 
For each set, write an equation Gp Gp 
that uses the base-ten and base-six numeral for the number 

of dots. Exercise 4a is completed correctly. 












A 






130) = 216) 5 Be Ae 
2205 2400), 


29 (0) = 4506) 
PH SiS. ee Etpeeree et crete Fuge te, Sees chp erate 




















* 5. coz? eos | Soleo each oan fee 28 0y= 44 ce) 
A 16a0) = = ow e l= = 346) E 30.10) = Mee G 28.10) = = es 
B Ill aos = 25.6) D 35.10) = = Ue? F lla) = Bie) H lla'oy = >= 15.6) 
31 
base six. The correct numeral, Using the Exercises 
32), is read “‘three, two, base six.” Note that the exercises on both 
pages 30 and 31 refer only to 2- 
digit numerals. Thus, with these 
exercises, children need only think 
in groups of sixes and ones, or in 
groups of tens and ones. 

When the children have finished 
the exercises, correct them care- 
fully, allowing time for further dis- 
cussion. Although exercise 5S is 
starred, it would be helpful to ask 
those who tried it to explain how 

. they arrived at their answer. 

} 

} Assignments (page 31)* 

Minimum: 1-4. Average: 1-4. 
Maximum: 1-5. 


Follow-up 

To reinforce the concept of base, 
Suggest other activities with the 
strips, similar to the investigation 
which introduced this lesson. For 
example, if you keep a file of task 
cards, add assignments similar to 
the following: 








Use 3 purple strips and 3 white 
strips. Make as many trains as 
you can and record the train in 
two ways. 
















Example: 





Strips in each Base-four 
train notation 


13,4) 





1 four and 3 









Resources for Active Learning 


Teaching Aids for Elementary 
Mathematics, pp. 39-53. Holt, 
Rinehart and Winston. 

Modern Math Games, pp. 51-53, 
Fearon. (Available from Clarke, 
Irwin) 


Workbook, page 8 
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PAGES 32-33 
Objective 

Given addition or multiplication 
problems with 1- or 2-digit base-six 
numerals, the child will be able 
to find the sums and products 
using base-six numerals. 


Preparation 
Materials 


dark green strips (2 per child); 
white strips (5 per child) 


To prepare for this lesson, you 
might write several 2-digit nu- 
merals of bases four, five, and six 
on the chalkboard and ask children 
to explain what each numeral 
means. For example, if you write 
13,4, you might expect a child to 
explain that “one, three, base four” 
means that you have one four and 
3, which is the same as 7 in base 
ten. Since most of the text work is 
with base six, you might stress 
2-digit numerals in base six. 


Investigation 

Due to the restricted number of 
strips used in this investigation, 
the child is forced to use five white 
Strips and a dark green strip. Thus, 
he works concretely with the re- 
grouping process of computation 
in base six. As you observe chil- 
dren building the proper trains, you 
might ask some of them to use a 
base-six numeral to record each 
new train. However, this will be 
developed in the discussion section. 

Give children adequate time to 
work on this investigation. If neces- 
sary, ask leading questions of any 
child who appears confused. For 
example, ask by how much he 
would lengthen the train if he added 
a dark green strip. Is there any way 
that he can use the dark green strip 
and still add only 4 centimetres to 
the train? 

Throughout this lesson, keep in 
mind that there is no intention that 
children develop a speed skill in 
base six; the intent is for better 
understanding of the concept of 
base. 


32 


Build this train. 


| green and 


See Discussion. 


32 





Discussion 

Ask those children who were able 
to make the trains to use a base-six 
numeral to describe the two trains 
they made. Relate the investigation 
activity to these numerals and to 
the equations in exercise 1. Help 
children realize that in base six, 
every six objects become a single 
group of six. Similarly, a single 
group of six may be replaced by 
six ones when necessary in sub- 
traction. 

Exercises 2 and 3 stress the same 
regrouping concept but provide 
opportunity for set demonstrations 
or work with physical objects such 
as pencils, sticks, and pipe clean- 


Can you make 


2. Brad put 4 red pencils with 
5 black pencils. Since he 
wanted to add by using 
base-six numerals, he put 
the pencils in groups of 6. 


Use the pencils to explain the equation. 
See Discussion. 


He selected 5 sets of 

4 pencils and put them 
in groups of 6. Can you 
use the pencils to 
explain the equation ? 


@ Can we compute in another base? 


Investigating the Ideas 


Below is a fifteen-centimetre train made with dark green and 
white strips. The base-six numeral for this train is 23,6). 


Can you use the dark green strips and five or fewer 


white strips to make another train that is four 
centimetres longer than this train ? 


Ww 





Discussing the Ideas 


1. Explain how the Investigation can help you solve these 
equations by using only base-six numerals. See Discussion. 


A 236) a 46) = § 3\¢e) 


B 23.) — 4) = t '!5(¢) 


3. Brad decided to multiply by using base-six numerals. 


TAN 


56) X 46) = 326) 


ers. For example, have a child use 
sets of objects to explain exercise 
2, first by putting a set of five and 
a set of four together, then by 
grouping sixes to show one group 
of six and three. Similarly, for exer- 
cise 3, it would be helpful to have 
a child (or as many children as 
materials allow) put together 5 
groups of four pencils and then 
group them by sixes to show three 
groups of six and two. 

Continue this type of demonstra- 
tion for both addition and mul- 
tiplication examples, using set 
demonstrations until you feel that 
the children understand the ideas. 








one that is four centimetres shorter ? 
ite 


AML 


56 + 46 = 136 





Follow-up 

It would be helpful for the children 
to make addition and multiplication 
tables for base six. However, recall 
that such an activity should have 
as its purpose better understanding 
and development of the power skill 
in base six, rather than speed skill. 
Some children may want to use 
strips or sets of objects to build the 
tables. 


Using the Ideas 


1. You can use sets to FARR 6G 
help you find sums. ny 


= : Sn Wwe ee 


3. Find the sums. Use base-six numerals. 
A 46 + 46) \2¢6) D Be) =F 1(6)!O%e) G Bie) ae 5.6) 4+co) J 1(6) = 56!) 
B 36) + 3@!%e) E 36) + S@!%e) H 36) + 4e!lo) K 4) + OAc 
c 26) a 4e) 1O(G) F 366) ae 216) Se? i] 5) + 26) !!e) L 46) ae 5.6)!3@) 







2. You can use your strips 
to help you find sums. 











als [els holnfe 
4 {4 [5 [ro[n [iz] 3) 
_ Beimeiats 
Base 6 


Resources for Active Learning 

Franklin Series: Patterns and Puz- 
zles, “A Secret Code,” pp. 90- 
92, Lyons and Carnahan. (Avail- 
able from McGraw-Hill Ryerson) 

Mathex: Numeration No. 7, ““Nu- 
meration Bases,” pupil pages 
15-22, Encyclopaedia Britan- 
nica Publications Ltd. 


4. Copy this number line and label it with base-six numerals. 





Oc) 1¢6) 2c) 3¢e) 406) See) '%e) "ey 126) !Beey I4e) !5¢e) Ze) ZI) Z2@) 236) 


5. Find the sums and differences. Use base-six numerals. © 
A 136) B 13) c 126) dp 246) E 11¢) F 246) 
+26) SO) = I) +16 46 +36 
15¢) 20¢6) 3) 256) 36) 31@) 








6. Find the products. Use base-six numerals. 
A 36) X 36!2<e) D 46) X 2eIZE) & Aye) X 32%) I 46) X 4OHO 
B 26) X Zot E 26 X 4@!2) H Se) X SoAt!e@) K D6 X 165) 
Cc 366) x 26)!Oce) F 3.6) x 46)20r@) I 3.6) x 06)ce) L 26) x 36,10) 





Duplicator Masters, page 5 


* 7. Find the products. Use base-six numerals. Wo ioon nea 


A 11 (6) B 1 266) c 1 366) pd 21 (6) E 2566) F 306) 
x 46 x 46) x 366) x 26) x 26) x 26) 


44 6) 526) 436) 42) 546) 1OO6G) 
More practice, page A-2, Set 3 2) 











Using the Exercises interested children. You might sug- 
Allow those children who feel the gest that they make a multiplication 
need to do so to use sets of physi- _ table for base six to help them work 


cal objects or their strips while the problems. Some may again find 
working on these exercises. How- _ it easier to change to base 10, com- 
ever, some children may find it pute, and change back to base six. 
easier to change the numeral to Still others may multiply as in base 
base ten, compute, and convert ten, then simply regroup into sixes 
back to base six. For exercise 5, rather than into tens. For example: 





many will be able to regroup di- 1 5 Me aahiAtto there ts 

rectly in base six, such as with 25 one six and four; 2X 2=4; 
1 4+3=7;in7 there X 2) four sixes plus the one 
246) is one group of 6, 54.6) more six from 10 is 5 sixes. 


+ 3 which we add to the 
31) sixes’ place, and 1. 








Assignments (page 33)* 
Starred exercise 7 is intended as Minimum: 1-6. Average: 1-6. 
a challenge for more capable or Maximum: 1-7. 
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PAGES 34-35 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

In preparation for these pages, you 
might simply review the meaning of 
place value in base ten and in 2- 
digit numerals of other bases. You 
might also briefly review any con- 
cept which was troublesome to the 
children during their study of it, 
such as expanded notation with 
exponents. 


34 

























A 56 B 532 


A 10° B 10° 


1000 0 000 
6. Find the products. 


than one billion. 


987 654 


34 


Discussion 

If you choose to use these pages 
as evaluation material, assign the 
exercises as independent work. 
You might prefer to use them as 
a basis for review with the class. 
In either case, allow time to dis- 
cuss the children’s responses. For 
example, in exercise 3, you might 
point. out that they need not write 
the left side of the statements in 
expanded notation nor perform the 
operations indicated. They might 
simply compare the number in each 
place value, beginning with the 
position of greatest value, until they 
find an inequality or see that the 
numbers are equal. As children 


. Inthe numeral 624 135 078 what digit is in the 
a thousands’ place? 5 


7. Write the number that is 10 more 
1000 000 O10 


8. Write the largest possible 6-digit 
number that has no two digits alike. 


9. Represent each number by using 
expanded notation (exponent form). 
a 463 8B 6489 xx*c if 684 


See Answers, T.E. page 
* 10. Round 3 568 394 t to the nantes 
million. Then write it in scientific 


notation. 4 000000; 4.x \0% 


B millions’ place ? 4 


2. Represent each number in expanded notation. 


c 8307 


4. Inarecent year, the United States, with 5 894 536 kilometres 
of graded roads, had more roads than any other country. Give 
this information rounded to the nearest: 
a ten kilometres . sp hundred kilometres 


F) Bye, 


patos Oe 


100 COO 1000000 800000 


a 10x10? iodo’ 8» 102 «x, 107 10. 000 ¢ ,10* x TOsissicce 


work exercise 4, be sure that they 
use the number given in the exer- 
cise, 5 894 536, for each of the 
5 parts of the problem. Since the 
exercises on page 35 all deal with 
base-six numerals, you might use 
this page as a basis for discussion. 

As you discuss exercises 11, 12, 
and 13, it would be helpful to show 
on an overhead projector groups 
of dots, first arranged in sixes, then 
arranged in groups of 6 sixes, as 
illustrated in the next column. 

Explain that since there are 3 
groups of 6 X 6 (6 sixes), 2 groups 
of 6, and 4 extra dots, the base-six 
numeral for the number in this set 
is 3246). 


pd 676 342 Gxioo cco) + 
C5xio)t+Gx1)  C5xX100)+@xto)+@x) (6X1I000)tCSx100)+@ x1) 


3. Give the correct sign (<, >, or =) for each |. 
a 6328 iil 6000 + (6 x 100) + 28< 8 462 if 400 + 500 + 2< 
c 654 + 325 ll 644 + 325 > 


(2X100)+Gx10)+ 2x1) 


p 317 + 408 ll 307 + 418= 


housand kilometres 
Tie § 895 000 


p ten ihioucond ee Nee E million Rifsmetres 
890 000 6 000 000 


5. Write the Seinen base-ten numeral for: 


c 10° p 10° F340 
3 





re 








LZ: 


13. 


14. 


15. 





. For each set, write a base-six numeral for the number 


of objects in the set. 


A@®@ @ @ Ba OA c 












@® @ @ AA AA 
© @@@ AAA AAA 
15 
@@6@e@ @ a 346) 
ZZ) 


Complete each sentence. 
aA 15is2 sixes and __? 2. 
B 21 is__? 3 sixes and 3. 
c 10is1 six and __? 4. 


p 35is__? © sixes and 5. 
E 18is3 sixes and __? ©. 
F 29 is __? “ sixes and 5. 


Write the base-six numeral for each base-ten numeral. 
A 15 23) B 21 33¢¢) ¢ 1014¢¢) pn 35556) £ 1830) F 29 45) 


Find the sums and differences. Use base-six numerals. 





A 3.6) B Be) c 1 266) D 1 Bye) E 25.6) 

+46) +5) +146) +236) +226) 
Wee) 46) 30) 426) 5 \e) 

F Be) euuti (6) H 1 2.6) I 20.6) J 44.6) 

—26 —4@ — 56) — 136 — 256) 
36) 3¢@) 3@) 3) 1S) 


Find the products. Use base-six numerals. 
A 26) X De) 146) B 36 X Bele) ¢ 46) X 36)20e)D D6) X 36)23e) 


@6e 2096 20 eve 
eee Bee C88 868 
eee 896 a0 008 
© 66 Dee He cee 
ee ©6080 2996 220 088 
+ 068 DOG HO 200 
© ° First arrange the dots 
°° in groups of 6. 





o vee woe eee 


+ © © Then form groups of 
e@e 6 Sixes. 















Follow-up 

As a follow-up to the Think prob- 
lem, you might have the children 
who worked on it write Egyptian 
numerals of their own choosing, 
and show them to the class, ex- 
plaining their base-ten meaning. 
The children may also enjoy mak- 
ing posters to display Egyptian 
numerals. Some children might like 
to devise addition or multiplication 
problems in this notation to trade 
with one another. 


Answers, exercise 9, page 34 
9.A 463 = (4 x 107) + (6 X 10) 
ef 3 dy) 
B 6489 = (6 X 10°) + (4 X 10?) 
te SiO) seal OO 1) 
C 8 740 684 = (8 X 108) 
teaGhX 105) cee, X.104) 
+t 6.107): ++ (8 * 10) ceal4ox 1) 


Resources for Active Learning 

Teaching Aids for Elementary 
Mathematics, p. 85, Holt, Rine- 
hart and Winston [Crossnumber 
puzzles]. 


Workbook, page 10 


BD 


es R 3 


Pages 36-55 


General Objectives 


To review the basic operations for 
whole numbers 

To provide experiences in solving 
equations 

To review basic facts of addition, 
subtraction, multiplication, and 
division 

To develop some basic concepts of 
functions 

To stress the inverse relation be- 
tween addition and subtraction 
and between multiplication and 
division 

To review basic principles for addi- 
tion and multiplication 

To provide experiences with word 
problems 

To provide work with special prod- 
ucts and quotients 

The first two lessons of this chapter 

provide an overall review of the 

four basic operations, and of the 

related basic principles. This is 

followed by material emphasizing 

the inverse relation between addi- 

tion and subtraction and between 

multiplication and division. 

Subsequent material provides 
work with functions and the func- 
tion machine, particularly as _ re- 
lated to the basic operations. Skills 
in working with special products 
and quotients are then developed. 
These special skills mainly involve 
working with products, such as 
multiplying by 10 and 100, and 
multiplying by multiples of 10 and 
100, and related quotients. Along 
with this work on special products 
and quotients, application of the 
basic principles is stressed. For 
example, the use of the distributive 
principle is emphasized in relation 
to its role in finding products in- 
volving a factor having two or more 
digits. 

Finally, work with word prob- 
lems and a variety of situations in- 
volving the writing of equations 
and basic skills is provided. 
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Whole Number Concepts 


Mathematics 


The concept of a function is one 
of the most important ideas in 
mathematics, yet it can be under- 
stood on an intuitive level very 
early in the child’s experiences. 
Rather than present a precise math- 
ematical definition of function, we 
give examples and point to some 
significant features. 


Set A Set B 


Rule 


Multiply by 2 
and add | 
(2x eh) 

If we take a number from set 4, 
for example 7, and apply the rule, 
we get exactly one number in set B. 
Hence, we generate the set of pairs 
(327 lined gl) boeens CL) oe hyo 
(40, 81). One vital feature of these 
pairs is that for each first number 
there is only one second number. 

Here is another example: 


Set B 


Seta 









All whole 


numbers Rule 


Multiply by 0 
and add 3 
(ORxg inne) 
Some of the pairs of numbers are 
C17.3)5% (2; 3) beau ee (OMS), 
(285,3)8h . Notice that, al- 
though every second number is 3, 
it remains true that, given any first 
number, we get only one second 
number (in this case, 3). 

In summary, we have a set anda 
rule for each function. When we 
apply the rule to an element of the 
set, we get just one answer. Thus, 
for each function, we have a set 
of ordered pairs, no two of which 
have the same first element. 

Since a large part of this chapter 
deals with basic facts and since 


we rely upon the inverse relation 
between operations to develop sub- 
traction and division facts, one 
of the most important mathematical 
concepts of the chapter is this 
inverse relation. The following defi- 
nitions state the relation for addi- 
tion and subtraction and for multi- 
plication and division. 


Definition of subtraction: 


Let a, b, and c be whole numbers 
such that a + b= c. The number 
a is the difference c — b, and the 
number 5 is the difference c — a. 
In symbols, a=c—b, b=c—a. 


Definition of division: 


If a, b, and c are whole numbers 
such that b # 0, anda X b=c, 
then a=c=+b. 


Notice that in the definition of 
subtraction we define an addend as 
a particular difference, and in the 
definition of division we define a 
factor as a particular quotient. Ma- 
terial such as that on pages 40 and 
41 is derived from this inverse 
relation between the operations. 
That is, we find differences by 
thinking about missing factors. 


Teaching the Chapter 


Materials 

Cards, 10 by 15 centimetres, at least 
7 per child 

Slips of paper, approximately 10 by 
15 centimetres, 7 per child 

Vocabulary 


add equation 
addend factor 
associative (grouping) function 
principle minus 
commutative (order) multiply 
principle operation 
difference order 
distributive plus 
(multiplication- parentheses 
addition) principle — principles 
divide product 
equals quotient 


repeated solution 
addition solve 
repeated subtract 
subtraction sum 
times 


Since there is a considerable 
amount of review material in this 
chapter, the vocabulary list is quite 
long. You will find that the children 
are familiar with most of the words 
in this list. However, you should 
see that each word is carefully 
stressed as it occurs in the lessons 
in the chapter. The words commu- 
tative, associative, and distributive 
are given as names for the prin- 
ciples; however, if you choose, 
you may continue to use the words 
order, grouping, and multiplication- 
addition, respectively, for these 
principles. 

Lesson Schedule 

Plan to cover the material in this 
chapter in about two or two and a 
half weeks. Of course, the precise 
amount of time required for this 
chapter will depend largely upon 
the background and abilities of 
your children. 

Evaluation of Progress 

It is vitally important that the chil- 
dren acquire mastery of the basic 
addition and multiplication facts 
and the associated subtraction and 
division facts before they begin the 
computing work in a subsequent 
chapter. Likewise, the work on 
special products and quotients is 
essential to the successful comple- 
tion of Chapter 5. This leads to the 
two important criteria for evaluat- 
ing children’s achievement in the 
chapter: mastery of the basic facts 
and comprehension of the concepts 
presented. You can easily deter- 
mine from their success with ap- 
propriate exercises whether or not 
the children know the basic facts. 
It is much more difficult to evaluate 
whether or not the children under- 
stand the concepts. Specifically, do 
they understand the work with 
functions and the inverse relation- 
ship between pairs of operations? 
Also, do they understand how the 
basic principles are utilized to 
determine the special products and 
quotients presented at the end of 
the chapter? Evaluation of these 


understandings can best be made 
on a day-to-day basis, while evalu- 
ation of the basic skills can be made 
easily by means of a proper selec- 
tion of test questions. 

You should note that, although 
this chapter is oriented toward 
work with functions, the actual 
arithmetic material is really quite 
easy. This chapter deals almost 
exclusively with basic facts and 
rather simple products and quo- 
tients using the basic facts. You 
may simply think of working with 
functions as a supplement to the 
work with basic facts, equation 
solving, and story problems. 

Do not make a great issue of the 
notation used for functions. Simply 
remark to the children that the f 
in expressions such as f(8) helps 
them think about the idea of a func- 
tion and how the function rule may 
be applied to the number 8 in order 
to give the value for f(8). 


Resources for Active Learning 
GENERAL ACTIVITIES 
[Games ] 

Developmental Math Cards, J*9, 
K24, L45, Addison-Wesley 

Independent Exploration: Activity 
Cards, Concept Co. 

Madison Project: Independent Ex- 
ploration Material, Math Media 

Mathex: Operations and Problem 
Solving No. 8  “Skill-Drill 
Games,” pp. 1-6 (pupil pages 
1-6), Encyclopaedia Britannica 
Publications Ltd. 

Modern Math Games, pp. 5-10, 
Fearon (Available from Clarke, 
Irwin) 

Notes on Mathematics in Primary 
Schools, pp. 17-21, 80-86, 95- 
103, Cambridge University Press 
(Available from Macmillan of 


Canada) 
SMSG: Puzzle Problems and 
Games Project, pp. 97-109, 


Stanford University 
[Napier’s Rods (Bones) ] 

Experiments in Mathematics, Stage 
2, pp. 30-31, Houghton Mifflin 
(Available from Thomas Nelson 
& Sons) 

Franklin Series: From Fingers to 
Computers, pp. 38-45, Patterns 
and Puzzles, pp. 86-89, Lyons 
and Carnahan (Available from 


McGraw-Hill Ryerson) 

Mathex: Operations and Problem 
Solving No. 8, pp. 19-23 (Pupil 
pages 22-24), Encyclopaedia 
Britannica Publications Ltd. 

[Slide Rules] 

Experiments in Mathematics, Stage 
2, pp. 32-33, Houghton Mifflin 
(Available from Thomas Nelson 
& Sons) 

Franklin Series: From Fingers to 
Computers, pp. 47-56, Lyons 
and Carnahan (Available from 
McGraw-Hill Ryerson) 

Mathex: Operations and Problem 
Solving No. 8, pp. 23-24, En- 
cyclopaedia Britannica Publica- 
tions Ltd. 

[Problem Cards (for use 
throughout the year) ] 
Senior Balancing, McGraw-Hill 

Ryerson 

MANIPULATIVE DEVICES 


‘‘Invicta’’ Math Balance (Math 
Media; Selective Educational 
Equipment) 


Papy Minicomputer (Macmillan) 

SEE Calculator (Selective Educa- 
tional Equipment) 

COMMERCIAL GAMES 
[The first three resources are 

games that teach functions.]| 

Hindu Pyramid Puzzle (Tower of 
Hanoi) (Creative Publications; 
World Wide Games) 

Independent Exploration: Math 
Games and Puzzles Kit (Concept 
Co.) 

Shuttle Puzzle (Math Media; World 
Wide Games) 

Heads Up (Creative Publications; 
Hammett; Math Media) 

Krypto (Creative Publications; Ed- 
mund Scientific) 

Math Match (Creative Publica- 
tions) 

Numo (Midwest Publications) 

Orbiting the Earth (Scott Fores- 
man) 

Quinto (Hammett; Selective Edu- 
cational Equipment) 

Real Numbers Game (Creative 
Publications; Wff ’N Proof) 

TUF (Creative Publications; Cui- 
senaire Co.; TUF) 

Twin-Choice (Holt, Rinehart and 
Winston) 

The Winning Touch (CCM School 
Materials; schoal supplier) 
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PAGES 36-37 
Objective 

Given appropriate problems re- 
quiring the use of addition, sub- 
traction, multiplication, and divi- 
sion, the child will be able to 
identify the operation applicable 
to each problem. 


Preparation 

Since this investigation challenges 
children to recall each of the basic 
operations, a specific preparation is 
not necessary. Encourage children 
to begin work on the investigation 
right away. 

Investigation 

For this investigation, it would be 
suitable for children to work in 
groups of two or three. The general 
purpose of the investigation is to 
review the meaning of the opera- 
tions: addition, subtraction, multi- 
plication, and division. Encourage 
each child to find at least one equa- 
tion for each figure, even though 
some illustrations suggest more 
than one operation. For example, 
in illustration D a child might think 
of 4 sets of 5, 5 sets of four, or 
20 separated into such sets, or even 
of adding 4 five times. He might, 
therefore, write 4 x5 = 20,5 x4 
= 20, 20+5=4, 20+4=5,4+4 
4 Gate 20, 0% Do St 
= 20. 

If any child appears to be con- 
fused, guide him indirectly. For 
example, ask him if he could com- 
bine the items, compare them, 
show how they are grouped, find 
how many he.could buy, and so on. 


36 


[A] 





7+*2=9 
or 1-2=5,etc. 


[e] 











3xb=\5 
or \5+3=5,etc. 
[E] 
0 5 
T+O=12 


Whole Number Concepts 


@ How much do you remember? 


Investigating the Ideas 


Each figure below suggests at least one equation. 


4x5=20 


(F] or 20=5=4,etc. 


Ve 


10 0 5 





10 


SX4=12,0r 444-44 =12 


Can you write one or more equations for each figure ? 
See sample equations above and \Investigation. 


Discussing the Ideas 





Discussion 
Use each investigation illustration 
as a basis for discussion, so that 
the meaning of each operation is 
reviewed. Accept any equation 
which a child can justifiably relate 
to the illustration. For example, in 
illustration A, one child might 
write 7 + 2=9, thinking of combin- 
ing dots and squares. For this equa- 
tion, point out that 7 and 2 are 
addends, and 9 is the sum. How- 
ever, another child might write 
7 —2=5, thinking how many more 
dots there are than squares. In this 
case, point out that the 5 is the 
difference. 

Similarly, for illustration F, one 


child might write 4+ 4+4= 12 and 
another, 3 X 4 = 12. Point out that, 
in the equation 3 X 4= 12, 3 and 4 
are called factors, and 12 is called 
the product of 3 and 4. In the re- 
lated division equation, 12 +4=3, 
3 is called the quotient. 

Encourage discussion of several 
word problems for B and C, and 
for other illustrations as well. Such 
an activity will serve as an intro- 
duction to the problems on page 37. 





1. Can you tell which numbers are addends, which are sums, 
and which are differences in your equations ? See Discussion. 


2. Find the factors, products, and quotients in your equations. 
See Discussion. 
3. Make up word problems for figures B and c. 
Samples: B \f you had 35¢ and bought a pencil for 54, 
36 how much would you have \efts 
C \f there ave 3 stacks of books with 5 
books per Stack, how many altogether? 











No numbers are given in these short story 
problems. Use A, S, M, or D to tell which 


operation (Addition, Subtraction, 
Multiplication, or Division) you 
would use to solve each problem. 


For a problem where two operations 


are needed, say subtraction and 
division, you should answer S, D. 


1. Corn: || ears per plant. 


\\il plants. How many ears? MM 


2. Wheat: |i dollars per 
bag. Oats: || dollars 
per bag. How much 
more per bag is 
the wheat than the oats ? s 


3. Bought a bike for lil. 


Sold it for ||. Sold 10. 


it for how much less? s 


4. |\l| cookies in each box. 
IK cookies in all. How 


many boxes of cookies? p *11. 


5. Triangle sides: 
Ih em, il cm, and |jlll cm. 
What is the perimeter ? » 


CMalso possible if sides *12. 


6. Rectangle Iength jy cm, 
width ||| cm. What is the area ?) 


Using the Ideas 


. Went |i’ kilometres. Then went 


lil more km. How far? A 


for \\il cents. How much 
for one metre ?p 


. {lll pads of paper. ||| sheets 


on each pad. Used ||| sheets. 
How many sheets left? is 


Jim had ||| cents. Tom 
had |llil times as much 

as Jim. How much did 
they have together? wa 


Had ||| cents. Spent |\lll cents. 
Then spent all the rest 

on |llll ping-pong balls. 

How much per ball? sp 


iil litres and |jj| millilitres 
of milk. How many 250 ml 
bottles of milks 





Using the Exercises 
Assign the exercises on page 37 as 
independent work. An understand- 
ing of the basic operations which 
were reviewed in the discussion 
should lead directly to the ability 
to apply them to word problems. 
Make sure children observe that 
they are to use the letters A, S, M, 
and D for the operations: addition, 
subtraction, multiplication, and 
division. Point out also that, if 
more than one operation is in- 
volved in a given problem, they 
should use as many letters as are 
needed to tell which operations 
would be used to solve the prob- 
lem. Notice that exercises 11 and 


12 are starred, indicating that they 
present a special challenge. 


Assignments (page 37) 
Minimum: 1-10. Average: 1-10. 
Maximum: I-12. 


Follow-up 
To provide children an opportunity 
for further practice with operations 
and principles and for review of 
basic facts, you might devise a 
game similar to the following. 
Prepare 7 to 10 cubes by print- 
ing the digits 1 through 9 on the 
faces. On the faces of the two other 
cubes print operational signs (+, 
—, X, +). On at least one cube, 
print an equals sign on each face. 
Thus, each set of cubes should con- 
tain 7 to 10 digit cubes, 2 opera- 
tional cubes, and 1 equality cube. 
Children may play individually or 
in groups of as many as 4 players; 
they may also play in teams of two 
players each. The player whose 
turn it is rolls all the cubes. His 
challenge then is to arrange the 
cubes so that the faces which ap- 
pear on the top side form an equa- 
tion, and to do so within a certain 
time limit, say, two minutes. Vari- 
ous scorekeeping methods are pos- 
sible. For example, a player might 
receive 2 points for each cube he 
was able to use. Or the score may 
be the sum of the face values of 
each cube used correctly. The first 
player with 100 points wins. 
Sample throw: 
Sal pee 4 i fr I Pa ae a 
Possible equations: 
with no place value allowed: 
T=] e226 14 pomts 
with place value allowed: 
7—7+42=42 18 points 


Resources for Active Learning 
A Cloudburst, Vol. 2 and 3, 1500 
series, Midwest Publications. 





Workbook, page 11 
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PAGES 38-39 
Objective 

Given addition and muttiplica- 
tion equations, the child will be 
able to solve them by applying the 
basic principles of addition and 
multiplication: the zero principle, 
the one principle, the associative 
and commutative principles, and 
the distributive principle. 


Preparation 

Since there is no investigation in 
this lesson, you might introduce the 
lesson by writing the numbers 0 
and | on the chalkboard. Ask chil- 
dren to explain anything special 
which they remember about these 
numbers, and have them write 
equations for all to see as examples 
of what they point out. Focus at- 
tention on the equations which 
relate to the zero and one principles 
described in the text. 
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@ Let's review the basic principles. 


Discussing the Ideas 


1. a Solve the equation. 
987 +0=n 987 
B The equation illustrates 
thezero principle for 
addition. State this 


principle in your own words. 
“The sum of zero and ne eae 


3. a Solve the equation: 
863 + 92 = 92 + n 863 
B The equation illustrates 
the commutative principle 
for addition. State this 
principle in your own words. 


at number.” 





“The product of | and any 
number | is that n mer” 


2. a State the1 principle 
for multiplication. 
How is it like the zero 
principle for addition ? 


s Give several examples. 


17+O=17 
V7X1=17 


4. a Whatis the commutative 


principle for Granging the order 


St ch fhe 
multiplication ?oroduce” 


sp Can you give examples ? 
6x7=7XG 


Changing tne order of addends does not change the sum.“ 


5. a The equation below shows 


the associative principle 
for addition. 


Solve the equation: 18 + (82 + 37) = (18 + 82) + 


B Does this principle deal 


with the order of addends 
or the grouping of addends : i 


fae" 


6. a Is there an associative principle for multiplication el 
sp Give a numerical example of the principle.¢5x2)x2=5x (2x2) 
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Discussion 

Although this page may be used as 
an independent activity, you might 
find it helpful to read and study the 
material in this section with the 
children. You may choose to con- 
tinue using the words order and 
grouping for the names of the prin- 
ciples rather than introducing or 
stressing the words commutative 
and associative. You should keep 
in mind that the really important 
points here are the ideas and the 
fact that the two principles together 
allow the rearrangement of ad- 
dends and factors in any way that 
is convenient. Once the children 
thoroughly understand that the 


7. a Solve these equations. 
27+ 58+ 73=73+27+4+n 





58 


sp Can you explain what principles can help you solve 


Comm. and 
the equations without pencil and paper ? principles for addition 
and comm. and assoc. principles for multiplication. 


8. The figure illustrates the distributive principle 
Solve the equation. 


5 x (3+ 1) 


commutative and associative prin- 
ciples work together to allow them 
to rearrange factors and addends, 
there is seldom any need at the 
elementary school level to stress 
these principles individually. 


25 x 38x r=38x4x 25 





= (G xB dictates 7) 





EE ee ee 


Examples: 


. Copy and complete this 
multiplication table. 
Try to avoid doing any 
computing. 


. Show as many different ways of arranging the three addends 
17, 25, and 39 in an addition problem as you can. 
(17 + 39) + 25; (39 + 25) + 17 


(17+25)+39; 17+(39+2Z5) ; 
25+(17+39); 39+(25+17); etc. 


. Solve each equation. 
Then give the name of the principle involved. 

a 76+n=769 c 53x101=101 xn53 £ 7964+ 487=n+796487 
B 68x1=ne68 


p 4742 xn=4742 | 


A Zero B™\” COrder D“I” E Order 





. Solve the equations. 
68+27=n+68 27 
(84+ 26) +13=84+ (n+13 
74xn=61 x74 o! ee 
(32) 1b = oo X(32-5 15) 
89 


A 


oo DB 


. Solve the equations. 

A oes 12 = 7x10 + 2)5 
B 6 x 74=6 x (n+ 4) 70 
ec 8x 21=8 x (204+ vn)! 
p7Do"= 7 *<=(n + 6) 50 


emis? 


. Study the display. Then give the number for n. 


Using the Exercises 

In exercise 4, on page 39, note that 
we break apart the first factor and 
multiply by 4, whereas, in discus- 
sion exercise 8 on page 38, we 
break apart the second factor and 
multiply each part by 5. One of the 
important things to stress here is 
that, either way, we get the same 
product we would have if we had 
simply multiplied 5 x 4. The fact is 
that, no matter how we consider 
this set of dots, we still have the 
same number of dots at the end. 
The set of dots simply illustrates 
the basic principle and the idea of 
breaking a number apart before we 
multiply. 









Using the Ideas 


39 








You may find it helpful to pro- 
vide additional demonstrations for 
the children who have not yet 
grasped the multiplication-addition 
principle. 


Assignments (page 39) 
Minimum: 1-4. Average: I-6. 
Maximum: 1-6. 


Mathematics 
For all whole numbers a, b, and c: 

















Addition Multiplication 
las b= bea la p= bea 
2. (ase b) “xc PAN aX b) Bac 

=r O + 2) We (DEG) 
3ean 0a B aEx O= 0; 


axl=a 
4.aX(b+c)=(axX b)+ (axXc) 








1. Order (commutative) principle 
2. Grouping (associative) principle 
3. Zero and one principles 

4. Distributive principle 





In the elementary school, the 
most important consequences of 
these principles are the generaliza- 
tions which arise from them: the 
commutative and associative prin- 
ciples together allow us to rear- 
range addends in addition and 
factors in multiplication. 

Once these generalizations are 
drawn and children have learned to 
rearrange addends and factors free- 
ly, there is little need to continue 
stressing the commutative and 
associative principles separately. 
However, since it is important that 
children understand that the re- 
arranging is possible because of 
these principles, we will continue 
to reinforce this fact periodically. 

The distributive principle is, in 
a sense, a generalization of the re- 
lation between repeated addition 
and multiplication. For example: 


3x4=(14+14+1)x4=44444 

2x6=(1+1) X6=6+6 

4x5=4x% (1414141749) 
=44+44444+44 


Resources for Active Learning 

Franklin Series: Patterns and Puz- 
zles, “Magic Stars,” pp. 27-29, 
Lyons and Carnahan. (Available 
from McGraw-Hill Ryerson) 

Math Activity Cards, D38, Mac- 
millan 

Mathex: Operations and Problem 
Solving No. 8, pp. 6-7 (pupil 
pages 10-15), Encyclopaedia 
Britannica Publications Ltd. 

Nuffield Project: Problems —Red 
Set, No. 6, Wiley. 

Teaching Aids for Elementary 
Mathematics, pp. 102-107, Holt, 
Rinehart and Winston. 
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PAGES 40-41 
Objective 

Given subtraction or division 
equations, the child will be able to 
solve them by applying his under- 
standing of the inverse operations 
to find the missing addend or miss- 
ing factor. 


Preparation 

To introduce the investigation, you 
might mention to the children that 
the arithmetic they have been 
studying is not the only kind of 
arithmetic there is. Furthermore, 
the basic principles do not always 
apply to every kind of arithmetic. 
But in the investigation of this les- 
son, they will be exploring an arith- 
metic in which the basic principles 
do apply. 


Investigation 

Have the children work directly 
from the text, independently or 
with a partner. Suggest that they 
record the equations as well as the 
answers. Note that the solutions to 
these equations involve either the 
commutative (order) principle or 
the inverse relations of addition 
and subtraction or multiplication 
and division. However, let children 
observe this on their own without 
your pointing it out; these topics 
will be discussed in the next 
section. 
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@ How are the operations related? 


Investigating the Ideas 


40 








Can you do the 
“Martian Arithmetic” 


if you know the 
Martian Facts ? 





Discussing the Ideas 


2. Can you substitute some of our numerals for the Martian 
addition equation and then use them to rewrite parts a, 
B,andc? Sample 2+3=5 


5-2=3 
5-3=2 


3. Explain how you solved part e. 
(Answer should refer tothe inverse relation between 
multiplication and division.) 


4. See if you can use the two “facts” given here to solve 
the problems below. 
7869 + 9758 = 17 627 


a 17627 B 





Discussion 

Have volunteers write the com- 
pleted investigation equations on 
the chalkboard, explaining how 
they decided on an answer. Dis- 
cussion exercise | refers to the 
inverse relation between subtrac- 
tion and addition; in other words, 
subtraction ‘“‘undoes” addition. As 
you discuss the investigation, help 
children relate the solutions of 
equations A and D to the order 
principle, and the solutions of equa- 
tions B, C, E, and F to the inverse 
relations between addition and sub- 
traction, and between multiplica- 
tion and division. If the children 
do not make the observation, you 


might point out the fact that the 
Martian symbols | and X cannot 
correspond to our 0, since division 
by 0 is undefined. Even Martians 
would find that division by 0 is 
impossible. 

To solve exercise 4, the children 
should apply their understanding of 
the inverse relations. 

It would be helpful to show equa- 
tions such as n X 5 = 40 and 40+ 5 
=n, pointing out that the missing 
factor in the first equation is the 
quotient in the second equation. 
The inverse relation of addition 
and subtraction should be shown 
similarly. Such examples will help 
to prepare children for page 41. 





FWY 4>h X 


1. Explain how you found the answer to part B. See Discussion. 


963 x 879 = 846 477 


963 Ce i7O2/ D 819 
—9 758 879)846 477 —7 869 963)846 477 
1869 9758 











| 
| 
‘ 












. Find the missing addend in the addition equation. Then copy 
the subtraction equation, and give the correct difference. 
AO Otte scrote rt o= 17 @ x+7=13 


Ment 3=— cS 179-78 13-7 = x6 
pea Mceepebe 4 12 - t+8=16 nist b=14 
ieeeeeacelgeea 5° 16—-8=—18 14-5 = 5? 


. Find the missing factor in the multiplication equation. 
Then copy the division equation, and give the correct quotient. 


Using the Ideas 













AM~<~5)—= 50. c ex/=42 £ rx 9=63 6 x x6 = 54 
20 ope Cc |=O63 | 9 =r? 4 = 6 = x? 
Bede —2655D,0 xX 8 =40 - tx 4=32 usx9=0 
2geeA4eta! 40-8=h°) 32-4=%9 0=9=5° 
. Solve the equations. 
a6+7=a13 1 14=9+65 ai13—d=103 
Bp 35-7=k5 3 56=-y=78 rw 40+8=n5 
ec 15=10+n5 « s—7=310 sg (36—9)4+9=n36 
pgxX4=246 1. 8xif=405 1 (72+9)x9=ec72 
E16-—8=f8 mM/=8+715 u (75 — 46) + b = 7546 
Ee oeKGl— mM Ore weyee6— x42 v (56 ="8) x b= 568 
« 3+k=129 0 5+x=105 w (s— 68) + 68 = 7575 
nH 56=+—7=h8 p 72~y=89 x (63+=n)x9=639 
r oP ral = 
4. a Does the equationn x 0 = 7 


have a solution ? No 


Does the equationn x 0 = 0 
have just one solution ? No 


F FP 


P F F 


Since 7 = 0 = mhasno solution! o 


Pp 


andOQ+O=mnhasmany' o 
solutions, we never divide by ||. 


More practice, page A-2, Set 4 


F F 


Using the Exercises 

If necessary, observe with the 
children how exercises | and 2 on 
page 41 deal with pairs of equa- 
tions such that the missing addend 
in one equation is the difference in 
another; or that the missing factor 
in one equation is the quotient in 
another as in the examples which 
follow. 


You have found A A_ S§S 
this difference 2+5= 14 


when you find 
this addend. - 


SrA 
14—5=" 

















You have found F F P 
this quotient nxXx4= 28 


P FF \F_ when you find 


28+4=n this factor. 

When children have finished the 
exercises, check their work care- 
fully. Stress the information in- 
cluded in exercise 4 concerning 0 
in division. 


Assignments (page 41) 
Minimum: 1, 2. Average: 1-4. 
Maximum: 1-4. 





Solution, Think, page 41 
Encourage the children to solve the 
Think problem by trial and error. 
One of the surprising things about 
a problem like this is the fact that 
it is not immediately apparent that 
Joe’s age will not always be three 
times Susan’s. It is fairly signifi- 
cant to the children that Joe’s age, 
though at one time three times 
Susan’s, will someday be only 
twice Susan’s. After the correct 
answer to this problem is given 
(12) the children should see that 
Joe’s age is, in fact, three times 
Susan’s but that in four years it 
will be just twice Susan’s. 


Mathematics 
This lesson stresses the point that 
finding a difference is equivalent to 
finding a missing addend and that 
finding a quotient is equivalent to 
finding a missing factor. These 
ideas are directly related to the 
meaning, or definition, of subtrac- 
tion and division. We define sub- 
traction below and observe that the 
definition of division is similar to 
that for subtraction, except that in 
division we do not divide by zero. 
We define the number a — b as the 
number that adds to b to give a. 
That is, 

(a—b) + b—=a. 
Thus, to find the difference a — b, 
we find the number which when 
added to b gives a. 

Similarly, if b # 0, we define the 
number a+b to be the number 
which when multiplied by b gives a. 
That is, (a= b) X 6=a, 


Resources for Active Learning 

Nuffield Project: Computation and 
Structure 3, “‘Addition,” pp. 2- 
13; “Multiplication,” pp. 24-60, 
Wiley. 


Duplicator Masters, page 6 


Workbook, page 12 
Skill Masters, page 6 
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PAGES 42-43 
Objectives 

Given an input number and a 
rule, the child will be able to find 
the output number. 

Given an output number and a 
rule, the child will be able to find 
the input number. 


Preparation 

To prepare for this lesson, conduct 
a short session of oral practice with 
simple addition and multiplication 
facts. For example, you might use 
mental chain games similar to the 
following: 


“Start with 56... Divide by 7... 
Multiply by 3... Divide by 6... 
Add 8... What’s your answer?” 
(12) 

“Start with 12... Divide by 2... 
Add 7... Add 2 more... Divide by 
3... Add 6... What’s your an- 
swer?”’ (11) 

“Start with 36... Divide by 4... 
Multiply by 8... Subtract 2... 
Divide by 10... What’s your an- 
swer?” (7) 


Discussion 
As you discuss this page be sure 
to relate the picture of the child 
hearing the number 5 and saying 
the number 20 to the picture of the 
function machine with input num- 
ber 5 and output number 20. Point 
out that n on the screen represents 
the input number. In the second 
picture, point out that the expres- 
sion f(n) (read: “f of n’’) has re- 
placed the phrase “output number.” 
Thus, the input number is repre- 
sented by n, and the output number 
by f(”), so we can show the com- 
plete function rule as f(n) = 4 X n. 
As a part of the discussion, you 
might play the ““What’s My Rule” 
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Discussing the Ideas 






number 
Output 
number 





output number = 4 x n 


aA 624 8.832 c 312 p14 E 520 


We can use f(n) (read, “f of n’’) for output number. 
The example looks like this: 









(RULE 
Ne | xn ; 





Now we describe the function rule by writing: 
f(n)=4xn 


when the rule is changed to f(m) = (3 x nm) + 5. 
A23 B29 cCl4 08 E20 FS G35 
42 





game. For example, give the input 
numbers, apply a rule, and, after a 
few examples, have children supply 
the output number for you. 
Example: 


In any case, keep the activity 
lively, using a variety of rules. 


4— 32 
3 24 
oe 
seo 
Me eres: 
— 


Or, use a grid: 
4| 3] 9/6] 7|5]a]e) 








@ How does the function machine work? 





This picture will remind you of how the function machine works. 


We describe this function rule more carefully by writing: 


1. Give the output number for each of these input numbers (n). 
F 0o 


2. Give the output number for each input number in exercise 1 








Using the Ideas 


Use the rule shown on the function machine and give the 
missing numbers in exercise 1. Then think about the function 
machine with the rule given in each of the other exercises, 
and give the missing numbers. 


o0 Oo B 


50 oOo BB Pp 


Function Rule 3. 



















Function Rule 


n+9 nx5d5 








Ill 14 A Ill 45 

iil 15 B lll 4-0 

Ill 16 c Il 35 

Ill 17 D Ill 30 

il is E lil 25 
Function Rule 6 Function Rule 
ltex.0 (3x n)+2 












Ili 8 
lll 7 
| \4- 
Il \\ 

Ill 20 


I 4-2 A 
ill 4.6 B 


Using the Exercises 
If children are not familiar with the 
function tables, work through exer- 
cise | with them. Then assign the 
remaining exercises as independent 
work. Note that in exercises 4 and 
5 children will have to use the in- 
verse operation when they have 
been given the output number, f(7), 
instead of the input number, x. 
Use function tables such as 
these to provide further practice 
for those needing it. You might 
make duplicator masters or simply 
write others on the chalkboard. 


1. Function Rule 


n+6 
















4. 
i) 12 
ill 10 
a 
oll. 
8 iil 
4x (n+ 5) 
A il 32 
B il 20 
c il 3 
xo iil 
ke ill 
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Assignments (page 43) 
Minimum: 1-5. Average: 1-7C. 


Maximum: 1-7. 





Follow-up 

There are various ways to adapt 
the ‘““What’s My Rule” game which 
was mentioned in the discussion 
section. For example, you can 
have a child invent a simple opera- 
tion rule and next have the other 
children give him a number. Then 
he gives them the output number 
which results from application of 
this rule. 

This game simply duplicates the 
material illustrated on page 42. The 
child pictured at the top of the page 
is thinking of the rule ‘‘Multiply 
by four,” so for the number 5, he 
says the number 20. The children 
will catch on to this game quickly, 
so you should change the rule 
frequently. 


Resources for Active Learning 

Inquiry in Mathematics via_ the 
Geoboard, “Functions,” Geo- 
cards 7/1-8/3; 30/ 1-32/3, 
Walker. (Available from Fitzhenry 
& Whiteside) 

Math Activity Cards, “Tower of 
Hanotl,” E46, Macmillan. 

SMSG: Puzzle Problems and 
Games Project, ““Linear Func- 
tion Games,” pp. 79-95, Stan- 
ford University. 


Workbook, page 13 
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PAGES 44-45 


Objectives 

Given a function rule and an 
input number, the child will be able 
to apply the rule and find the out- 
put number. 

The child will be able to express 
a given repeated addition problem 
as a multiplication problem, and 
conversely. 

Given a set of input-output num- 
bers, the child will be able to give 
the function rule for each number 
pair. 


Preparation 
Material 
cards, 10 by 15 centimetres (at least 

7 per child) 

You might use a brief game of 
“What’s My Rule” as a warm-up 
activity and as a review of basic 
facts. For example, ask the chil- 
dren to give you a 1-digit number. 
Then, silently apply your rule and 
give the output number. When chil- 
dren guess your rule, they should 
volunteer the output number for 
any input number given. Since this 
activity is suggested as a warm-up, 
keep it brief and brisk. 


Investigation 

Be sure children understand the 
n and f(n) notation at the top of 
the function machine. You might 
want them to help each other guess 
the function rule illustrated in the 
investigation (double n and add 10, 
or 2n + 10). However, encourage 
each child to invent his own func- 
tion rule and make his own set of 
cards. 
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Investigating the Ideas 


Can you invent your own | See if your 


function rule and make classmates can 


a set of cards for it ? 


Discussing the Ideas 






£(n) =nx@ 
4. What addition rule would give the 
same set of cards as this rule ? 
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Discussion 


Allow children to share some of 
the rules they invented for the in- 
vestigation. Then use them as a 
basis for discussion, to lead into the 
exercises in the text. Discussion 
exercises | and 2 bring out the 
relation of repeated addition and 
multiplication. Exercises 3 and 4 
show a more generalized approach 
to the same relation. Help children 
realize that n- n + jn -—)n and 
4 X n are simply different ways of 
expressing the same number. Con- 
tinue to stress the idea that multi- 
plication may be thought of as 
repeated addition. 


® Can you guess the rule? 


This function machine prints a card for each input-output pair. 
Can you guess the rule for the set of cards shown ? f(n)=(2xn)+10 





Rules and cards 
guess your rule. 





1. Use multiplication to find a rule for this set of cards. £(n)=nx3 


2. What addition rule could you use for the cards in exercise 1 ? 
3. What multiplication rule would give the same set of cards 


as this rule ? f(in)=n+n+n+n+nstn 


f(n)=4xn 


f(n) =Nn+nen+n 














ae 


A function rule is given for each row of cards in exercises 1, 


2, and 3. Give the missing numbers. 


- eoeece * (SRB GTS" 


Give the function rules for exercises 4, 5, and 6. 


‘Be Be 


¢ 
6. f(n)= 


7. What is the “addition rule” 8. What is the ‘multiplication 
rule’ that corresponds to: 
A f(n)=n4+n4+n4+n4+n4nN xn 


that corresponds to: 

A Km=—5xn n+n+n+tnen 
B f(n)=9xNnineneninenenenine f(N)=N+n+n+n Axn 
c f(n)=6xn Nentntnentn 





Z2xn 


4. f(r) = ili 


10xn 


5. f() = iil 


Sxnjr3 


I 











c f(n)=n+n4+n4+n4+n4+n4+nNI1«n 


Using the Ideas 











Using the Exercises 

Although children have worked ex- 
ercises with function rules in the 
text, their independent work has 
been with the function tables, so 
take care that they understand the 
card notation used here. Note that 
exercises 7 and 8 again stress the 
relation between multiplication and 
repeated addition. 

Those who finish early can work 
on the Think problem. You may 
choose to give all the children an 
opportunity to work on this prob- 
lem before having the correct an- 
swer given to the entire class. The 
point of the problem is that an im- 
mediate guess of $1.00 for the pen 


bs 


. 


and 10 cents for the eraser is incor- 
rect since in that case the pen 
would cost only $.90 more than the 
eraser. The children who make a 
quick guess will be likely to miss 
the problem, while those who think 
it through will observe that $1.05 
and $.05 is the correct answer. All 
of the children should easily under- 
stand this once the correct answer 
is given. 


Assignments (page 45) 
Minimum: 1-3. Average: 1-8. 
Maximum: 1-8. 


Follow-up 

Encourage children to exchange 
the input-output cards which they 
made in the investigation. You 
might use these as part of a file of 
task or assignment cards which 
can be expanded throughout the 
year. 


Resources for Active Learning 

Discovery, Section II, Units 4/5, 
11/3, 12/2, Encyclopaedia Bri- 
tannica Educational Corp. 
[‘“‘What’s My Rule”’ problems]. 
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PAGES 46-47 
Objective 

Given a multiplication problem 
in which at least one factor is a 
multiple of ten, the child will be 
able to find the product. 


Preparation 

If the children seem to need and 
benefit from oral review, use the 
‘‘What’s My Rule” game or mental 
chain games to provide practice 
with basic facts. Some sample 
mental chain games follow. 


“Start with 63... Divide by 7... 
Multiply by 6... Add 2... Divide 
by 7... What’s your answer?” (8) 

“Start with 64... Divide by 8... 
Multiply by 3... Add 1... Divide 
by 5... What’s your answer?” (5) 

“Start with 81... Divide by 9... 
Multiply Sby-<52 > Subtract Se... 
Divide by 7... What’s your an- 
swer?”’ (6) 

“Start with 40... Divide by 8... 
Multiply by 7... Add 1... Divide 
by 9... What’s your answer?” (4) 


Investigation 

Encourage children to work inde- 
pendently on this investigation. Re- 
mind them to record their answers 
carefully so that they can check 
them with the coded answers. Chil- 
dren should need little or no guid- 
ance for this investigation. 
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$ 


A0<e7.0m— 


a 20 x 800 
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Discussion 

Use discussion exercises | and 2 
to guide the children through a 
discussion of the illustrated flow 
chart before checking the answers 
to the problems in the investigation. 
Point out how the factors 40 and 
70 are broken down and how the 
basic commutative and associative 
principles which allow regrouping 
are applied: 


40 x 70=4x 10 7x 10 
= (447) ~ CU aU) 


Similarly, in exercise 2: 


20 x 800 = 2 x 10 x 8 x 100 
= (2 x 8) x (10 X 100) 


Can you find the products 
above without missing 
more than one ? 





® Can you find special products? 


Investigating the Ideas 


Grade your paper 
by using the code 
and answers. 


Discussing the Ideas 


1. Explain why you multiply by 100 in the flow chart below. 


¥ 4 


28 x 
“The factors 40 and 7O were regrouped os 4 X7and |OXI0 (or (00). 


2. Give and explain flow chart steps for each of these products. 


100 = 


B 6 x 4000 


20 X800 =16 X|O00 =|G 000 G6 X4000=24 XIO00 = 24 000 


3. Use the flow chart to correct any mistakes you made 
in the Investigation. 


and 6 xX 4000 = (6 x 4) x 1000 


Before proceeding to exercise 3, 
have volunteers give the numerical 
answers to the problems in the in- 
vestigation. Encourage those who 
answered all of them correctly to 
proceed directly to the exercises 
on page 47. You may want to dis- 
cuss a few more examples with 
some of the children. 














Using the Ideas 


. Find the products. 


a 10 x 10100 B 10 x 1001000 c 100 x 100 lo0c0o 






. Give the number for a; then give the number for b. 
15x 10=a—> 3x 50=6 150 F 28 x 100=a —> 4x 700= 2800 
Bp 42x10=a— 6x70=b420 6 35x100= =a —»>50x 70= 


> 


FETS a5 b3500 
c 24x10 Sa ee 00 = b 240 wn 48x100= oe 602480 — basoo 
p 18x 100=a—> 3x 600=hi8001 27x 100 ~ a —> 30 x 90=bo100 


45 x 100 =a— 5 x 900 =b 45% 36x 100 23~ PEON SAN Bebco 


m 


. Find the products. 


a 20 x 80 \600 ec 7 x 200 1400 





m 40 x 400\c000 
B 60 x 40 2400 H 5 x 600 3000 n 70 x 30021000 
c 40 x 90 3600 1 6 x 4002400 o 6 x 700042000 
p 70 x 20 \400 J 20 x 300 6000 Pp 8 x 200016000 
E 30 x 30 900 Kk 30 x 800 24000 a 80 x 9000s 
F 50 x 60 3000 t 30 x 500 15000 r 50 x 8000. 


. Read the function rule for these cards. 
Then give the missing numbers. 


A 
f(n) =n x 30 Bae 


. Give a function rule 
tot this set of ats Nx700 
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Using the Exercises 

Assign the exercises on page 47 
as independent work, and when 
the children have finished, allow 
time for further discussion and 
checking papers. If some children 
notice the pattern that the number 
of zeros in the product equals the 
total number of zeros in the factors, 
have them share this discovery 
with the others. In the next lesson, 
this pattern will be developed in 
relation to the exponents of powers 
of ten. 

The most difficult part of the: 
Think problem is the writing of 
products in Roman numerals. Most 
children will be able to find the 


products using Hindu-Arabic nu- 
merals. You may choose to use 
this problem to stimulate a discus- 
sion of Roman numerals, or simply 
as a challenge for more capable 
children. 


Assignments (page 47) 
Minimum: 1-3. Average: 
Maximum: 1-5. 


1-4. 


Follow-up/Combo 

A game similar to bingo will help 
the children review multiplication 
facts and special products. The 
object of the game is to cover five 
products in any row, column, or 
diagonal as the caller shows and 
calls out the combinations on flash 
cards. Winners call ““Combo”’ and 
verify the combinations from the 
caller’s master sheet. 

To make the game, give the chil- 
dren 10-by-12 centimetres tagboard 
cards, and have them rule 60 one- 
centimetre boxes on each _ side. 
Show them how to fill in “Combo” 
and “Free”; then write products at 
random on one side for Combo I, 
and special products (multiples of 
ten) on the other side for Combo II 
(see illustration below). Players will 
need cork or paper discs to use in 
covering the numerals. 





Reverse side 
of 
Combo I Card 
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PAGES 48-49 
Objective 

Given a multiplication or divi- 
sion problem in which at least one 
of the factors is a multiple of ten, 
the child will be able to find the 
product or quotient by applying his 
understanding of the inverse rela- 
tion between multiplication and 
division. 

Preparation 

Materials 

slips of paper, approximately 8-by- 
12 centimetres (7 per child) 

It would be appropriate to have 
the children begin immediately 
with this investigation. However, if 
you prefer a specific preparation, 
you might choose to review prod- 
ucts of multiples of ten as a warm- 
up activity. 


Investigation 

The straightforward instructions of 
this investigation leave little need 
for teacher guidance. However, 
you might want to remind the chil- 
dren to carefully record their equa- 
tions. 
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© Let’s explore special products and quotients. 


Investigating the Ideas 


Make 4 slips of paper 


with these numerals ‘eB [60] 


and 3 slips with these signs. [ay 














Record each equation you 
find by writing it on paper. 


How many equations can you 
make with your slips ? 


Sa ge 1S00+GO=30 
x = 






Example: 


Discussing the Ideas 


Can you give two multiplication and two division equations 


by using the numbers 20, 70, and1400? 48%22=i285 
1400+2Z0=70 

Find the missing factors and quotients. Ge Saco 

a Sincea x 70 = 2800, we know that 2800 = 70 = b. 4° 

B Sincea x 4 = 2400, we know that 2400 + 4 = b. Goo 

c Since a x 300 = 2100, we know that 2100 =~ 300 = b.7 


p Sincea x 60 = 4200, we know that 4200 = 60 = b. 7° 


Finding the product (7 x 101) x (6 x 10?) is much like finding 
the product 70 x 600. The exponents help you “keep track’ of 
the zeros. Explain each example and give the missing exponent. 











1. 

2. 

3: 

Al 70 x 600 
{ 
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Discussion 
One of the main objectives of this 
lesson is to stress how an under- 
standing of the inverse relation of 
multiplication and division can be 
helpful in finding special prod- 
ucts and quotients. The equations 
formed by the children in the in- 
vestigation and in discussion exer- 
cise | may be used to illustrate this 
point. Exercise 2 further illustrates 
how this relationship may be ap- 
plied to find missing factors in order 
to arrive at quotients in division 
problems. 

Exercise 3 introduces the use of 
exponents as a method of finding 
accurate products that are multi- 


(7x 101) x (6x 102) =42 x 101! ° 


= 42000 800 x 3000 =2 400000 


ples of ten. First review with the 
children how multiples of ten can 
be expressed in exponent notation. 
Then help them see how the ex- 
ponents in the factors can help 
them find the total number of zeros 
in the product. You might express 
this rule simply by explaining that 
the number of zeros in the product 
equals the combined number of 
zeros in the factors and that the 
exponents simply help to keep track 
of them. 


(8x 102) x (3x 108)= 24x10! 











EF Or omen ow 


w 4. 


Using the Ideas 


. Find the quotients. 


A Since 6 x 40 = 240, we know that 240 ~ 6 = a. 40 

B Since 5 x 90 = 450, we know that 450 = 90 = r.5 

c Since 7 x 800 = 5600, we know that 5600 = 7 = x. a00 
p Since 9 x 600 = 5400, we know that 5400 ~ 600 = m.9 
E Since 80 x 30 = 2400, we know that 2400 ~ 80 = c. 20 
Since 30 x 40 = 1200, we know that 1200 =~ 40 = n.20 
Since 70 x 20 = 1400, we know that 1400 ~ 20 = t. 70 
Since 60 x 90 = 5400, we know that 5400 ~ 60 = q.90 


=z 0 


. In each exercise, give the numbers for a and b. 


A 10 x 10)=ai6o0 E 50 x 700 = a 35000 
10 *ScaO% =210°-2 (5 x 10') x (7 x 10?) = b x 10235 
B 10x 100=atocc Ff 300 x 40=a 12000 
10! x 10% = 104 3 (3) x 107) x9 (4° x 10") = 912 x. 10° 
ce 10 x 1000 = aiooco g 30 x 8000 = a 240000 
TOMEETO2=-1024 (3 xan Oujexa(G x. 102) =24 x 108+ 
p 100 x 100 = aioo00 nh 700 x 900 = aG3a0000 
104791027! 102+ 


a 7 x 60420 nu 4200 ~ 6070 
B 180 =~ 2091 30 x 902700 
c 80 x 201!e005 3500 + 5070 | 

p 240 ~ 40c x 4500 ~ 9050 | 
E 2400 =~ 803a 5 x 9004500 | - 
F 70 x 704900m 80 x 302400 | 
c 3600 =~ 60cm 1800 =~ 30Go 


Find the quotients. 

A 27000 ~ 90 300 

B 56000 ~ 80 700 

c 320000 = 40 8000 
p 210000 = 300 700 





More practice, page A-3, Set 5 49 


Using the Exercises 
Assign the exercises on page 49 as 
independent work. When the chil- 
dren have finished, check the exer- 
cises with them, and continue to 
stress the inverse relation of multi- 
plication and division. Point out 
again how finding the quotient in a 
division equation is the same as 
finding the missing factor in the re- 
lated multiplication equation. 

The Think problem is intended 
primarily for those children who 
finish the exercises quickly. 


Assignments (page 49) 
Minimum: 1, 3. Average: 1-3. 
Maximum: 1-4. 





Mathematics 

The multiplication law for expo- 
nents, used informally in this les- 
son, may be stated as follows: 


If n is any non-zero number and 
a and b are integers, then 
nex n° = nero 


In finding products of numbers 
which are expressed in scientific 
notation, the multiplication law for 
exponents and the associative and 
commutative laws for multiplica- 
tion can be applied. 


Example: 


(3x 107) x (2 (02) 
==((3 2) oie 04 010") 
==) xX 10478 
sty eT 
= 60 000 000 


Follow-up 

Some children may respond to 
written exercises which demon- 
strate patterns, such as: 


Find the products. 


3X 8 = she 
3% 80 22k 80 5680 eee 
3 X 800 = ____ 300 x 80 = __ 
30x 8=___——s—- 30. X 800 = ___ 
300 xX 8=____ 300 & 800 = ___ 


Find the products. 


(32 101)°(8 X10") = 24 TO? 
) = 2400 
(B'S 107) (R102) S194 S107 


(3. X10!) X“(85<107) 
— >< —= 
(DX 104) 3 2 T 10 ee 





\o 
< 
S 

w 
r 
Be 
x 
S 








Duplicator Masters, page 7 
Workbook, page 14 
Skill Masters, page 7 
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PAGES 50-51 
Objective 

Given a multiplication problem 
with one 2-digit factor, the child 
will be able to find the product by 
applying the distributive principle. 


Preparation 

As a warm-up activity, you might 
use the ‘““What’s My Rule” game to 
review multiplication and division 
facts and multiples of ten. Or, you 
might use some mental chain games 
similar to the following: 


“Start with 56... Divide by 8... 
Multiply by 20... What’s your an- 
swer?” (140) 

“Start with 63... Divide by 9.. 
Multiply by 4... And 2... Multi- 
ply by 3... What’s your answer?” 
(90) 

“Start with 48... Divide by 6... 
Multiply by 5... Multiply by 7... 
What’s your answer?” (280) 

“Start with 20... Multiply by 
4... Add 1... Divide by 9... Mul- 
tiply by SO... What’s your an- 
swer?” (450) 


Investigation 

Explain to the children that both 
of the flow charts in the investiga- 
tion show steps for finding the 
product 3 x 47. First, they should 
determine whether the steps lead 
to the correct answer. Then, they 
should make flow charts for other 
examples. You might suggest prod- 
ucts such as 5 X 83, or 3 X 56. 
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Investigating the Ideas 


Cindy and Carl made flow charts to show the steps 
in finding 3 x 47. 


Cindy’s flow chart: 


Carl's flow chart: 





Will Cindy’s and Carl's flow charts give the correct 
answer to the problem ? Find the answer. Yes; !+! 


Discussing the Ideas 


1. Explain how Cindy and Carl used the distributive 
principle to find 3 x 47.Gee Discussion. 


2. Find products a and b. Then give the product for c. 
a 3x 50=a!°° 


Aadees pMae ee dmee e 


a 150 
B PIE at Pac Ay oat 
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Discussion 

As you discuss exercise 1, you 
might ‘want to have the children 
refer back to pages 38 and 39 to 
review the meaning of the distribu- 
tive principle. Point out the con- 
venience of “breaking apart” a 2- 
digit factor into tens and ones. 

As you work through exercise 2 
with the children, have them ex- 
plain each example. Be sure that 
they include the step in which they 
must add the partial products. For 


example: 
3 x 50 = 150 
3x4 =12 


3 X 54= 150+ 12 = 162 





@ /et’s use the distributive principle 
to help us find products. 









Can you make a flow chart that will show the steps 


for multiplying a 2-digit number by a 1-digit number 
that you choose ? Examples will vary.See \nvestigation. 








D 6 x 30=a '6 
6x St bo. 


+) 228 
ee a ee 


6 x 35 = € 210 


5x4=h 20 A xc3 Sb 
= 40 p | 320 





ae 


. Find the product for a; 


. Find the products. 


. Find the numbers for a and b. Then find the product for e. 


D 7 x 60 = a#20 
7x3=b62I 


—E 4x 90 = a260 


a 4x20=a 8° 

ene te COP 
B 5 x 30 =a !50 

5x Baba % 30> ens 


a LAO ie 
c Ori etaee e493 =. aes 


5 x 80 
6. Xe3-=-b-18 é 


. Find the products. Write only the answers. 
7 xX 32224m 3 x 1854 a 9 x 22198 
B 6 x 1484 5 4 x 361445 5 x 3618ON 4 x 41104 R 4 x 43172 
c 5 x 32100 g 3 x 45185 k 4 x 249 o 8 x 322565 6 x 27162 
p 6 x 1272 n 6 x 241441 2 x 76152 Pp 6 x 724327 7 x 36252 


A ox 2163 £ 7x 21147 , 


then find the product for b. 

Write only the answers. 

A 9x 32=a —> 50 x 32=b1600 | 

B 6x 24—a —> 60x 24—bi44 

CoLs2=a — 7x320=b1240} 
224 

D 6x 7254, 60x720=b 

E 3x 45=a —30x450=b 
135 {1350 

F 8x32=a —>800x320=b 
256 


256 000 








Write only the answers. 


a 40 x esha 20 x 761520 


70 x 21°"% 70 x 362520 


B 
c 50 x 36° a 40 x 411c40 
p 30 x 21°" 90 x 221980 


Using the Exercises 

Note that exercise | on page 51 is 
similar to the second discussion 
exercise on page 50. Exercise 2 
requires only the answers; it is not 
intended that children write out the 
long method of multiplication. En- 
courage the faster children to write 
only the answers and the slower 
children to write two products, as 
they did in exercise |. For example, 
in exercise 2F, the children can 
write the products 4 x 30 and 4 x 6 
and add these two products to get 


the final product. Many of the fas- 


ter children will be able to do this 
without the aid of pencil and paper. 
After those children who wish to 


4x7=b628 
= atoo 
5x3=b6)15 






Using the Ideas 


— 4 x 97 = ¢388 


— 5 x 83 = c4i5 


51 








have tried the Think problem, you 
might have them explain how they 
found the missing pairs. 


Assignments (page 51) 
Minimum: 1-3. Average: 1-4. 
Maximum: 1-4. 


Mathematics 

The distributive principle is vital to 
the development of the multiplica- 
tion algorithm. For example, if we 
wish to find a product such as 
3 x 45, we apply the distributive 
principle and think: 


3 x 45 = (3 X 40) + (3 x 5) 

= 120+ 15 

= 135 
This is a simple example of the 
application of the distributive prin- 
ciple in multiplication. We could 
also demonstrate that the distribu- 
tive principle is used in finding a 
product such as 376 X 42. The chief 
difference would be in the size of 
the number and in the number of 
times that we would apply the 
principle to arrive at the correct 
product. 


Follow-up 

Other tables similar to that in the 
Think problem would provide chil- 
dren with interesting and worth- 
while practice. Some may enjoy 
making tables of their own for 
others to work on. Examples of 
possibilities are shown below. 





KG Differences 
[Products =—_ —y 


SS oa & > 


aoa wm PY 
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PAGES 52-53 
Objective 

Given a word problem whose 
solution requires one or two steps, 
the child will be able to write and 
solve an equation for the problem. 


Preparation 

To prepare for this lesson, you 
might exhibit an equation such as 
8 + 7=n on the chalkboard; then 
have several volunteers offer word 
problems that could be expressed 
by this equation. For example, a 
child might ask, “How much money 
does Ron have if he starts with 
8 cents and someone gives him 
7 cents?” Encourage a variety of 
different kinds of word problems 
for the equation. 


Investigation 

If you followed the preparation 
suggestions given above, explain to 
the children that they have been 
working with problems which re- 
quire one operation to solve. Intro- 
duce the idea that the solution of 
some problems requires two or 
more operations. Pose the ques- 
tion of how such steps might be 
written in equation form: do they 
think that two steps might be de- 
scribed in one equation? Suggest 
that they study the investigation in 
their texts. 

Many children will need help in 
thinking of a problem which uses 
two steps. You might suggest one 
of the following for those who need 
help, but ask them to write their 
own equation for the problem. 


If 5 is multiplied by 9, and 12 is 
added to the product, what’s the 
answer? [(5 x9) + 12=n] 
If 32 is divided by 8, and 7 is 
added to the quotient, what’s the 
answer? [.(32=- 8) 4-7 = | 


If 4 is multiplied by 6, and 10 
is subtracted from the product, 
what’s the answer? 

b(4.x.6)i— 10 = n] 
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Investigating the Ideas 


Study the problem, its flow chart, and its equation. 


Problem: If 7 is multiplied by 8 and 18 is added 

to the product, the result is what number ? 74 
Flow “Input | 
Chart: |e 

7 Tprers) (7 x 8) + 18 
Equation: (7 x 8)+18=n 


Can you write a problem like this one, then make 


a flow chart, and write an equation for it ? 





Discussing the Ideas 


B What is the solution to the equation ? 74 


2. Which flow chart below is correct for this problem ? 8 
Problem: 





3. Explain how to use the correct flow chart to write 


52 





Discussion 

Use exercise | to discuss the exam- 
ple in: the investigation and the 
other equations the children wrote. 
Explain the function of the paren- 
theses in two-step equations: the 
operation in the parentheses should 
be performed before the other 
operation. Give children an oppor- 
tunity to study exercise 2 before 
asking for a response from them. 
Help them relate flow chart B to 
the word problem and use it to 
write the equation: 

(12—4) —-2=n 





® Can you write and solve equations? 











1. a What is the output number for the Investigation flow chart ? 74 


lf 4 is subtracted from 12 and the difference 
is divided by 2, the result is what number ? 4 


an equation for the problem in exercise 2. (\2-4)+2=n 















Using the Ideas 


Write and solve an equation for each exercise. 


1. What numberis8morethan 6. Find the product of 7 times 
the product of 6 and 2 ? the sum of 8 and 2. 
Answer: (6 x 2) +8=n C8t2)x 7=nN N=7O 

n=20 7. If youdivide 54 by 6, then 


ee d : add 1, and multiply this sum 
2. Beginning with 48, what is uae a hat is theresulte 


the result if you divide by [(54+6)+i)x8=n n=80 
6 andthen multiplyby7? = 8. Whatis the quotient when you 


(48+6)x7=n n=56 tet 
3. If9ismultiplied by 7 and ates the sum of 68 and 4 


6 is subtracted from the 8+4)+9=n n=8 


product, whatis the result? 9 if you multiply 10 by itself, 

4. Thesumof4and 5is then subtract 10 from this 
multiplied by 8. What is product and divide the result 
the resulting number ? by 10, what is the final number ? 
(44+5)x8=n Nn=72 (Cloxio)-10)+10=n n=9 

5. Thedifference between %* 10. Find the number thatis 7 less 
15 and 8 is multiplied by than the product of 8 times 


9. What is the product ? the sum of 6 and 3. 
SBS DIRS Sesatt= 6a * Sue CBT a eae 
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Using the Exercises 

Encourage the children to work 
independently on the exercises on 
page 53. Remind them that, even if 
they can give the answer without 
writing an equation, they should 
record their steps in equation form. 
Some children may be interested 
in making flow charts as well as 
writing equations for these exer- 
cises. After children have com- 
pleted the exercises, it would be 
helpful to use several of them as a 
basis for discussion. 


Assignments (page 53) 
Minimum: 1-9, oral. Average: 1-9. 


Maximum: 1-10. 





Follow-up 

To provide further practice with 
equations, you might have children 
write equations for flow charts 
which you put on the chalkboard. 


PHEHS He 
SHH ELE 
SHS HEH Eo} 


You might also have them write 
equations for word problems like 
the ones below. 


Find the number that is 2 more 
than 6 times 5S. 
[(6x 5) 2 =n] 


Find the number that is 8 less than 
16 times 2. 
(16 <i S| 


Find the number that is 3 times the 
difference of 7 and 2. 
[3x (7 = 2) =n] 


Find the number that is 5 more 
than the quotient 45 divided by 9. 
[(45 +9) +5=n] 


Resources for Active Learning 

Franklin Series, Patterns and Puz- 
zles, ‘“‘Operations” (a game), p. 
93, Lyons and Carnahan. (Avail- 
able from McGraw Hill Ryerson) 

Nuffield Project: Computation and 
Structure 3, ““Truth-sets,” pp. 
14-18, Wiley. 


Duplicator Masters, page 8 
Workbook, page 15 
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PAGES 54-55 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Briefly review any material studied 
so far in the text which the children 
have found particularly difficult. 
Encourage the children to decide 
which topics need the greatest 
amount of review. You might 
choose to develop these at greater 
length as you discuss page 55. 


54 





1. Solve the equations. 


a, 8 oP Ses eed emer aly eb aes 
p64+m7=13 € 15-7=d8 n8x9=mi7z2 «G+7=14 
c9x3=c27 #£rx6=42 1 42+7=xe 1. 48-—6=gq8 


2. List the missing numbers for each table. 


Function Rule 


n x 40 








A IN| 2400 
B 30|ll| | 1200 
c IMII| 3200 


pd ili 


a f(3)29 8B F(6)50 





a 5x 70=a?°° 
5x3=bis 


5. Write and solve an equation 


for each part. 


a If 17 is subtracted from 
23 and the difference is 
multiplied by 5, what is 
the product ?(23-17)x5=30 | 

B 14 is added to itself 
and the sum is divided by 
4. What is the quotient ? 


(4+14)+4=7 
4 


Discussion 

Page 54 may be used as an evalu- 
ative instrument or as a basis for 
discussion to review various topics. 
You may want to explain the use 
of the f(n) symbol in exercise 3 
by pointing out that f(3) means 
that 3 is the number that is to re- 
place n in the given equation: 
f(3) = (7 X 3) + 8. When children 
have finished the exercises, correct 
their answers carefully with them 
in order to help clear up any mis- 
understandings. 

You might challenge some of the 
children to write an equation for 
the Think problem on page 54: 

[(n+n) xX 4] +8=n 


Function Rule 





mx 10 

n f(n) 
—e 10} [llliizoo 
F 4 | Iiiiiiizeo 
q 30] Iliiiizioo 
H4o |llll_ | 2800 


3. Function rule: f(m) = (7 x n) + 8. Give the number for: 
c f(20)i4e8 v £(50)35a e £(10)72a 


4. Find the numbers for a, 6, and c. 


B 9 x 40 = a 560 


— 5 x 73 = c265 6 tous pio eer 





If they write and solve the equation 
in the following form they will see 
that the riddle is true for any whole 
number. 


Ant 
4, 





n 


mG AB 














. Write each number in expanded notation. 


A 826 1032 


B 2745 ' p 52280 
See Answers, TE. page 55. 


—e 34576 
F 80365 


c 469 506 
H 9037 260 


. Give the correct sign (<, >, or =) for each ill. 


a 78 263 ill) 70 000 + (8 x 1000) + (2 x 102) +6043 = 
B 5 293 648 lll 5293 x 107 > =»: 9203 + 6152 iil 9203 + 6252< 
¢ 387 + 256 ijl) 387 + 246> = © 6327 + 5461 ill 6337 + 5461< 


. Find the products. 


aA 10! x 10710900 8 10? x 10710000 € 102 x 102!00000p 102 x 10° 
000 


. Write the ordinary base-ten numeral for each exercise. 


A 7 X 107700¢ 6 x 10%000k 38 x 10° oc 60 x 10260001: 600 x 10!G000 
4 1250 4 3 
B 3 x 10° p 25 x 10!250-¢ 43 x 10° | H OT LO J youre oe 


. Round these population figures (for a recent year) to the nearest million. 


a Canada: 21 681 00022000 000 g Mexico: 48 313 438 48 000 000 


Power | Ordinary base- 
of ten ten numeral 


Tae 


c |00 000 


Di0000 000 


| £108] 100 000 000 





55 


Using the Exercises E 34 576= (3 X 10 000) 





Page 55 may be assigned as inde- 
pendent work or used as a cumula- 
tive review. Exercises | and 4 may 
appear to be similar, but it is not 
intended that the notation in exer- 
cise | includes the use of exponents. 


Answers, exercise 1, page 55 
A 826= (8 X 100) + (2 x 10) +6 
B 2745 = (2 X 1000) + (7 X 100) 
+ (4.% 10). +5 
C 1032 = (1 X 1000) 
; + (3 x 10) +2 
D 52 280 = (5 x 10 000) 
+ (2 x 1000) + (2 x 100) 
+ (8 x 10) 


+ (4 x 1000) + (5 x 100) 
st 7S 10) ac6 
F 80 365 = (8 x 10 000) 
Vis DOO) OMe 1B hrs 
G 469 506 = (4 x 100 000) 
+ (6 x 10 000) + (9 x 1000) 
ol xs LOO) 6 
H 9 037 260 = (9 x 1 000 000) 
Sh LOLOO0 este leat OOD) 
+ (2 x 100) + (6 x 10) 





Workbook, page 16 (Use with text 
page 54.) 
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CHAPTER 4 


Pages 56-83 


General Objectives 


To review some basic concepts of 
geometry 

To introduce standard geometric 
notation 

To review congruence of segments, 
angles, and triangles 

To provide experience with simple 
ruler and compass constructions 

To introduce parallel lines and per- 
pendicular lines 

To review linear measure 

To introduce measurement of 
angles 

To provide experience in finding 
the sum of the angles of a poly- 
gon 

To strengthen the children’s under- 
standing of symmetry 

To strengthen the children’s spatial 
perception 

To contrast the study of space 
geometry with the study of plane 
geometry 

To investigate 
polyhedrons 


the five regular 


The first two lessons of the chapter 
review basic concepts of plane 
geometry and space figures. The 
material is designed to help the 
children understand the relation- 
ship between the physical world 
and the ideas of geometry: we only 
think about the points, lines, rays, 
and segments of geometry, where- 
as we actually touch or see the 
things in the physical world which 
represent these geometric ideas. 
To help children interpret pic- 
torial representations of 3-dimen- 
sional objects, a lesson which 
involves drawing space figures is 
provided. A study of plane geo- 
metric figures; a study of ruler- 
and-compass construction; and im- 
portant ideas of congruence of 
segments, angles, and triangles are 
presented. The technique of using a 
protractor to measure angles is 
studied and children are led to 
understand that measurement of 
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an angle is basically the counting 
of a unit angle. 

Finally, space figures are studied 
in relation to plane figures. This is 
done through a study of the five 
regular polyhedrons and an intro- 
duction to cross sections of certain 
basic space figures. 


Mathematics 


In this chapter, we present a 
view that appeals to children’s in- 
tuition. Because children have a 
feeling for such ideas as “‘nearer”’ 
and “‘farther’” and ‘“‘exactly as far 
apart as,” we leave these basic 
concepts undefined and build on 
them. Using these basic, undefined 
concepts, then, two segments are 
defined as being congruent if the 
end points of one are exactly as 
far apart as the end points of 
the other. With this definition for 
congruent segments, we can move 
to a definition for congruent an- 
gles, using the same basic con- 
cepts except that, this time, we 
use particular points on the rays, 
and we define these as corre- 
sponding points. Hence, the defini- 
tion for congruent angles is stated 
as follows. 


Two angles are congruent if cor- 
responding points on their rays 
are equally far apart (if the seg- 
ments determined by the two 
points are congruent). 


Before presenting this definition to 
the children, the idea of corre- 
sponding points must be developed. 
When congruence of segments and 
angles is established, it is easy 
to define congruence of triangles. 
We simply observe that two tri- 
angles are congruent if they can be 
matched so that the pairs of angles 
and segments are congruent. 

The subject of space geometry 
concerns sets of points that may or 
may not lie in one plane. The work 
provided in this chapter contrasts 


space geometry with plane geom- 
etry through a highly intuitive ap- 
proach. The five regular space 
polyhedrons or solids are termed 
regular because in each figure all of 
the faces are congruent polygons. 
Patterns for constructing several 
solids are included to provide a 
basis for relating concepts of sur- 
face area to concepts of plane area, 
and to help the children think of 
space figures as hollow. 

We define edges, faces, and ver- 
tices by using a cube as a model. 
The concept of a cross section, the 
intersection of a space figure and a 
plane, is also presented intuitively 
by asking the children to think of 
slicing solids and looking at the 
edges of their cuts. 


Teaching the Chapter 
Materials 


Cardboard for use under compass 
point 

Compass 

Cube, | per child 

Glue or paste 

Heavy paper for constructing space 
figures and making templates of 
polygons 

Models of the five regular poly- 

‘ hedra or patterns for their con- 
struction 

Modelling clay 

Overhead projector 

Paper fasteners 

Protractor 

Ruler, centimetre, | per child 

Scissors 

Set of geometric space figures, if 
available 

Tape 

Tracing paper 

Transparent protractor for use on 
overhead projector 


Vocabulary 

angle centimetre 
angle sum compass 
bisect cone 


congruent prism 
construction protractor 
cross section quadrilateral 
cube ray 
cylinder rectangle 
degree regular polygon 
dodecahedron regular polyhedron 
edge right angle 
face segment 
geometric skew lines 
illusions space geometry 
hexagon sphere 
icosahedron square pyramid 
isosceles straightedge 
length symmetrical figures 
octahedron symmetry 
parallel tessellate 
parallelogram tessellations 
pentagon tetrahedron 
perpendicular trapezoid 
plane triangle 
point unit 
polygon vertex 
polyhedron 


It is important for each child to 
have his own compass, ruler, and 
protractor; an uncalibrated straight- 
edge (rather than an ordinary ruler) 
may be preferable for the work on 
a non-metric basis. We also recom- 
mend that children use either a 
cardboard backing or a thick pad of 
newspaper to keep from marring 
their desk tops while using their 
compasses. 

In some of the investigations, 
you will want children to use paper 
heavier than tracing paper so that 
they can better fold or manipulate 
the figures. To transfer a figure onto 
heavy paper, first have the children 
place the tracing paper over the 
illustration and carefully mark its 
corners. Next puncture a hole with 
a compass or sharp pencil at each 
of these marked corners. Place the 
tracing paper over the heavy paper 
and with pencil mark the corners 
through the holes onto the heavy 
paper. Discard the tracing paper; 
use a straightedge and pencil to 
connect the marks; and, finally, cut 
out the figure. 

The children should not be re- 
quired to memorize all of the tech- 
nical words such as icosahedron 
or dodecahedron. However, some 
of the other words—angle, bisect, 


congruent, parallel, and perpen- 
dicular—are vital to their study 
of geometry. Therefore, the chil- 
dren should attempt to understand 
and remember their meanings. 


Lesson Schedule 


Plan to spend about three weeks 
on this chapter, adjusting this sug- 
gested schedule according to the 
needs, abilities, and interests of 
your children. Since some of them 
may find this chapter one of the 
more stimulating ones, you may 
want to allot extra time to encour- 
age this interest. 


Evaluation of Progress 


In evaluating the children’s achieve- 
ment in this chapter, you should 
not put great emphasis upon the 
mechanical skills of constructing 
or drawing figures. The children 
should acquire a general under- 
standing of congruence for seg- 
ments, angles, and triangles; and 
they should be familiar with the 
basic notation for segments, rays, 
and angles. 

We emphasize that one of the 
chief objectives of the chapter is to 
give the children a general feeling 
for the study of geometry rather 
than to teach them specific facts, 
notation, or names. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Creative Constructions, Creative 
Publications 

Experiments in Mathematics, Stage 
1, pp. 26-29; Stage 2, pp. 42-45; 
Stage 3, pp. 36-39, Houghton 
Mifflin. (Available from Thomas 
Nelson & Sons Ltd) 

Franklin Series: Patterns and Puz- 
les, pp. 36-43, 49-59, Lyons 
and Carnahan. (Available from 
McGraw-Hill Ryerson) 

Geometry in the Classroom, pp. 
123-127, 161-180, Holt, Rine- 
hart and Winston of Canada 

Line Designs, Creative Publica- 
tions 
[Polyhedra Nets and Geodesic 

Structures | 
Mathex: Geometry No. 9, pp. 3-6 


(pupil pages 5-12), Encyclopae- 
dia Britannica Publications Ltd. 

Modern Math Games, pp. 39-42, 
Fearon (Available from Clarke, 
Irwin) 

Polyhedron Models for the Class- 
room, NCTM 

[Tangrams | 

Experiments in Mathematics, Stage 
1, pp. 6-7, Houghton Mifflin. 
(Available from Thomas Nelson & 
Sons Ltd.) 

Franklin Series: Patterns and Puz- 
zles, pp. 15-18, Lyons and Car- 
nahan. (Available from McGraw- 
Hill Ryerson) 

Tangrams: 330 Puzzles, 
Publications 


Dover 


MANIPULATIVE DEVICES 


Clear acrylic cubes (Selective Edu- 
cational Equipment) 

Geoboards (Addison-Wesley) 

Geo-D-Stix (Childcraft; Cuisen- 
aire Co.) 

Geometric figures and solids (Mil- 
ton Bradley; school supplier) 
Geo Strips (Mafex Associates; 

Math Media) 

LaPine Sage Kit (LaPine Scien- 
tific) 

Metre Stick (Geyer 
Aids) 

Optical Illusion Kit (Edmund Sci- 
entific) 

Pattern Blocks (Selective Educa- 
tional Equipment; McGraw-Hill 
Ryerson) 

Polyhedron (construction) Kit 
(Gamco; Lano) 

Space Spider (Childcraft; LaPine 
Scientific; Nasco) 
Straw Polyhedra_ Kit 

Publications) 

Tangrams— cards and pieces Mc- 
Graw-Hill Ryerson) 

‘““Think-Sticks” (Edmund Scien- 
tific) 

True Equal-Volume Geometric 
Solids Set (Edmund Scientific) 


Instructional 


(Creative 


COMMERCIAL GAMES 


Configurations (Hammett; Wff ’N 
Proof) 

Polyhedron Rummy (Scott Fores- 
man) 
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PAGES 56-57 
Objective 

Given the words, symbols, or 
pictures for point, ray, line, seg- 
ment, plane, angle, and triangle, 
the child will be able to identify 
each, 


Preparation 

To prepare for this lesson, write 
the words point, ray, segment, and 
line on the chalkboard. Ask the 
children to mention something they 
can remember about each, because 
they will be using the terms in the 
investigation. However, do not try 
to define them (point and line are 
usually taken as undefined terms) 
or even to give adequate descrip- 
tions. Simply use the words to lead 
into the investigation. 


Investigation 

Suggest to the children that they 
study the. drawing and see how 
many figures they can find from the 
list you have written on the chalk- 
board. Suggest that they identify 
the figures specifically; that is, in- 
stead of listing a term such as line 
segment, they should list a specific 
line segment, such as line segment 
AB. Point out that the correct sym- 
bols for these figures will be re- 
viewed in the discussion. Here they 
should simply try to find as many 
.different figures as they can. 
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4. aH 


AABC 
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Discussion 
Use exercises | through 5 to dis- 
cuss the figures the children found 
in the drawing. Also, review the 
correct symbols for each. In dis- 
cussing exercise 4B, point out that 
it is important to list three letters 
for each angle of the triangle; since 
there are really 4 angles at each 
point, the symbol ZC would not 
be clear. 
As you discuss exercise 6, refe 
to various surfaces to help children 
develop an intuitive idea of plane. 
Be sure they realize, however, that 
a surface such as the floor repre- 
sents only a part of a plane since 
a plane extends indefinitely in all 


Study this drawing. 


Possibilities include: Points A,B,C; A 
lines AB, AC, BC; segments AB, AC BC; 
rays AC, CA, AS, BA,BC,CB; angles 
CAB, ABC, ACB; trianale ABC 


6. A planeis a flat surface that extends 
endlessly in each direction. Do you think 
that any three points that are not ina 
line can always be in one plane ? yes 


Geometry and Measurement | 


@ Let’s look at some basic geometric figures. 


Investigating the Ideas 






How many different geometric figures can you find and 


name in the drawing? See Investigation. 





Discussing the Ideas 


1. Toname |ineAB we write AB. How many other lines 
did you find and name? 6c, Ac 


2. To name segmentAC we write AC. What other segments 
did you name in the drawing above? ap, BC 


3. A raystarts at a point on a line and contains all the 
points on one half of the line. Ray BC (symbol: BC) 


is an example. How many other rays did you find ? 
ACCA, AB, BA, CS 
ow many anglesare shown in the drawing ? |2 


B Explain which angle is meant by the symbol Z ACB ? 
_ See Discussion. > ; 4 ; 

5. Did you name a trianglein the drawing ? What is a triangle ? 
A three-sided polygon. 


See Discussion. 


7. Describe some physical objects that remind you of points, 
lines, segments, rays, angles, triangles, and planes. 
Examples will vary. See Discussion. 


‘directions. Also help the children 


see that any two points determine 
a line, and a third point not on that 
line determines a plane. 


As children describe objects for 
exercise 7, accept any suggestions 
which they can reasonably explain. 


















Match each picture with the name of the geometric figure it 
suggests, with the drawing of the figure, and with the symbol 


for the figure. For exercise 1, write C, H, O. 





6. 
DK rT 
7. Draw and label a figure for each symbol. 


a PO 


P Q 


triangle 
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Using the Exercises 
An important part of page 57 is 
devoted to helping the children un- 
derstand the relationship between 
physical objects and geometrical 
concepts. Be sure to explain that 
the figures described in this lesson 
are all plane geometric figures — 
figures that lie on one flat surface, 
or plane —and that later in the chap- 
ter they will study space figures — 
figures made up of sets of points 
that do not necessarily lie on one 
flat surface, or in one plane. 
Encourage children to work in- 
dependently. You might also sug- 
gest that they make a chart to show 
the figures described by some of 





pa \p B ABI 


Using the Ideas 





the objects they thought of during 
the discussion. 


Assignments (page 57) 
Minimum: 1|-6. Average: 1-7. 
Maximum: 1-7. 


Mathematics 
In most formal treatments of geom- 
etry, beginning usually at the high 
school level, the words point, line, 
and plane are taken as the primi- 
tive, or undefined, words of geom- 
etry. Since these words are taken 
as undefined, assumptions or pos- 
tulates concerning them must be 
carefully stated. For example, one 
postulate might be stated as, ‘“‘Any 
two different points lie on exactly 
one line.” A second postulate might 
be, “There is exactly one plane 
containing any three points that 
are not all on the same line.” 
Other geometric figures are de- 
fined in terms of these undefined 
words. Formal definitions for some 
of the figures in this lesson may be 
stated as follows: 


A segment consists of two points 
A and B and all the points on a 
line between 4 and B. 


A ray from a point R consists of 
R and all the points on a line 
through R that are on one side 
of R. 


An angle is the set of points on 
two rays from the same point. 


A triangle consists of the set of 
points on the segments deter- 
mined by three points not on the 
same line. 


Resources for Active Learning 

Geometry in the Classroom, pp. 
82-88, Holt, Rinehart and Wins- 
ton of Canada [ Basic geometric 
figures ]. 

Experiments in Mathematics, Stage 
1, p.52; Stage 2, p. 58, Houghton 
Mifflin [Optical illusions]. (Avail- 
able from Thomas Nelson & Sons 
Ltd) 

Math Activity Cards, “‘Euler’s Re- 
lation,’ D14, Macmillan. 


Workbook, page 17 
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PAGES 58-59 
Objectives 

Given appropriate materials and 
patterns for certain space figures, 
the child will be able to construct 
models of the figures. 

Given pictures of certain physi- 
cal objects, the child will be able 
to match them with the correspond- 
ing space figures. 


Preparation 
Materials 


geometric solids (at least one set; 
optional) paper suitable for trac- 
ing and folding, and tape or glue 
(or Duplicator Masters, page 71) 
To prepare for this lesson, it 
would be helpful to briefly review 
the idea of a plane. For example, 
ask the children to name surfaces 
in the room which suggest to them 
the idea of a plane. They may men- 
tion the floor, each wall, their desk 
tops, the chalkboard, and so on. 


Investigation 

In this investigation, children move 
from the study of plane figures to 
the study of figures which do not 
lie in one plane, namely, space 
figures. Rather than have children 
trace the investigation pattern, you 
might duplicate copies of the pat- 
tern on paper of a heavier weight. 
Since the purpose of this investiga- 
tion is simply to use a pattern to 
form a-space figure, any method 
children use for this purpose would 
be suitable. 
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@ Let’s explore space (figures). 


Investigating the Ideas 





There are many familiar geometric 
figures that do not lie in one 

plane. They are called space 
figures. 





Trace and cut out 
this pattern. 


Can you fold and tape this pattern 


to form a familiar space figure ? See Investigation. 


Discussing the Ideas 


1. Does the space-figure model you made remind you of any 
physical objects you have seen ? Do you know the name 
of the space figure ?See Discussion. 


2. How many faces, edges, and vertices does your 
space figure have ?5 faces, edges, 5 vertices 


3. The pattern above was made from plane figures. 


, 

Do you know the names of these figures ? ; 
Triangles and a rectangle (in this instance, a square) 

4. Can you make or describe a pattern that could be used 


made up of © congruent Squares. 
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Discussion 

Point out to the children that since 
the figure they made for the inves- 
tigation has a rectangle for a base, 
the figure is called a rectangular 
pyramid. As you discuss exercise 
2, emphasize the relation of points, 
segments, and planes. For exam- 
ple: each face suggests a portion 
of a plane; the edges suggest line 
segments; and the intersections of 
the edges suggest points that are 
vertices of the space figures. 

The lateral faces of a pyramid are 
triangular regions, but the shape of 
the base can vary. For example, 
the base of the pyramid in the in- 
vestigation is a square. The pattern 


for a triangular pyramid would in- 
clude only triangles, since the base 
is also a triangle. 


Base 








1. Match each physical object on the left with one of the geometric 


figures pictured on the right. 


A 





2. How many faces, edges, and vertices does each figure have ? 


A rectangular prism 
© faces, |\2edges,8 vertices 


* 3. Make models of these figures. 








Make two 
of these. 


[1] sphere 





5 faces, 9 








Rovadorial 
prism 








Using the Exercises 
Assign the exercises on page 59 
as independent work. If possible, 
have sets of geometric solids avail- 
able so that children can exam- 
ine them freely. Have children 
check their answers for exercise 
1 carefully to make sure they inter- 
pret correctly the three-dimen- 
sional drawings. 

The patterns in starred exercise 
3 are intended for children who are 
capable or interested enough to 
enlarge the patterns and construct 
the figures. 

Note: If the children make the 
hexagons for the prism 4 centimetres 
an edge, and the vertical faces 4-by- 





B triangular prism 
dges, Gvertices 





Which of the cylinders is 
tallest ? After you have 


| decided, check by measuring. 
All ove same ee ARS 


Using the Ideas 


[2] rectangular 
pyramid 





prism 








ng 





8 centimetres, the figures will be 
easier to complete. If they make the 
equilateral triangles 7 centimetres on 
a side, with flaps for pasting, the 
octahedrons will be easier to dupli- 
cate. Be sure they make two copies 
of the pattern for the octahedron: 


Assignments (page 59) 
Minimum: |. Average: 1, 2. 
Maximum: 1-3. 


Follow-up 

If commercial sets of geometric 
solids are not available, the chil- 
dren might enjoy making solids 
from modelling clay or plastic foam. 
For example, to make a cone, a 
rectangular prism, and a right cir- 
cular cylinder, carefully pack model- 
ling clay into a cone-shaped paper 
cup, the end of a rectangular box 
(such as the kind toothpaste comes 
in), and a small juice can. 


Resources for Active Learning 

Experiments in Mathematics, Stage 
1, “Regular Polyhedra,” pp. 24- 
25, Houghton Mifflin. (Available 
from Thomas Nelson & Sons 
Ltd.). 

Math Activity Cards, ‘Point of 
View,” E19, Macmillan. 

Nuffield Project: Shape and Size 3 
‘“Polyhedra,” pp. 55-59, Wiley. 
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PAGES 60-61 
Objective 

Given a simple space figure, the 
child will be able to draw pictures 
showing top, front, and side views 
of the figure and to draw pictures 
of simple space figures. 


Preparation 
Materials 


model of a triangular prism 


If a set of geometric solids is 
available, use it to review identifi- 
cation of the shapes and proper 
use of the terms. Show each solid 
and have children try to identify it. 


Investigation 

It would be most helpful to have a 
fairly large model of a triangular 
prism to exhibit. Allow the chil- 
dren to use not only the directions 
in the text, but also to walk around 
freely and inspect the displayed 
model. In an activity such as this, 
children may draw the views in- 
correctly but the discussion sec- 
tion should help them correct any 
views they have misunderstood. 
The views for the triangular prism 
are as shown below. 


Top view 


Side view 


Front view 


60 


Draw a 
triangle. 






°o Show tha 
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Discussion 
One of the main purposes of this 
lesson is.to help build the children’s 
spatial perception. Skill in visualiz- 
ing front, side, and top views of 
space figures will enhance such per- 
ception. Point out that the dotted 
lines are important in the drawings, 
because without them the hidden 
part of the figure may be misinter- 
preted. For example, if only the 
side view of the triangular prism 
is shown, the fact that the figure 
is a triangular prism is not at all 
apparent. 

In exercise 2, children may need 


help in explaining how to draw the | 


rectangular pyramid. Help them 


Can you draw the front, side, 


ang top view 


viewing the Space ' 
2. Here is a drawing of a rectangular pyramid. 


a Why is the pyramid called a rectangular 
pyramid ? ecause its base is a rectangle 

B How many hidden edges does this drawing 
of the pyramid have ? 


3. Here are the front, top, 
and side views of a 
figure. What figure do 
you think it is ? Cylinder 


® Can you draw geometric figures? 


Investigating the Ideas 


Follow these directions to draw a larger picture 
of a triangular prism. 


—~ Nl & 





Draw three segments Make “hidden edges” 
of the same length dotted. Make other 
“straight down.” edges solid. 
Top view 
Side 
view 





ae 
Sola wangular prism ¢ 






Discussing the Ideas 


egment would be hidden if we were 


ure. 


Frontview Top view 


understand that the base should 
be shown as a parallelogram. Then 
the edges can be filled in. 


= — 


covbilints nein 


As you discuss exercise 3, you 
might have children examine the 
front, side, and top views of familiar 
geometric shapes until they can 
determine which each of them is. 

Throughout this discussion, it 
would be helpful not only to dis- 
play various solids but also to show 
various steps of the drawings on 
the overhead projectar. 


Front view 





1. Ona flat surface we can draw a space figure that appears 
to be three-dimensional. Why is the one dotted segment 
: ‘ : > 
drawn in the picture of a triangular prism above : 







Side view 








Mathematics 

The type of drawings discussed in 
this lesson have the technical name 
of isometric drawings. In making 
an isometric drawing of a cube, for 
example, parallel edges are drawn 
parallel and equal in length. Edges 
which are inclined to the drawing 
surface are equally shortened. 


Using the Ideas 


1. Trace and complete the drawing of each figure. 
Be sure to show the hidden edges with dotted segments. 
B c 





triangular pyramid 


2. The vertices of this rectangular prism 
have been labelled. 
a Name the edges that are “hidden.” EH, 0H,GH 
B The front face is named ABCD. 
Name the faces of the prism 
that are “hidden.” AEHD, EFGH, DHGC 








An isometric A perspective 
drawing of acube drawing of a cube 


In contrast, in a perspective 
drawing of a cube, the edges which 
are inclined to the drawing surface 
are drawn as if lying on rays ema- 
nating from a single point, called 
the vanishing point. 


3. This object was pictured in a draftsman’s 
handbook. Can you draw front, top, and 
side views of the object ? 





Follow-up 





Front : 
It would be appropriate to corre- 
late some art activities with this 
Top side lesson. Suggest that children find 


an object in which they can identify 
the shape of a rectangular prism. 
Then, ask them to draw its front, 
side, and, if possible, top view. 
Suitable objects would be build- 
ings, trucks, boxes, and shelves. 
You might also suggest that they 
make a perspective drawing of 
the object. Some may need guid- 
ance for this activity. 


%* 4. Choose an object, such 
as a birdhouse, a desk, 
or a table, and make a 
drawing of it. Then show 
the front view, top view, 
and side view. 
Drawings will vary. 


%* 5. Find out what an LAS 


octahedron is. Make 7 
a drawing of one. 


61 Duplicator Masters, page 9 


Workbook, page 18 





Using the Exercises 

After children have completed the 
exercises on page 61, it would be 
helpful to discuss the correct draw- 
ings while showing them on an 
overhead projector. For example, 
discuss the following steps used to 
draw the figures in exercise I. 


Rais Assignments (page 61) ——————— 
Minimum: 1, 2. Average: 1-3. 


Maximum: 1-5. 


y 
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PAGES 62-63 
Objective 

Given parallel or perpendicular 
lines, the child will be able to rec- 
ognize and identify them. 


Preparation 
Materials 


cubes, | per child (optional) 


If children do not have individual 
cubes to examine, you might dis- 
play a model cube and have chil- 
dren identify various vertices and 
edges on it. Remind them that each 
face may be thought of as part of 
a plane. In this way, they should 
be better prepared to work from 
the pictorial representation in their 
texts. 


Investigation 

Encourage the children to study 
their cubes and the pictorial rep- 
resentation in the investigation. 
They need simply record pairs of 
lines to indicate which ones they 
think are parallel. Some children 
may not have difficulty in finding 
pairs of lines which belong to a 
common face. But if they quickly 
claim that they have found all there 
are, hint to them that they might 
not be considering all possible 
planes. For example, BC and HG 
are in the same plane and do not 
meet. 


62 


































® How are lines in space related? 


Investigating the Ideas 


Sarg <_—_> 
Lines AD and HG can be contained 
in a single plane and do not meet. 
In the same figure find other 
pairs of lines that are in the 
same plane but do not meet. 









BC, AU; BC, EF; BC, HG AD, EF; Ha, EF; HE,GE; HE, 


How many of these pairs can you name ? 


Discussing the Ideas 





1. Two lines which are in the same plane and do not meet, 
or intersect, are parallel lin lines. To show that AD is parallel 
to HG, we write AD || HG. Show how to write statements 

for other lines that are parallel to AD in the figure above. | 





ADI BC, AD EF 
2. Along, straight section of railroad 


tracks may remind you of parallel 
lines. Name some other things that 
remind you of parallel lines. 
Fower lines, outer edges of highways,etc. 
. 3. When two lines intersect and 
form a “square corner,” they 
are perpendicular to each other. 


Name some things that remind 


you of perpendicular lines. and pavers otra 


corners, etc. 








‘ 


4. Lines in space that do not intersect __ , 
and are not parallel are skew to each 
other. Show how to hold two rulers or 
two pencils to represent skew lines. 
See Discussion. 
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to BC are statements which de- 
scribe one pair of parallel lines. 


Explain how these statements may 
be symbolized: 
BC || AD 
‘Line BC is parallel to line AD.” 
As you discuss exercise |, con- 


Discussion 
As you discuss the investigation, 
explain. the meaning of intersecting 
lines and parallel lines. It would 
be helpful to display the following: 


Intersecting lines 


Parallel lines ' 

You might use the edges of the 
cube to point out lines which in- 
tersect as well as lines which are 
parallel. There are 18 possible pairs 
of parallel lines on the cube, if 
order is disregarded. TI That is, 

is parallel to AD and ADi is parallel 


tinue to use the cube as a basis of 
discussion. For example AH is 
perpendicular to AG: You might 
show the symbolized statement for 
this: 4H L HG (but do not stress 
the symbol; emphasize the concept 
of being perpendicular). 
Encourage children to describe 
other examples that suggest paral- 
lel, perpendicular, or skew lines. 





Using the Ideas 





Give all the edges that are parallel to FH. RG. BG, 
Give all the edges that are perpendicu lar to AB. 
Give the edges that are neither EA,FB,BC,AD 


parallel nor perpendicular to BC, EF, HD, HG, 





Oo Dw > 
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Lines m and rn are parallel to each other. 
Line m and line / are perpendicular. 
What do you think about n and / ? Perpendicular 
B We use a segment that is perpendicular *° ch other. 
to two parallels to measure the distance 
between them. If we find that the lines 
are 2 cm apart at point A, what do 
you think we will find at any other 
point, such as B ? The two lines are 
2cm apart ot ony other point, m 
3. Lines m and 7 are straight. 
Are they parallel? yes 


Why or pe not ?ABandCDavre p 
i the same length 







. B 
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Start with a line AB 

and use the idea in A 
exercise 28 and the 
corner of your book 
to help you draw two 
parallel lines. 





B 


See Using the Exercises. 
Show how to draw an 


accurate picture of two 
parallel lines by using 
only your ruler. 


* 5. 





Using the Exercises 

When the children have finished 
the exercises on page 63, allow 
time for discussion. For instance, 
in exercise 1B, point out that per- 
pendicular lines can be contained 
in a single plane; thus HD is not 
perpendicular to AB since there is 
no single plane which can contain 
them both. Exercises 2 and 3 are 
based on the fact that the perpen- 
dicular distance between two par- 
allel lines is always the same. 
Although exercise 5 is starred, you 
might want all children to see that 
an easy way to construct parallel 
lines is simply to draw a line on 
each side of the ruler. 


Assignments (page 63) 
Minimum: 1, 2. Average: I-3. 
Maximum: 1-5. 


Follow-up 

Encourage children to find pictures 
which suggest parallel or perpen- 
dicular lines. For example, they 
might find a picture or advertise- 
ment in a magazine and use colored 
pencils or marking pens to mark 
segments which suggest pairs of 
parallel or perpendicular lines. 


Mathematics 
The definition of parallel lines given 
in this lesson states: Two lines are 
parallel if they are in the same 
plane and do not intersect. There 
is a certain subtlety in this defini- 
tion that sometimes eludes chil- 
dren. Some may think that it would 
be sufficient to say that any two 
lines which do not intersect must 
be parallel. However, if we con- 
sider all the lines in space there are 
certain pairs of lines which do not 
intersect and yet are not parallel. 
Such lines are called skew lines. 
Physical examples of such lines 
are easily demonstrated. The line 
of intersection of the front wall and 
ceiling of a classroom and the line 
of intersection of side wall and the 
floor of the same room illustrate a 
pair of skew lines. Thus the re- 
quirement that parallel lines lie 
in the same plane is vital to the 
definition. 


Resources for Active Learning 

Geometry in the Classroom, **Par- 
allelism,’ pp. 99-100, Holt, 
Rinehart and Winston of Canada. 

Mathex: Geometry No. 9, ‘“‘Lines 
in Space,” pp. 7-9, Encyclopae- 
dia Britannica Publications Ltd. 

Nuffield Project: Shape and Size 
3, “... parallels and angles,” 
pp. 9-10, Wiley. 
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PAGES 64-65 
Objective 

Given a compass and a ruler, 
the child will be able to construct 
a line segment, an angle, a right 
angle, a triangle, and the bisector 
of an angle. 


@ Can you construct geometric figures? 





Investigating the Ideas 


Preparation 

Materials 

ruler; compass; cardboard (for use 
under compass point) 





If possible you might show some 
sample designs constructed with a 
ruler and compass and then colored. 
Since even very simple designs can 
look intricate and pleasing, chil- 
dren should enjoy seeing the pos- 
sibilities of what this lesson will 
present. 


Can you make this design with only a compass and a ruler ? 
See \nvestigation. 








Discussing the Ideas 
Investigation 

Encourage children to explore ways 
of using their compass. Demon- 
strate how the compass can be 
manipulated easily by holding the 
little handle on top and turning it 
while moving the wrist in a circle. 


To construct a geometric figure we use only a compass and 
the edge of a ruler. No guessing or measuring is allowed. 


1. Howcouldyouconstructasegment 4 CSS 
that is just as long as AB on your paper ? 
See Discussion. {Accepted answer: 
2. a What does it mean to say that twine foes OS 
angles are “‘the same size” ? B 
s How could you construct an angle 


the same size as / ABC on your paper ? C 


‘ See Discussion. | 
What does it mean to say that ~ B 


: " Accepted answer; 
two triangles are ‘the SaMC"+he oats and } 


; ™> angles of one Can be match 
size and shape’ : with the sides and angles 
p How could you construct a ofine, 


triangle the same size and A 


shape as AABC on your paper ? 
See Discussion. 


A 







ot Sas aie 


G 


Explain how a small piece of card- 
board under the paper on which 
they are working will prevent the 
compass point from sticking into 
their desk tops. When they have 
been able to reproduce the design, 
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suggest that they create others of 
their own. Since one of the main 
purposes of the investigation is to 
help children develop a facility in 
using the compass, this kind of 
free-play with designs can be very 
helpful. 
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Discussion 

The important point in discussion 
exercise | is that the ruler is not to 
be used to measure the segment. 
Rather, the edge of the ruler is sim- 
ply the guide for drawing a straight 
line segment. Then the compass is 
to be used to copy the segment AB 
from the text. 


Step | 


Use the com- 
pass to find the 
length of AB. 


Use ruler to 
draw a segment. 








With the compass, mark the points 
A and B on the segment. 

Similarly, in exercise 2, the ruler 
is used only as a straightedge. 


: Step’ 





B’ New 
segment 


Mark the new segment with an arc 
the same distance from B. 


. 


See Using the Exercises. 


1. Construct a segment $< 
that is just as long as FEF. J 
. QO 
. Construct ananglethatis * 
the same size as 7 JKL. r 


. Construct a triangle that is the 
same size and shape as APOR. 


P 


. TO ‘bisect” means to divide into two parts of the ‘same size.”’ 
Study the first three steps and think about how to complete 
the construction in step 4. Then do each construction. 


a Bisecting an angle 








Set the compass to match the dis- 
tance from C to A. Mark A’ on the 


new angle. 
Step 3 


FAC 


Bony C! 
Use the ruler to draw the ray B'A'. 
Encourage children to use these 
steps to find different ways to con- 
struct the triangle in exercise 3. 


Using the Ideas 
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Using the Exercises 
Encourage children to try the con- 
structions on page 65 on their own. 
Afterward, it would be_ helpful 
to give the children an opportunity 
to express why they think their 
methods of construction give the 
desired results. Such explanations 
should not be construed as proof, 
but rather as intuitive thought about 
the constructions. 

Before assigning exercise 4, you 
might want to discuss the meaning 
of bisect as explained in the text. 


Assignments (page 65) 
Minimum: 1-3. Average: |-4. 
Maximum: 1-4. 


Mathematics 

Geometric figures which can be 
constructed using only the com- 
pass and an unmarked straightedge 
are sometimes called Euclidean 
constructions. In the classical ge- 
ometry of Euclid, only these two 
tools were permitted and the an- 
cient Greek mathematicians were 
absorbed by problems involving the 
geometric figures which could be 
constructed by using these two 
devices. One problem, which was 
unresolved by the Greeks, was 
whether any angle could be divided 
into 3 congruent parts (trisected) 
using only straightedge and com- 
pass. It was not until 1837 that 
Pierre Wantzel proved that it is 
impossible to trisect any given an- 
gle with only the straightedge and 
compass. 

Another problem which puzzled 
the ancient Greeks was whether 
certain regular polygons could be 
constructed with straightedge and 
compass alone. They were ac- 
quainted with constructions of most 
of the simple regular polygons, 
including the regular pentagon. 
This problem was resolved by 
Carl Frederich Gauss (1777-1855). 
Among the many important things 
that Gauss discovered was a way 
of constructing a regular 1|7-sided 
polygon. In addition, he was able 
to prove exactly which regular 
polygons were constructible and 
which were not. 


Follow-up 

Encourage children to use their 
compasses to make interesting cir- 
cle designs similar to the kind they 
explored in the investigation. When 
such designs are colored, they will 
make attractive displays. 


Resources for Active Learning 

Geometry in the Classroom, **The 
Construction of Triangles,” pp. 
108-114, Holt, Rinehart and 
Winston of Canada. 





Workbook, page 19 
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PAGES 66-67 
Objective 

Given two segments, two angles, 
or two triangles, the child will be 
able to determine if the figures in 
each pair are congruent by using 
tracing paper or by using their 
compasses. 


Preparation 
Materials 
tracing paper; compass (1 per child) 
To prepare for this lesson you 
might conduct a brief review of the 
symbols used for various geometric 
figures. For example, write the fol- 
lowing symbols on the chalkboard 
or show them on an overhead pro- 
jector, and ask children to read 
them: 





AB Line segment AB 
A B 
ZABC Angle ABC 
A 
sie he, 
G 
AABC Triangle ABC 
B 
A inane 
— 
AB Ray AB 
A B 





CD || EF Line segment CD is 
parallel to line segment 
EF. 
G D 





E F 





Investigation 

Encourage children to find ways of 
checking their answers for each 
question. For example, suggest 
that they may want to use various 
materials such as a ruler, a com- 
pass, tracing paper, and anything 
else they think would be helpful. 
Encourage initiative in the methods 
children devise, even if you realize 
a particular method some choose is 
long and tedious. Later, by com- 
paring methods with each other, 
they will find the method that suits 
them best. 
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© When are two geometric figures congruent? 





Investigating the Ideas 
Answer each of these questions just by looking. 


g 


D 

A———__—_—_——- 8 |x U 

Is APQR the same 
size and shape as 
AUTS ? Yes 


Is /X smaller than, 
larger than, or the 


same size as / Y ? 
Same size 


ls AB longer than, 
shorter than, or 


just as long as CD? 
Just as long 


Can you find a way to check your answers ? 








Discussing the Ideas 


1. Two segments (like AB and CD) are congruent if their end 
points are equally far apart. We write, “AB ~ CD,” and read, 
“Segment AB is congruent to segment CD.”’ How did you 
check to see if AB is congruent to CD above? See Discussion. 


2. Two angles (like 7X and / Y) are congruent if “corresponding 
points’ on their rays are equally far apart. We say, ‘‘Angle X 
is congruent to angle Y.”’ We write, “2 X ~ ZY.” How could 
you use tracing paper or a compass to see if / X above is 
congruent to / Y? See Discussion. 


3. Two triangles (like APQR and AUTS) are congruent if 
the parts (angles and segments) of one can be matched 
with the parts of the other. How could you use tracing 


paper to see if APQR = AUTS ?tyoce one triangle and place it 
over the other to 6ee whether the seqments and angles of one 
66 canbe matched with the segments and angles of the other. 





Discussion 

In discussion exercise I, stress the 
meaning of congruent segments and 
the symbol = (‘is congruent to’’). 
Give children an opportunity to 
describe the methods they used in 
the investigation. 

As you discuss exercise 2, draw 
angles on the chalkboard and use 
a compass to show the meaning of 
corresponding points. . 

Observe that the idea of congru- 
ent angles depends upon the basic 
notions of congruent segments; that 
is, by first establishing the general 
idea of corresponding points on 
the rays of a pair of angles, we are 
able to define less than, greater 


than, and congruence for angles. 
The use of corresponding points 
allows us to return to the basic 
notions of closer together, equally 
far apart, or farther apart. 

The segments indicated on the 
rays of the angles which follow are 
all congruent. We say that C and 
D are the points on ZCND that 
correspond to points A and B on 
LAMB. 

A G 


1. For each exercise, trace one segment and place it over the 
other segment. Tell whether the two segments are congruent. 


A Yes 
No 
B ———_—_—_—_—_———OOOO_O_V_____ 


c 


2. Trace each pair of angles to tell whether or not they are 


es 














congruent, $c< Using the Exercises. 


— Answers may vary. 


SB 


en 


4. Give the missing segments and angles in the table. You may 
want to trace APN and move it to help you match 
the segments and anoles: ; E 





The idea of congruent triangles 
as treated in exercise 3 is based 
on the notion of congruent seg- 
ments and congruent angles. As 
you discuss the congruence of 
APQR and AUTS, point out that 
PR corresponds to ST} PC cor- 
responds to UT; and OR corre- 
sponds to SU. Similarly, 2P = ZT; 
ZQO=ZU;and ZR=ZS. 

If some children exhibit difficulty 
with the use of the compass, have 
them use the tracing-paper method. 


c Yes 


ao 


3. Trace AABC. By ae turning, or flipping the tracing 
paper, on which of the other pee can you make 
AABC fit exactly ? ATUV Calso 


a> acceptable: oe AJKL) : \ ere 











Using the Ideas 


J 


N 


MP = || TS 
PN |] ~ SAR 
WN Il 2 AT 
ZANMP || = LATS 
LMPN = llllzyver 
PNM ~= |lli¢<ser 





67 


Using the Exercises 

On page 67, you might have the 
more able children use the compass 
to test for congruence. However, 
suggest the tracing-paper method 
for most children. Note that in 
exercises 2 and 3 children’s an- 
swers may vary, depending upon 
the accuracy of their tracing or 
measurement. 

As you discuss the completed ex- 
ercises, stress the meaning of con- 
gruence for the segments, angles, 
and triangles. 


Assignments (page 67) 
Minimum: 1-3. Average: 1-4. 
Maximum: 1-4. 





Follow-up 

Now that children are prepared to 
determine the congruence of seg- 
ments, angles, and triangles, sug- 
gest that they construct one of these 
figures on a geoboard and try to 
build another that is congruent to 
the first. Or, challenge them with 
problems similar to the following: 


How many angles 
congruent to ZABC 
can you build on 
the geoboard? 





Solution, Think, page 67 

The most likely solution that chil- 
dren will find for the Think problem 
is shown below. 


Resources for Active Learning 

Freedom to Learn, ‘“‘Congruence 
and Symmetry,” pp. 153-154, 
Addison-Wesley. 

Geometry in the Classroom, ““Con- 
gruence,” pp. 89-94, Holt, Rine- 
hart and Winston of Canada. 

Nuffield Project: Problems —Red 
Set, No. 19, Wiley. 


Workbook, page 20 


67 


PAGES 68-69 
Objective 

Given a line segment, the child 
will be able to find its length in 
centimetres. 


Preparation 
Materials 


construction paper; paper fasten- 
ers; overhead projector (optional) 


Since the investigation for this 
lesson may need more teacher- 
direction than usual, you might be- 
gin immediately with the text. 


Investigation 

If children have studied from the 
previous books in this series, the 
concept of building a measuring in- 
strument from a particular unit 
should not be new to them. How- 
ever, you might find it helpful to 
discuss the material at the top of 
the page before children begin to 
work on their own. With some 
groups of children, you may even 
want to guide them in making the 
ruler so that they will understand 
how a measuring tool is built from 
a unit. 
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units easily. 
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Discussion 


Use exercise 1 to discuss the rulers 
children made in the investigation. 
Ask for the length of AB in terms 
of the unit shown and in terms of 
the other units children chose to 
use for their rulers in the investiga- 
tion. As you discuss exercises | 
and 2, help children generalize that 
the smaller the unit used in mea- 
suring length the greater will be 
the number given as the length. For 
exercise 3, give the children more 
practice in measuring “widths” and 
“lengths” in centimetres. They could 
measure objects and articles in the 
classroom: table tops, chalkboards, 
sheets of paper, etc. Let them read 


to find the length of AB. 
A ruler helps us to count 


Choose a unit of length 
and make your own ruler. 


Can you use your ruler to find 
the lengths of some objects ? 


2. Barbara used the red-strip 
unit to measure CD. Karen 
used the paper-clip unit and Elaine used the finger unit. 
Which girl got the largest number for the length of CD ? Elaine 
Who got the smallest number for the length ? Karen 


® What are some units of length? 


Investigating the Ideas 





See Investigation. 


Make a record of the 
objects and their lengths. 





Discussing the Ideas 


1. What is the length of AB shown above? 3 units 





D 


3. The centimetre is a 
common unit of length. 
A What is the width of your 
desk to the nearest centimetre ? 
sp What is the length of your 


desk to the nearest centimetre ? 
Answers will vary. See Discussion. 
4. Can you name some other common units of length ? 
Foot, yard, metre, mile, kilometre, etc. 





out the measurements. 














Using the Ideas 


1. Measure each of these segments to the nearest centimetre. 


nm 32 or 4¢cem 5 Tom 

Cc l2cm 

D \Ocm 

Find the length of each segment 
above to the nearest half centimetre. 


+. ! 
2cm_ 8B. 7 con 


Cc. l22em D. 104 cm 
The perimeter of a figure is the sum of the lengths of its sides. 
Find the perimeter of each figure below. 


A 36cm BD cen “lOm Oem 


p2 


2m8cm 


1m7cm 


3m8cm 


Find the length of the 
path from A to B in 
centimetres. 35 cm 


More practice, page A-4, Set 7 





Using the Exercises 

Before assigning the exercises on 
page 69 as independent work, you 
might review the meaning of pe- 
rimeter. Be sure each child has 
a centimetre ruler. 

For those who wish to try the 
Think problem, suggest that they 
cut out and use _ two-centimetre 
squares to see if they can find an 
answer. They may be surprised to 
find that 7 squares is the answer. 


Maximum: 1-4. 





Assignments (page 69) 
Minimum: 1-3. Average: I-3. 


Follow-up 

To review the centimetric unit of 
measurement, ask the children to 
match pictures with the centimetre 
unit to measure the height, length, 
and width dimensions of the object 
pictured. 


Resources for Active Learning 

Applied Mathematics Cards, 
“Length,” Group 3/4, Schofield 
and Sims. (Available from Mafex 
Associates) 

Mathex: Measurement No. 10, 
“Standard Units,” pp. 2-6 (pupil 
pages 12-22), Encyclopaedia Bri- 
tannica Publications Ltd. 


Workbook, page 21 
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PAGES 70-71 


Objective 

Given an angle, the child will be 
able to find its measure in degrees 
by using a protractor. 


Preparation 
Materials 


construction paper, scissors, and 
compass (or, Duplicator Mas- 
ters, page 68); overhead projec- 
tor, transparent protractor 
Review the idea that a measur- 
ing instrument is made from mark- 
ing some number of the chosen 
unit onto the device. Thus the ruler 
is marked with a number of centi- 
metres. Point out to the children 
that in this investigation they will 
have an opportunity to make an in- 
strument which will enable them to 
measure angles. 


Investigation 

Unless you provide the children 
with duplicated patterns, they may 
need directions for making the 
semicircle required in the investiga- 
tion. If so, direct them to use their 
compass and make a circle that 
has a diameter about 8 or 9 centi- 
metres. They should then fold this 
circle in half and cut out a semicir- 
cle. This semicircle in turn should 
be folded in half three times as in- 
dicated in the text. Move around 
the room as the children work, 
guiding. those who need help. You 
might also distribute papers on 
which you have duplicated angles 
which the children can measure. 
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and use your p 


Investigating the Ideas 


We count unit angles 
to measure an angle. 
Follow the instructions below 
to make your own protractor 
for measuring angles. 


Can you draw some angles 


to find their measures 
to the nearest unit? °<¢e 





® How are angles measured? 





Fold the semicircle 
in half three times. 


rotractor 


Number the fold lines for the 


(nvestigation] Unit angles on your protractor. 





Discussing the Ideas 














Tr 


. Acommon unit of angle 


Explain how you would use your protractor 


to find the measure of this right angle. 
Trace the angle extend tne raus,and position protractor as shown. 
How could you use your protractor to draw an angle that Make dots 
measures 2 units? Sunits? 7 units? ox S Suede alunos 
oat outer edgeof specifie 
anit 5 % aro 2 
Seqments To CO) 
nect rnid point 
t% the outex 
points. 












measure is called a degree. 





A protractor scale 
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Discussion | 
During your discussion, introduce 
and carefully explain the fact that 
a common unit of angle measure is 
called a degree. Use the protractor 
in discussion exercise 3 to explain 
that a degree is 3g5 ofa circle. Thus, 
a right angle, which is the angle ina 
quarter of a circle, measures 90°. 
To show the size of a degree, cut 
a string 114.6 cm long. Fasten it 
at its midpoint and ends so that its 
ends are | centimetre apart. 


Eig A 


ore } | cm apart 
ie S723%cm 


in degrees is shown. 
What is the measure of 


a right angle in degrees ? 90° 
See Discussion. 


d 





To show the use of a standard 
protractor, use an overhead pro- 
jector with a transparent protractor 
as suggested for discussion of the 
exercises on page 70. Also explain 
that another unit of angle measure 
is the radian. This unit is such that 
the length of any arc is the same 
as the distance of the arc from the 
vertex of the angle. A radian is 
about 57°. 







The length of this 
«ares the same 
as the length 

of this 
segment. 





Using the Ideas 


1. A protractor with degree units has been placed over some 


angles. 2 BAC measures 35° (35 degrees). 

Give the measure of each 

angle below. 
1 BAD45 6 /.DAG45° 
LBAE5T» £DAH8S° 
LBAF70,: LFAG20° , 
LBAG90°s £1 GAH40° , 
LBAHi30xK £GA/90° § 
LCADIO°L LFA 





/ 


. Use a protractor to find A B 
the degree measure of 
these angles. re 
35: 90 


Calso acceptable: 34°%or 36°) 
. Draw angles that have the following measures. 
BGS. Bnd 2: c 105° p 143° —E 14° 


. Find the degree measure of each angl@Angle measures may vary 
Find the length of each segment in centimetres. slightly.) 





Using the Exercises 

Children should use a protractor 
of standard measure for the exer- 
cises on page 71. Encourage in- 
dependent work, but give assis- 
tance to those who need it. An 
overhead projector is an excellent 
aid for teaching children how to 
use a standard protractor. In par- 
ticular, point out that after they 
have aligned the middle point of the 
protractor at the vertex of the angle 
and the edge of the protractor with 
one ray, they must read from the 
scale where zero meets this ray. 


Assignments (page 71) 
Minimum: 1-3. Average: 1-3. 


Maximum: 1-4. 


Follow-up 

Suggest to more capable children 
that they make the constructions 
suggested below. 


Angles of these measures: 
307.4) 00, = S04 ae 


Triangles with the following angles: 
907 43.845" 
60°, 60°, 60° 
50° 60", 308 
70° + 607,303 


Sample solution, Think, page 71 
Expect reasoning similar to this 
from the children who solve the 
Think problem. “One third of the 
6 coins are dimes, so 2 of Jack’s 
coins are dimes. These 2 dimes 
are worth 4 of the total of Jack’s 
coins, so Jack must have 4 X 20, or 
80 cents, altogether. The 2 dimes 
are worth 20 cents, so the other 4 
coins are worth 60 cents. There- 
fore, the other 4 coins must be 2 
quarters and 2 nickels.” 


Resources for Active Learning 

Math Activity Cards, “‘Angles,” 
E10, Macmillan. 

Developmental Math Cards, **Mea- 
suring Angles,” J?2, Addison- 
Wesley. 


Duplicator Masters, page 10 
Workbook, page 22 
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PAGES 72-73 
Objectives 

Given isosceles, equilateral, and 
right triangles, acute angles, and 
obtuse angles, the child will be able 
to identify each figure. He will 
also be able to find sums of the 
measures of angles of polygons 
and discover that the sum of the 
measures of the angles of any tri- 
angle is 180°. 


Preparation 
Materials 
compass; tracing paper; paste; 
SCISSOrS 
If necessary, review the correct 
use of the protractor by showing a 
few brief examples of angle mea- 
sure on the overhead projector or 
on the chalkboard. Otherwise, be- 
gin immediately with the investi- 
gation. 


Investigation 


Make sure the children realize that 


they must cut out more than one 
of each triangle. For example, they 
need a total of 6 I’s, 4 III’s, and 
so on. 

One of the main purposes of this 
investigation is to review the vari- 
ous polygons. Suggest to the chil- 
dren that they label each polygon 
after they have put it together. You 
might refer them to the glossary in 
the back of the text (pages A27- 
A30) for a review of the definition 
of each term. 


tps 









Discussion 

Throughout this discussion, you 
will want to stress the meaning of 
terms presented and relate them 
to the triangles used in the inves- 
tigation. Have children use a com- 
pass or ruler to find congruent 
sides, and a protractor to measure 
the angles. Triangle | is an isos- 
celes right triangle, that is, one of 
its angles is a right angle and two 
of its sides have the same length. 
Triangles II and III are isosceles 
triangles, so each has two equal 
angles opposite the congruent sides. 
Triangle IV is an equilateral trian- 
gle, which implies also that all of 
its angles have the same measure. 


Here are four special triangular shapes. 


Two I's > square [ | 
Two III's rhombus [J 
One II, two III's > pentagon 


triangular shapes to form the polygons ? 











® /et’s exp/ore polygons. | 


Investigating the Ideas 


Here are ways to use these shapes to make other polygons. 






Can you trace, cut out, and paste the 


Discussing the Ideas 


1. An isosceles triangle has at least two congruent sides. 
Which triangles above are isosceles ? All 


2. An equilateral triangle has all sides congruent. 
Which triangle above is equilateral ? |v 


3. A right triangle has a 90° angle. 
Which triangle is a right triangle ? ! 


4. An acute angle is less than 90°. An obtuse angle is greater 
than 90°. Which triangles have acute angles ? obtuse angles ? \i\ 


5. Describe each polygon you made. Can you think of other ways 


to use the triangles to make the polygons ? 
Example: Two Il triangles and two Ill triangles can be used 
TD to form a parallelogram. 


In discussing exercise 4, ask chil- 
dren to find the measure of the 
angles of each triangle, and also 
ask them to find the sum of the mea- 
sures of the three angles in each. 
Although allowance for error in 
measurement must be made, this 
sum should be 180°. When you 
discuss this, be sure the children 
understand that when we speak of 
the ‘“‘sum of two angles” we mean 
the sum of the degree measures of 
the two angles. It is not the angles 
that are being added here but their 
degree measures. 

Let children experiment with 
using the triangles to form other 
polygons. 


Two II's > parallelogram Z_/ 
Four I's > rectangle 
Six IV’s > hexagon 


See Investigation. 














Mathematics 

The fact that the sum of the mea- 
sures of any triangle is 180° is easy 
to prove by applying some elemen- 
tary theorems of geometry. Sup- 
pose AABC is any triangle and that 
the measures of angles A, B, and C 
are x, y, and z degrees respectively. 


| Using the Ideas 


‘| Constructions will vary for exercises 1-4. 


1. Use your compass to help you draw each of the following. 


a isosceles triangle B equilateral triangle c right tri 
| CAt levst Zeomanienveties) Gan rueve Sides) (on Bene, 
| 


2. Use your protractor to help you draw: 


A an acute angle B an obtuse angle 
(Less than 90”): (Greater than 90°) 


3. a Draw atriangle large 
enough so that you can 
measure each angle easily. 
What is the sum of the 
measures of the three 
angles? '$°° 

B Try this again with a different triangle. 
What do you think might be true about the sum 


of the three angle measures for any triangle ? 
It willbe aoe y g 


4. Draw a four-sided polygon (quadrilateral) on your paper. 
Make it large enough so that you can measure the angles 
easily. What is the sum of the four angle measures ? 2©°° 


c aright angle 
(90°) 





Let EF be a line through C parallel 
to AB. Then the measure of Z ECA 
is x° and the measure of 7 FCB is 
y°. But the measure of the straight 
angle ECF is clearly 180°, hence 
x° + y® + z° = 180°, which is the 
sum of the measures of the angles 
of AABC. 

Every convex polygon of n sides 





* 5. a What is can be divided into n — 2 triangles 
the sum by constructing segments from one 
of the of the vertices. It then follows that 
angles the sum of the measures of the 
of each angles of any convex polygon is 
triangle 2180" (n— 2) X 180°. 


Solutions, Think, page 73 

These diagrams are provided only 
for your benefit. The solution for 
the square is shown in Think. 


B Whatis the sum of the angles 
of the quadrilateral ? 260° 


* 6. Use this figure 





(no protractor) Rectangle Pentagon 
to find the VAIN 
sum of ‘ah ay” : 
the angles Aa Ha 
of this Have 





Hexagon Parallelogram 


Mis 





pentagon. 540° 
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Using the Exercises 
Remind children to refer to the 
definitions given on page 72 as they 
do the exercises on page 73. When 
children have worked on exercise 
4, you might discuss the two tri- 
angles and the quadrilateral to- 
gether with the fact that the six 
angles of the two triangles make up 
the four angles of the quadrilateral. 
When the children see this, they 
will probably be able to say that 
the sum of the angles of the quad- 
rilateral is the same as the sum of 
the angles of the two triangles, or 
360 degrees. 

Give interested children an op- 
portunity to discuss exercise 6, 


which requires that they recognize 
the three triangles and the fact that 
the five angles of the pentagon in- 
clude all nine angles of the three 
triangles. Recognizing these facts 
will lead them naturally to realize 
that the sum of the degree measures 
of the pentagon must be three times 
180°. 

The activity suggested in the 
Think problem may be extended 
over a few days. It is possible 
to make all of the polygons on 
page 72. 


Assignments (page 73) 
Minimum: 1-4. Average: 1-4. 
Maximum: 1-6. 


Resources for Active Learning 

Applied Mathematics Cards, 
Group 2/21-22; Group 3/18-19, 
Schofield and Sims. (Available 
from Mafex Associates) 

Experiments in Mathematics, Stage 
1, “Paper Folding,” pp. 18-19; 
“Lilangpies) 20..j00 pp mec ode 
Houghton Mifflin. (Available 
from Thomas Nelson & Sons 
etd?) 

Mathex: Geometry No. 9, ‘“An- 
gles and Triangles,” pp. 25-32 
(pupil pages 35-38), Encyclope- 
dia Britannica Publications Ltd. 

Nuffield Project: Shape and Size 
3, “... 2-D frameworks,” pp. 
2-8, Wiley. 
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PAGES 74-75 
Objective 

Given a symmetrical figure, the 
child will be able to identify at 
least one line of symmetry by fold- 
ing the figure. . 


Preparation 
Materials 
tracing paper; scissors 

Conduct a short review of some 
of the topics covered so far in the 
chapter (congruent figures, angle 
measure, uses of the compass and 
the protractor). You might also go 
over the names of common poly- 
gons, such as those which will be 
explored in this lesson. For exam- 
ple, hold up cutouts of various poly- 
gons and ask children to identify 
each. Skill in using the names of the 
polygons will facilitate discussion 
later in the lesson. 


Investigation 

Stress with the children the fact 
that accuracy in tracing and cutting 
is particularly important here since 
they will be investigating symmet- 
ric .halves of the figures. Also, 
remind them to record for each 
polygon the ways in which they 
were able to fold it in half. Point 
out that there are other ways to fold 
these figures in half, but only those 
shown yield symmetric halves. 


Equilateral triangle 
Square 
BR VARS ia 


Regular pentagon 


CRORS sen) 


Regular hexagon 


OK) DDD 
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@ How many lines of symmetry does a polygon have? 


Investigating the Ideas 


Trace and cut out each of these regular polygon shapes. 


In how many ways can you fold each figure so 


one half fits exactly upon the other half ? 


See 
Investigation. 


Discussing the Ideas 


1. A figure has a line of symmetry if the fold on that 
line makes two halves of the figure match exactly. 


How many lines of symmetry does each figure above have ? 
See Investigation. 
. A Can you name some other types of triangles and tell 


how many lines of symmetry each figure has ?!sosceles ~ | 


“Scalene -O 


sp Can you name some other quadrilaterals and tell 


how many lines of symmetry each one has ? 
Rectangle -2; rhombus -2; many other quadrilatevals-O 
. Aregular polygon has all sides congruent and all angles 


congruent. If you know how many sides a regular polygon has, 


can you tell how many lines of symmetry the polygon has ? 
Yes; see Discussion. . 
. Figures with at least one line of symmetry are called 


symmetrical. Can you describe a familiar symmetrical figure ? 


Answers will vary. Samples: Kite, rectanqular sheet of paper,etc. 


Discussion 
It would be helpful to use large 
demonstration polygons made from 
construction paper or other suit- 
able material so that children can 
point out the lines of symmetry for 
each polygon. As you discuss the 
lines of symmetry, ask the children 
if they can recognize something 
about the sides of each polygon 
(each figure has congruent sides). 
Also point out that each line of 
symmetry bisects, or divides into 
two equal parts, an angle or a side. 
As you discuss exercise 2, help 
the children realize that an isos- 
cles triangle has a line of symmetry, 
but many quadrilaterals have none. 





Since all of the figures children 
studied in the investigation were 
regular polygons, refer to them as 
you discuss exercise 3. 











1. How many lines of symmetry does each figure have ? 


Bote) AZ 


isosceles 


triangle 


2. Think about special polygons 
that are the outlines of 
the 26 letters of the 
alphabet. How many of 
these shapes have one 


or more lines of symmetry ? !6 
CA,B,C,D,E,4, 1, KM 


“kite” 


A 


rectangle 


12 PAe U, 2 W, X, 


See Using the Exercises. 
3. Suppose you fold a piece of paper and 


cut outt 


and name the figure that is formed 
when you unfold each piece. 





he figures shown below. Draw 





More practice, page A-4, Set 8 


Using the Exercises 

You might suggest that children 
do some of the exercises on page 
75 together and share their results. 
As they work, point out correct 
use of the vocabulary. 

A figure is said to be symmetrical 
if it has at least one line of sym- 
metry. Such a figure, when drawn 
on paper, can be folded so that 
one half of the figure will fit exactly 
upon the other half. You might 
point out the term isosceles trape- 
zoid and explain that it refers to a 


figure that has one pair of opposite. 


sides parallel and a pair of non- 
parallel congruent sides. 


“chevron” 





td 


Cut out Cut out an 
asquare. isosceles 
Rectangle right triangle. 
c Square 
Cut out 
an isosceles 
trapezoid. 
Hexagon 
D 
Cut out this 
quadrilateral. 
Pentagon 


Using the Ideas 


rhombus 


CB 





SE 


RN 
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Note that children’s answers for 
exercise 2 may vary because cer- 
tain letters that have lines of sym- 
metry in some type-face styles may 
be asymmetric in other styles. 


Assignments (page 75) 
Minimum: 1, 3. Average: 1-3. 
Maximum: 1-3. 


Mathematics 
Line symmetry is also called re- 
flection symmetry. When a mirror 
is placed along a line of symmetry, 
the reflected image falls directly on 
the other half of the figure. 
Another type of symmetry is 
rotational symmetry. This type of 
symmetry is illustrated below. 


If we imagine rotating the figure 
a half turn with the centre of rota- 
tion at point O, the figure would 
look exactly the same as before the 
rotation. Observe that a square, as 
well as many other figures, has both 
reflection and rotational symmetry. 

N | 7 

2 yo 2 

ellos 

ta ! »\ 

Another kind of symmetry is 
translational symmetry. This kind 
of symmetry exists for certain re- 
peating shapes which extend indef- 
initely in all directions in a plane. 
The pattern of repeating congru- 
ent parallelograms shown below 
exhibits translational symmetry. 


Hg 


= 
If each point of the pattern is ‘“‘slid”’ 
or translated in the same distance 
and direction as shown by the 
arrow, the pattern will appear to 
be exactly the same as before the 
translation. 

Follow-up 

If geoboards are available, you 
might have children try to form 
symmetrical figures on the geo- 
board. 





Resources for Active Learning 

Inquiry in Mathematics via_ the 
Geo-board, Geo-cards 10/1-9, 
Walker. (Available from Fitzhenry 
& Whiteside Ltd.) 

Nuffield Project: Shape and Size 
3, pp. 48-54, 60-63. Wiley. 
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PAGES 76-77 
Objective 

Given an appropriate polygon, 
the child will be able to use the 
polygon to tessellate a plane. 


Preparation 
Materials 


tracing paper; heavy paper for con- 
structions (optional); scissors 


To prepare for this lesson, sim- 
ply remind the children that a regu- 
lar polygon has congruent sides 
and congruent angles. For example, 
a rectangle that is not a square is a 
polygon with congruent angles, but 
it is not a regular polygon. Some of 
the figures most suitable for tessel- 
lations are the regular polygons. 


Investigation 

Since children would find it easier 
to work with polygons made of 
sturdy paper such as tagboard, you 
might show them how to use the 
tracing paper to transfer the shape 
to the stiffer paper. Have them 
trace and mark the corners of the 
figure on the tracing paper. Then, 
a Sharp pencil may be used to make 
a hole in the tracing paper at each 
of these points through which a 
pencil mark can be made onto the 
stiffer paper. Finally, these marks 
can be connected with pencil and 
ruler, to form the shape on the 
cardboard. 

Allow children freedom in shar- 
ing ideas about an investigation 
such as this, but encourage inde- 
pendent thinking. The speed with 
which a few children find the con- 
figurations should not discourage 
the others. Help them to realize 
that four of each of the new shapes 
they form can again be used to 
make a similar but larger figure. 


Some children might want to con- 
tinue building a particular shape un- 
til materials are no longer practical. 
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® Can you find polygon patterns? 


Investigating the Ideas 


You can put four squares together 
to form a larger square of the 
same shape as the small ones. 





You can put four equilateral 
triangles together to form a 
larger equilateral triangle of 
the same shape as the small ones. 






Can you show a way to put four of each of these polygons 


together to form a larger polygon of the same shape ? 
e Investigation. 






Quadrilateral > 









Pentagon \ | Hexagon 


Triangle > 





Discussing the Ideas 


1. Two geometric figures that have the same shape are said to be 


similar to each other. Give examples of similar figures. 
Two rectangles, two squares, two circles, etc. 


2. Here is a pattern formed by fitting haul 
together equilateral triangles. 

a Imagine that you had as many >» 
triangles as you needed. Could 
you completely cover any surface ? yes 

sp Patterns which can “cover any surface” are called | 
tessellations. Explain why we can be sure that each | 


polygon above could make a tessellation.Sample answer: 4 
‘Because they fit together to form larger shapes with 












Discussion 
Discussion exercise | contains an 
intuitive description of similar fig- 
ures. In this discussion, there is 
no need for a more mathematical 
definition. Expect the children to 
use the word “similar” with an in- 
tuitive meaning, such as “having 
the same shape.” It would be help- 
ful to point out that congruent fig- 
ures have the same size and shape; 
similar figures have the same shape, 
not necessarily the same size. 
Since children find tessellating 
(or tiling) the plane an enjoyable 
activity, allow them sufficient time 
to explore tessellations made with 
the equilateral triangles. You might 


76 no ‘holes’ in them.’ 


allow them to experiment with de- 
signs which cover the plane and 
require more than one shape. If a 
tessellation is made with a regular 
polygon, it is called a regular tes- 
sellation. Regular tessellations are 
possible with the equilateral trian- 
gle, the squares, and the regular 
hexagon. Since the polygons in the 
investigation can cover a plane sur- 
face without any holes, they can 
be used to tessellate the plane, al- 
though the tessellation formed is 
not a regular tessellation. 


Ee 




















Mathematics 
Tessellations of the plane are also 
called by the more intuitive term 
“tilings of the plane.” 

It is possible to tessellate, or tile, 
a plane with any triangle. The proof 
of this statement uses the fact that 
the sum of the measures of the 
angles of any triangle is 180°. It is 


Using the Ideas 


. Make a cardboard cut out of this 
regular hexagon. Then you can draw 
around it to make pictures of hexagons. 
Can you use regular hexagons to make 
a tessellation ? Yes 





2. You have seen that you can make tessellations with 
at least three regular polygons. Which ones ? 


Equilateral triangles, squares, hexagons 
3. Complete exercise 1 by using this pentagon. 
: Do you think tessellations can be made 
: with any of the other regular polygons ? No 
fX 4. Can you make and color two a 
| different tessellations with 

each of these figures ? 


See Sample answers, T.E. 
page 7/7. 


also possible to tessellate the plane 
with any quadrilateral. All one 
needs to do is to be certain that all 
four angles of each quadrilateral 
have a common vertex at the point 
where the quadrilaterals meet. 


wan, 
H 
PAG 


In general, irregular polygons 
with more than 4 sides do not tes- 
sellate, but one can find many spe- 
cial shapes which have more than 4 
sides which do tessellate the plane. 

Regular tessellations are tessella- 
tions formed by using one of 
the regular polygons. Regular tes- 
sellations can be made only from 
equilateral triangles, squares, and 
hexagons. 














_ What is the smallest number 
___ of squares you can use to 
- formrectangles of four 
different shapes ? 24 
Usha 2X12, ee Ee) Follow-up 
ee Encourage children to make vari- 
ous tessellations, coloring their 


designs as well. 


Th 





Resources for Active Learning 
Using the Exercises ize that a trial-and-error method is Experiments in Mathematics, Stage 








Assign the exercises on page 77 to often a very satisfactory way of 1, pp. 14-15; Stage 2, pp. 8-9, 
coincide with any other tessella- solving such problems. Houghton Mifflin. (Available from 
tion activities in which the children Thomas Nelson & Sons Ltd.) 
are interested. Exercise 3 is de- Sample answers, Exercise 4 Geometry in the Classroom, pp.75, 


149-161, Holt, Rinehart and 


signed to help children discover a 
Winston of Canada. 


‘thatthe regular pentagon will not 


tessellate a plane. The only regu- Mathex: Geometry No. 9 Pp. 
lar aaa possible are by 53-56, Encyclopaedia Britannica 


' B ae. 
means of the equilateral triangle, J\\ \\ Publications Ltd. hd . 
the square, and the regular hexa- Notes on Mathematics in Primary 
gon. If more than one regular poly- / \\ Schools, pp. 131-142, Cambridge 
_~gon is used, other tessellations are University Press. (Available from 


possible. For example, the plane Macmillan) | 

can be completely covered or tiled Nuffield Project: Shape and Size 

with regular octagons and squares. Assignments (page 77) 3, pp. 27-28, 32-40, Wiley. 
Encourage children to try the Minimum: 1,,.2..Average: [—3; 

Think problem. Help them to real- Maximum: 1-4. Workbook, page 23 
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PAGES 78-79 
Objectives 
Given a polyhedron, the child 
will be able to recognize whether 
or not it is a regular polyhedron. 
Given patterns for some poly- 
hedrons, the child will be able to 
construct models of the polyhedra. 


Preparation 
Materials (optional) 


patterns of regular polyhedrons to 
be run off on Manila or other 
heavy paper (Duplicator Mas- 
ters, pages 70, 72) 
models of regular polyhedrons 
If you have models of regular 
polyhedrons, have the children ex- 
amine them. Ask if they think it 
would be difficult to make them. 
It would also be suitable for the 
children to construct one of the 
regular polyhedrons from dupli- 
cated patterns. If each child con- 
structs one of the polyhedrons, you 
would have a sufficient number of 
each to enable children to examine 
all of the five figures. 


Investigation 

Whether or not you have actual 
models of the polyhedrons for the 
children to examine, the pictorial 
representations should be clear 
enough for children to interpret. 
The number of faces of each poly- 
hedron can be seen clearly from 
the patterns. However, they may 
have difficulty counting the num- 
ber of vertices and edges, even if 
they have models to examine. Cau- 
tion children against counting some 
edges or vertices twice; if they 
realize that the pictures of the 
dodecahedron and the icosahedron 
show exactly one half of the figure, 
they might find it easier to count 
the edges and vertices from the 
picture. If some children feel that 
their counting is not reliable, and 
you have no models or duplicated 
patterns available, suggest that 
they enlarge the pattern themselves. 
Since each pattern uses only one 
regular polygon, the child can sim- 
ply trace the equilateral triangle or 
the regular pentagon from the pre- 
vious lesson and build his own 
model. 
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@ Let's /ook at space figures 
made from regular polygons. 





Investigating the Ideas 


The ancient Greeks discovered that there are only five space 
figures with faces that are congruent regular polygons. 
Here is how models of these solids might be made. 


=> \ Tetrahedron 
wi 


Octahedron 


Las 


— 









=> 


Hexahedron 
(Cube) 








Icosahedron 





» 


Dodecahedron 


Can you complete the table below 
; See 
for these five regular polyhedrons? | \nvestigation. 
and Discussion. 








twelve “” 
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Discussion 

Encourage children to discuss how 
they counted faces, edges, and ver- 
tices of each polyhedron and the 
difficulties they encountered. Point 
out that the pictures of the patterns 
may be used to count the number 
of faces. Relate the name of each 
polyhedron to the number of faces 
it has. 

In exercise 3, refer children to 
the chart they made in the in- 
vestigation. (See table in the next 
column.) 

Lead children to the generaliza- 
tion that the sum of the faces and 
vertices is equal to the number of 
edges plus 2 (F+V=E+2). 


2. If “poly-” means “many, 
means “‘six,”’ and “‘octa-"’ means “eight,”’ then what do you 
think ‘‘dodeca-” and “icosa-"" mean ? 











Discussing the Ideas 


1. How can you easily find the number of faces that each of 
the five regular polyhedrons has ? 


vous seas 


tetra-’’ means “four, 


“twenty” 


3. For each polyhedron, find the sum of the number of faces 
and the number of vertices. How does this sum compare 
with the number of edges ? Can you write a formula about 
what you have found ?See Discussion. 


Polyhedron 
Name of 
Face 








No. of] No. of |No. of 
Faces] Vertices] Edges 


Tetrahedron 


Equilateral 
triangle 





Hexahedron 
Square 


ri fee 
ef fe 
Octahedron 
Equilateral 12 
triangle 










Dodecahedron 
Regular 
pentagon 


Isocahedron 
Equilateral 
triangle 





hexa-" 











Using the Ideas 


1. a Draw a pattern that could be used to make a tetrahedron. 


Make it different from the pattern on page 78. Sample: : » 


Draw another pattern for ac . Sample: 
B p ube. Samp 


2. Each face of a regular polyhedron is a regular polygon. 


Each face of a regular polyhedron is congruent to every 
other face. Here are some polyhedrons. 
a Why are they not regular polyhedrons ? Foces are not al\ 


B How are they like regular polyhedrons ? congruent. 
Many of the faces are regulav poly oer and many of the faces 


> Lif are Congru ent, 


© vertices, ; 
10 faces Triangular Wiadges Pentagonal 
IG edges prism PEIN prism 


> NC 





) 24 vertices, 
El \4 faces, yPicaton 
B6edges cube 


gata anti- prism 


8 vertices 
10 faces 

|G edges 
. A How many vertices, 


faces, and edges 

does each polyhedron 
in exercise 2 have aleed 
If a polyhedron had 

7 faces and 7 

vertices, how many 
edges would it nave 


. Make a model of 
at least one of the 
polyhedrons in 


exercise 2. 
Models will vary 


Using the Exercises 

Assign the exercises on page 79 
and correlate them with other poly- 
hedron activities. For example, you 
might have the children build straw 
polyhedrons. Straw polyhedrons 
may be constructed by using straws 
and connecting them at the vertices 
with pipe cleaners. Play dough or 
clay may also be used to connect 
the straws at the vertices. If straws 
are not available, simply roll a 
magazine page around a pencil to 
make a substitute straw. Pipe clean- 
ers and tape are also suitable. If . 


you prefer, encourage the children Assignments (page 79)* 
to do starred exercise 4sothateach Minimum: I-3. Average: 


child chooses a figure, enlarges the Maximum: |-4. 





pattern, and then constructs it. 


1-3. 


Mathematics 

The five regular polyhedrons were 
known to the early Greek mathe- 
maticians; they were called the 
Platonic solids in honor of Plato. 
These are the only regular poly- 
hedrons that exist. 

Another class of polyhedrons are 
the semiregular polyhedrons, or Ar- 
chimedean solids. In these polyhe- 
drons, the faces consist of two or 
more regular polygons. An exam- 
ple of such a polyhedron is the 
truncated cube illustrated in the 
student text on page 79. There are 
13 Archimedean solids. Some stu- 
dents may be interested in doing 
some research on their names and 
making models of some of the sim- 
pler ones. 

The most spectacular and beau- 
tiful polyhedrons are the stellated 
or star polyhedrons. Patterns for 
these polyhedrons may be found 
in reference books. 


Follow-up 

Innumerable construction activi- 
ties might serve as extensions of 
this lesson. You might, for exam- 
ple, want the children to construct 
polyhedrons and use them to make 
mobiles. Some capable children 
might be challenged by the prob- 
lem of determining the surface areas 
of the polyhedrons in relation to 
their weights so that they can figure 
out how to arrange the polyhedrons 
in such a way that the mobile will 
balance. 

Children interested in science 
might do some research to see if the 
regular polyhedrons occur in nature. 

You might also challenge some 
children to find the most rigid or 
sturdiest polyhedron. For example, 
ask them to construct the sturdiest 
bridge they can, using one of the 
polyhedrons. (Just as the triangle is 
the most rigid plane figure, the 
regular tetrahedron is the basic 
rigid polyhedron.) 


Resources for Active Learning 

Geometry in the Classroom, pp. 
IS-19, 45, 46, 63-75, Holt, 
Rinehart and Winston of Canada. 

Mathematics in Modules, SK9, 
Addison-Wesley. 
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PAGES 80-81 
Objective 

Given a picture of a plane inter- 
secting a space figure, the child 
will be able to name or draw the 
cross section formed by the plane 
and space figure. 


Preparation 
Materials 


models of geometric solids or mod- 
elling clay to construct substitutes 


Since cross sections are thought 
of as the intersection of a space 
figure and a plane, you might want 
to review the idea of a plane. For 
example, refer to the planes sug- 
gested by the floor and walls in the 
classroom. Point out that the only 
kind of figures which are contained 
in a plane are two-dimensional fig- 
ures such as the circle, triangle, 
square, and other polygons. The 
space figures or polyhedra which 
they studied in the previous lesson 
cannot be contained in a single 
plane; they are three-dimensional 
figures. 


Investigation 

Although it is intended that the 
children picture the cross sections 
from studying the pictorial repre- 
sentations in their text, you might 
provide cubes made of modelling 
clay or plastic foam. Children who 
find it necessary may then actually 
cut a cube to find the outline of the 
cross section. If children have dif- 
ficulty making their drawings, refer 
them to page 61, exercise 1A, for 
help in getting started. Do not re- 
quire or expect the children to 
make accurate drawings. If any 
children become frustrated in their 
efforts, simply ask them to explain 
with one of the model cubes how 
they would cut it and then encour- 
age them to draw only the outline 
of the cross section, that is, the 
plane figure resulting from the cut. 
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® Can you draw the cross sections? 


Investigating the Ideas 


The figures show how we can cut a Cube to get 
a cross section that is a rectangle. 





Some possibilities : TX 





Trapezoid Equilateral |lsosceles Square Hexagon 
triangle triangle 
Can you draw some of the cross sections 


that you could make with other cuts ? See 
above. 


Discussing the Ideas 


1. 


2. a Describe this 


The plane geometric figure that is the intersection of a 
space figure and a plane is often called a cross section 

It may help you to think of “slicing” the figure and then 
looking at the edge of your cut. Can you think of another 
way to cut the above cube so that the cross section 


is a rectangle ? A Cut parallel to any of the faces will yield 
a rectangle which \s 
also a Square. 





cross section 
of the sphere. 
B Istherea way 
to cut a sphere 
so that the cross section is a different type of figure ? No 





Cross section 
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Discussion 

Use as many actual models as are 
available, to help children picture 
the cross section cuts. To help chil- 
dren think of a plane cutting a solid 
figure, speak of such physical ob- 
jects as a knife and suggest that 
they think of using a knife to cut 
off the cross section. 

Remind the children that the pic- 
tures are an attempt to represent, 
on a two-dimensional surface, the 
ideas concerning three-dimensional 
geometry. One of the purposes of 
this kind of lesson is to give the 
children an opportunity to think 
about and try to visualize the cross 
sections without actually seeing the 


space figure cut. Thus, if you do 
use actual space figures in connec- 
tion with this lesson, you should 
give the children an opportunity to 
work with the drawings and the 
pictures, in addition to actually 
seeing the cross sections. 














Follow-up 

Many commercial packages are 
space figures with some portion 
cut off. It may be interesting to 
follow up this lesson by showing 
the children such packages and 
having them relate these to various 
ideas presented here. Some of the 
children may wish to collect sam- 
ples and label them for a classroom 
display. 


Using the Ideas 


For each exercise, draw the cross section formed by the 
intersection of the plane and the space figure. 








Resources for Active Learning 

Franklin Series: Making and Using 
Graphs and Nomographs, pp. 
75-78, Lyons and Carnahan [A 
parabola and _ multiplication]. 
(Available from McGraw-Hill 
Ryerson) 

Experiments in Mathematics, Stage 
3, “Sections through a cube,” 
pp. 32-33, Houghton Mifflin. 
(Available from Thomas Nelson & 
Sons Ltd.) 
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Using the Exercises demonstrate them to the children 
Have the children attempt the ex- and check them with the cross sec- 
ercises on page 81. Notice that tions that the children have drawn 
exercises 7, 8, and 9 are intended on their papers. 
primarily for the more able chil- 
dren. For some, you may need to 
observe that the drawing in exer- 
cise 9 represents a cube being cut 
by aplane in a certain peculiar way. 
It is interesting to note that the 
cross section in exercise 9 is aregu- 
lar hexagon. 

When the children have finished 
the exercises, allow time for dis- 
cussion and checking of papers. At. 
this time, if you have actual space Assignments (page 81)* 
figures that are cut like those de- Minimum: 1-6. Average: 1-6. 
picted, it will be stimulating to Maximum: 1-9. 
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PAGES 82-83 
Objectives 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 
Materials 
centimetre ruler; protractor 

Review any of the material in 
the chapter which children found 
particularly difficult. For example, 
review the method of measuring 
angles by using a protractor. Or, 
review the basic concepts and sym- 
bols treated in the first lesson. 
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. Which pair of segments are congruent ? 4¢—————_eg 








AB=EF 


C— 
Ee rr 


















to this angle. 


7. a How many lines 
of symmetry 
does an 
equilateral 
triangle 
have ?3 


triangle ? Yes 
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Discussion 

Page 82 may be used as an evalua- 
tive instrument, or you might work 
through the exercises together as a 
class review. One of the important 
points to stress is the concept of 
congruence. Help children realize 
that we may speak of the length 
of two segments as being equal but 
we speak of such segments as being 
congruent. Since length is a num- 
ber, we can speak of equality with 
regard to length, but when we refer 
to the geometric figures themselves, 
we speak of congruence. Note that 
although the chapter review may be 
used as an evaluative instrument, 
its purpose is not to test the child’s 


2. An isosceles triangle has a pair of 
congruent angles. AXYZ is isoceles. 


a Which two angles are congruent ? Z2X=ZY 
B Which pair of sides are congruent ?_ 
XZ=ZLY x Y 


3. Find the length of the pencil 
r = ae 
a to the nearest centimetre!2<™s to the nearest half centimetre. !!2<™ 


Bp Can you tessellate a 
plane with an equilateral 


Z 





4. a Find the measure of this angle in degrees. 
B Construct an angle congruent ieee 


5. Is the sum of the angles of a triangle 90°, 100°, 180°, or 200°? \80° 


6. a Which two triangles are congruent ? AABC=SAGHL 
Complete each statement. 


Cc K 
LA = |ii*'2 B = IIK9Z2C = [44 / Do E SL 
B 
A nea / J 


D [5 
H N 


AB = \lll@t BC = |IGHAC = |rt 





retention of geometric concepts 
and vocabulary. Rather, it should 
indicate to you the child’s develop- 
ment of intuition about the material 
presented and of basic skill in han- 
dling a compass and ruler. 

Page 83 may be assigned as an 
independent review. However, if 
you prefer, you might use it as the 
basis of a review lesson on ex- 
panded notation, inverse relations, 
and multiples of ten. In any case, 
be sure to give children an oppor- 
tunity to check their work and dis- 
cuss any troublesome exercises. 


GO 


. Give the number for n. 
a 10000 = 1074 
100 000 000 =.10"8 
1000 x 100 000 = 10” 8 
4000 x 60000 = 24 x 10”7 
30000 x 90000 = 27 x 10”8 


Solve the equations. 

Aa+t7=158-642—7=— dé 
B14-—n=86 un f+9=189 
c 5 x Oren 45 7x x= 4975 
D 
E 
F 


Cx S=48 6 5 
S — 697/431 x 
12->y=62 1 


ei 9 


Solve the equations. 


a 5x27=(5x20)+(5xm)7 8 6x 284=(6x200)+(6xn)+(6x4)80 


Find the products and quotients. 

10 x 1001i000— 56 x 1000560001 480 ~ 608 M 
B 20 x 700/4000rF 200 x 300600005 4800 +6080 wn 
c 50 x 60 30006 5000 x 200'°°RK° 4800 = 6008 o 
p 800 x 403200m 760 x 20\5200 t 480 + 680 P 


Solve the equation. 6+64+6+6+6=n~x 65 
Solve the equation. (6 x 30)-+ (6 x 7) = 6 x n37 


Solve: 
a 347 B 24 c 3948 
x 39 +2765 


x4 
1388 936 


2400 =~ 8 300 
3700 + 10270 
3700 =~ 100 37 
2600 ~ 200 \3 





Sample solution, Think, page 83 





Workbook, page 24 
(Use with text page 82) 
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CHAPTER 5 | Computing 


Pages 84-123 


General Objectives 

To review the addition and sub- 
traction algorithms and to de- 
velop skill in using them 

To extend the development of the 
multiplication algorithm 

To develop skill in working with 
the multiplication algorithm 

To extend development of the divi- 
sion algorithm 

To develop skill in working with the 
division algorithm 

To provide additional experience 
with estimation 

To provide additional experiences 
with the concept of average 

To provide a variety of experiences 
with word problems 

To provide work in computation 
involving dollar notation 


The first lessons of this chapter 
are devoted to work with the ad- 
dition and subtraction algorithms. 
Material is provided to help the 
children review the concepts in- 
volved in the algorithms; then, 
practice on the algorithms is fol- 
lowed by experiences with word 
problems. Following this, the multi- 
plication algorithm is reviewed and 
extended, and experiences with ap- 
propriate word problems are again 
provided. Additional work involv- 
ing exponents is also included in 
the work with the multiplication 
algorithm. The concept of expo- 
nents is extended to include powers 
of numbers other than ten. This 
work is included with the multipli- 
cation algorithm, since the finding 
of large products is involved. 
Following the lessons on multi- 
plication, the division algorithm is 
developed, first by using the num- 
ber concepts underlying division; 
then, toward the end of the chapter, 
material is provided to help the 
children work with digits in the 
quotient and divisor to develop 
shortcut methods. The technique 
for finding averages is integrated 
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into the material dealing with the 
division algorithm and into appro- 
priate word-problem sets as well. 
Dollar and cent notation is then 
studied in relation to the multipli- 
cation and division algorithms. 

The chapter concludes with the 
usual chapter and cumulative re- 
Views. 


Mathematics 


The work with the addition, sub- 
traction, and multiplication al- 
gorithms in this chapter requires 
no new mathematical concepts. 
Rather, the new material is based 
primarily on mathematical concepts 
which were developed earlier in the 
program. For example, the asso- 
ciative and commutative principles 
for addition, and the generalization 
about rearranging addends derived 
from combining them, allow us 
complete freedom to group when 
adding in columns. 

For the multiplication algorithm, 
the distributive principle is most 
important. In multiplying, we are 
faced with the necessity of finding 
various products and then adding 
these products to get the final prod- 
uct. The distributive principle gov- 
erns this procedure. 

Our basic definition of division 
(if aX b=c and b # 0, then a= 
c + b) must be extended to allow 
for remainders in division. Thus, 
we must define c + 5 for the case 
for which there is no whole number 
a such that a=c =~ b. There are two 
choices: We can redefine division 
to allow for non-zero remainders, or 
we can allow for the possibility that 
a, b, and c are fractional numbers. 
Consider the following definition. 


If a, b, c, and d are whole num- 
bers such that (a X b) #d=c 
and b ¥ 0 and d < b, then for 
c + b, a is the quotient and d is 
the remainder. 


Notice in this definition that, if 
d= 0, we have the original defini- 
tion. In other words, a X b=c sim- 
ply implies c + b= a. If we wanted 
to make a statement of equality 
with regard to c + b when d # 0, 
we would be involved with frac- 
tional numbers, and we would have 


ct baat’ 


Anexample of this would be 14~= 3. 
4 

3) 14 
12 

2 


144+3=4+2o0r 44% 


In our work with fractional num- 
bers, we shall return to this idea 
and establish that non-zero remain- 
ders give a quotient that is not a 
whole number. 

You will note that we are con- 
sidering two different ways of 
thinking about quotients: as whole 
numbers with a number called the 
remainder related to the quotient 
(studied in the present chapter) and 
as rational numbers such that the 
quotient times the divisor equals 
the dividend (studied in a subse- 
quent chapter). 


Teaching the Chapter 


Materials 
Catalogues, 
ments 
Current almanacs, encyclopaedias, 
or other reliable resources 

Graph paper 

Local airline or highway maps 

Overhead projector (if available) 
and transparencies for the study 
of algorithms 


newspaper advertise- 


Vocabulary 


time, rate, and 
distance 


arithmetic mean 
average 
regrouping 








Since there is little new mathe- 
matical content in this chapter, the 
vocabulary list is quite short. This 
is a chapter devoted primarily to 
the development of skills and the 
utilization of mathematical con- 
cepts that have been developed 
previously. 


Lesson Schedule 


In a chapter as long as this, care 
should be taken not to let the time 
schedule become too flexible. Be- 
cause of the large amount of mate- 
rial covered and the emphasis upon 
skills, it would be quite easy to 
spend excessive time on the work. 
Some two-page lessons are obvi- 
ously a fairly easy day’s work; 
others clearly will require more 
than a single day. There may be 
places in the chapter where you 
will choose to cover more than two 
pages in a single day. However, as 
a general rule, you will find that the 
work in this chapter is quite intense 
and that you will not want to cover 
more than two pages in one day, in 
order to leave time for explanatory 
development. In some instances, 
you may choose to spend two, or 
even three, days on a single lesson. 
For average classes, however, four 
to five weeks are recommended as 
sufficient time for the chapter. Ob- 
viously, if your children are very 
slow, you may choose to spend 
slightly longer. Or, if you have a 
very able class, you may choose 
to work through this chapter in con- 
siderably less than four weeks. 


Evaluation 


Evaluation of children’s progress 
and achievement in a chapter like 
this is relatively simple. It is quite 
easy to determine whether or not 
the children are able to work with 
a given algorithm. To test whether 
or not they understand the algo- 
rithm is another matter. Naturally, 


we feel that it is extremely impor- 
tant for the children to understand 
the algorithms, and certainly, un- 
derstanding will lead toward mas- 
tery of any algorithm. We therefore 
Suggest that you try to evaluate 
understanding of the algorithms on 
a day-to-day basis, and conduct 
written tests to evaluate whether 
or not the children are actually 
able to perform the necessary com- 
putations. The children’s ability to 
work with word problems should, 
of course, be part of your consid- 
erations in evaluation. 

A considerable portion of the 
chapter is devoted to the division 
algorithm. However, please note 
that our general approach to the 
division algorithm centres on an 
understanding of the ideas and 
work with numbers, rather than 
emphasizing quotient and divisor 
figures. We therefore urge you to 
permit wide flexibility in the way 
the children work with these algo- 
rithms, especially the division al- 
gorithm. For example, some of the 
less able children may have mas- 
tered some of the simpler ideas of 
the division algorithm by making 
guesses for the quotient and sub- 
tracting certain multiples of the 
divisor until they find a remainder 
that is less than the divisor, and 
then adding their estimates to get 
the final quotient. It is better to al- 
low them to continue using this 
method than to force them into 
using a shortcut which they do not 
understand. The shortcut is of value 
only to children who can handle it. 
It should not be treated as some- 
thing to be memorized by all chil- 
dren. Such an approach would tend 
to frustrate and confuse the slower 
children, who may have gained 
some understanding of the simpler 
exercises involving the concepts. 
Therefore, be sure to treat short- 
cuts according to the abilities of 
the children. 


A chapter review is provided on 
pages 120 and 121, while pages 122 
and 123 offer a cumulative review. 
These pages may be used strictly 
for review or to evaluate children’s 
progress, as you see fit. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Maths Mini-lab, Card 50 (Selective 

Educational Equipment) 

[The following resources contain 
puzzles involving algorithms.] 
Mathex: Operations and Problem 

Solving No. 8 “A Subtraction 

Puzzle,” pupil page 16, Encyclo- 

paedia Britannica Publications 

eras 
Modern Math Games, pp. 46, 54- 

56, Fearon (Available from Clarke, 

Irwin) 

[ The following resources contain 
many investigations using pendu- 
lums. | 
Developmental Math Cards, K319, 

L27, Addison-Wesley 
Math Activity Cards, D30, Mac- 

millan 
Pendulums, McGraw-Hill Ryerson 


MANIPULATIVE DEVICES 


Pedometer and compass (Edmund 
Scientific; Math Media) 

Racemaster Stopwatch (Edmund 
Scientific: Math Media) 

SEE Calculator (Selective Educa- 
tional Equipment) 

Surveyor’s Chain (Selective Edu- 
cational Equipment) 

Thermometer (Edmund Scientific; 
Nasco) 


COMMERCIAL GAMES 


Equations (Creative Publications; 
Wtf ’N Proof) 

Math Match (Creative Publica- 
tions) 

Playing Card Number 
Whole Numbers (Heath) 


Games, 
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PAGES 84-85 
Objective 

Given addition and subtraction 
exercises, the child will be able to 
find the sums and differences by ap- 
plying standard addition and sub- 
traction algorithms. 


Preparation 

Lead the children in a short oral 
practice session on basic addition 
facts. For example, give them an 
opportunity to work mentally with 
finding sums of three or four |-digit 
numbers. Have children who are 
capable find the sums without pen- 
cil and paper. The children should 
attempt to hold partial sums in their 
heads as they add groups of 1|-digit 
numbers. If time permits, following 
this practice, review the fact that, 
in addition, because of the order 
and grouping principles, addends 
can be rearranged in any way that 
is convenient. 


Investigation 

This investigation consists of a 
short self-test which the children 
can correct themselves. Be careful 
to observe which children are fin- 
ished more quickly and which ones 
seem to have difficulty. For those 
who finish quickly, you might put 
the following “What’s My Rule” 
grid on the chalkboard. 











Challenge the children to find the 
missing numbers and express the 
rule for rows b and c in an equation. 


b=(2Xa)+1 
c= (3 Xia) 2 
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your own paper: 
Answers: 1. ic 
6. eg 


—2564 


Computing 


® How are your adding and subtracting skills? 


Use this code to grade 


59912 
6002 6002 
—2564 





84 





Discussion 

It would be helpful as a review to 
have one or two children explain 
their method of solving investiga- 
tion exercises 4 or 5, and 7 or 8. 
Many children will benefit from a 
careful discussion of exercise |. 
The key step is the regrouping step. 
In exercise 2, they should think, 
for investigation problem 9, that 
605 is the same as 59 tens and 
15. If necessary, provide other re- 
grouping problems for those who 
need reinforcement. Examples such 
as the following would be helpful: 


726 — 71 tens and 16 
812 — 80 tens and 12 


Investigating the Ideas 


Let’ Ss 3s check your adding and mele skills. 


Can you find the sums and differences 
above without missing more than one ? 





a= 0) He 2 er 4g — 6 
Dit td = Soy Orer tr as 
2. ONG 3. gfe 4. bcdf 


7. ebg 8. cff 9. cbj 


Discussing the Ideas 


1. If you missed the subtraction problem with two zeros, 
this flow chart may help you correct it. 






—2564 
3438 


Study the chart and correct your mistakes. 


2. Can you make a fiow chart for Investigation problem 9 ? 
See Discussion. 


2501 — 249 tens and 11 
7102 — 709 tens and 12 


709 tens and 12 may be re- 
grouped again to 69 hundreds, 19 
tens, and 12. 














1. If you need practice in adding and subtracting, find these 


sums or differences. 




















Using the Ideas 





Follow-up 

Magic squares intrigue children 
while providing them with addition 
and subtraction practice. Suggest 
that more capable children find the 
missing numbers in the following 








A § 2052 e208 6D Cuno dp 239 968° “5 6472 squar 5 
‘ . (Rows, columns, and diag- 
DI OS 698 446. «44875» 4/3869 So | } 
aaa see mae ee an eer onals should give the same sum.) 
ce 56 un 934 1 675 9» 562+ 78 + 843 + 7651 9134 
75 369 87 
+81 +548 +948 « 7659 + 8321 + 78 + 642\¢700 
212 Iss i710 
. 86 .m_ 80 n 96 Ose 65375 a) 9247 
—49 —52 —39 —415 —287 — 1638 
37 28 57 317 366 1609 
rk 906 s 5037 +t 8007 vu 562—37119! w 8076—1384c692 
—238 = Odd —5679 vy 6003—706 x 7000—2566744 
668 3338 2328 5297 


2. Give the number for the point above each letter. 


200 50 9 9 50 200 
away S/O NT CEN ENS oad S 
536 A B c F E D 195 
736 786 795 


536 545 595 








% 3. In each problem, some of the 
digits are covered with screens. 
In each exercise, give all 
possible digits that could be 


under the red screens. 





Solution, Think, page 85 








a 4illilll B Ol 
+3 ill il ll sl 
(ih MM 7,8 +h 
MWh Ml 20,1 
cia iil pool 
— Sill il — lO4 il 
i Ml os Ui Ul 











See Solution, TE. page 85. 


More practice, page A-5, Set 9 


85 








Using the Exercises 

Assign the exercises on page 85 
according to the needs of the group. 
With more capable groups, you 
might suggest that they time them- 
selves, or that they estimate their 
answers before they compute. With 
other groups, allow ample time 
for them to finish the assigned 
exercises: 

All would benefit from an ex- 
planation of the starred exercise by 
those children who did it. Point 
out that regrouping may or may not 
be involved. For example, the digit 
covered by the red screen in exer- 
cise 3A may be 7 or 8; in exercise 


3B, if there happened to be a 9 in 
each one’s place, the digit in the 
red screen might be | (of 21), or it 
might be 0 or 9. 


Assignments (page 85) 
Minimum: |. Average: 1, 2. 
Maximum: 1-3. 


Resources for Active Learning 

Discovery, Section I, Activity 4, 
pp. 4-6, Encyclopaedia Britan- 
nica Educational Corp. 

(See also, ‘‘Resources for Active 

Learning,” page 39, for magic 

squares and other curious prob- 

lems.) 


Duplicator Masters, page 11 
Workbook, page 25 
Skill Masters, page 11 


85 


PAGES 86-87 
Objective 

Given word problems, the child 
will be able to solve them by apply- 
ing the addition and subtraction 
algorithms. 


Preparation 

Mental chain games can provide a 
quick, basic review. Here are a few 
samples: 


“Start with 24... Add/7. . . Sub- 
tract 3...Add2...Subtract 10... 
What’s your answer?” (20) 

“Start with 35... Add 4. . . Sub- 
tract aL Add 2a subtract 
10... What’s your answer?” (20) 

“Start with 40... Subtract 9... 
Add fits SUDtTACthsG-.e Aad ls en 
Subtract 6... What's your an- 
swer?”’ (19) 

“Start with 6... Add 7... Sub- 
tract 8...Add9...Subtract 10... 
Add 11... What’s your answer?” 
(IS) 
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The Making of Canada 









Territory VI 
Labrador and 
Newfoundland 
(1949) 





Territory | 
Confederation (1867) 


Territory II 
Manitoba (1870) 

1. When Prince Edward Island northward in 1912. How 
entered Confederation, long had this area been a 
Territory | had been part of Confederation ? 
established for only six 5. In which territory is your 
years. In what year did province ? How long has it 
Prince Edward Island enter been a member of 
Confederation ?1873 Confederation ? 

2. How long after Territory | 6. In 1869, Canada bought the 
did the last territory, Northwest Territories. How 
eae VI, Sued long ago was that ?105 years 

OO Ek. we 7. In 1873, A. MacKenzie 

3. How long was it after 1873 became prime minister of 
before a new territory was Canada. He was 51 years 
added ?32 years old. He lived to the age of 

4. The provinces which formed 70. Give the year of his birth 
Territory 1 spread 45 years and the year of his death. !822; (892 


% 8. The Canadian Pacific Railway Co. was established in 1880 and 
inaugurated its first transcontinental railway 19 years after the 
signing of the British North America Act. How long had the 
Bo eclan Pacific been established at that time ?6 years 


Discussion manac. Encourage children to pur- 
Study the maps on pages 86 and _ sue such interest whether it seems 
87 with the children and give them related to mathematics or not. 
an opportunity to discuss the vari- 
ous facts presented on them. Point 
out that, although both are maps of 
Canada, they both contain differing, 
unrelated information. Explain that 
the information on them will be 
needed for the solutions of the prob- 
lems on each page. . 
Notice that exercises 8 and 9 
on page 86 are intended primarily 
for the faster children. Exercise 9 
might stimulate interest in other 
facts which can be found in an 
encyclopaedia, history book, or al- 


Follow-up 
If the children were successful with 
the magic squares in the follow-up 
for pages 84 and 85, duplicate 
a worksheet of either completed 
square, repeated several times. Use 
the same numbers in the same posi- 
tions. Ask the children to find 
“magic” patterns other than the 
row, column, and diagonal patterns, 
so that each group of four numbers 
has the magic sum for that square. 
See the examples in the accom- 
a. National Parks 4 panying illustrations. In some, the 
7 Z numbers are omitted to emphasize 
the patterns, but the children will 
have to experiment with the actual 
numbers to discover the patterns. 
From Cape Breton to Halifax 428 (km) Some classes have found as many 


From the Bay of Fundy to as 87 variations. 
Moncton 69 


1. Use the map and the chart to 
give the distance 
From Regina to Jasper National 
Park by way of Edmonton ?1|/40 km 
From Toronto to Mt. Riding by 
way of Winnipeg ? 2264 km 
From Montreal to the Cape Breton | from Mt. Ricing to Winnipeg 
Highlands by way of Halifax ?\604 km| From Banff to Calgary 
From Ottawa to Banff by way of From Jasper to Edmonton 
Calgary ?3661 km 
From Moncton to the Georgian Bay Islands by way of Toronto ?1742. Kin 
From Vancouver to Mt. Riding by way of Winnipeg ? 2177 km 
From St. John to the Thousand Islands by way of Toronto ?1240 Km 











From 1000 Islands to Toronto 





From Georgian Bay to Toronto 














. Make use of the map to indicate the shortest distance 
a From Vancouver to Georgian Bay.4583 Km 
s From St. John to Mt. Riding. 3769 km 
c From Winnipeg to the Bay of Fundy. 3680 km 


. Prepare a trip going from your home to one of the points on the map. 
Give the distance covered. 


87 





Using the Exercises 

For those who try starred exercise 
4, page 87, you may find it neces- 
sary to give the distance from your 
city to a particular point on the map 
such as Toronto or Regina, so that 
the children can plan their trip from 
there. Give them considerable leeway 
in planning their own trips and in 
deciding what route to take. How- 
ever, point out that you want them 
to restrict their plans to routes given 








on the map. Of course, you might Resources for Active Learning 

decide to deviate from this direction, Mathex: Operations and Problem 

but expect many variations if you do. . Solving No. 8, “Rallying Addi- 
Assignments (page 87) tion,” pupil pages 17-18, Ency- 
Minimum: |. Average: |, 2. clopaedia Britannica Publications 
Maximum: 1-4. Ltd. 
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PAGES 88-89 
Objective 

Given addition and subtraction 
problems using money notation, 
the child will be able to find the 
sums or differences. 


Preparation 

As a warm-up activity, you might 
put some problems on the board 
with screened-out digits and ask the 
children to explain what digits the 
screen could be replacing. For exam- 
ple, write: 











9x x Ox X 6x 
a ORX = 5% Sos =F 3K 
NII x x ill x x Illiilx 


(Answers, left to right: 3 or 2, 5 
or 4, 9 or 8) 


Investigation 

One way children might do this 
investigation would be to subtract 
an initial amount from one of the 
total amounts and split the differ- 
ence into two parts. For example, 
if an item of $1.79 was purchased 
as a part of a $5.20 purchase, two 
other items must total $3.41. En- 
courage children to work indepen- 
dently on this investigation. If some 
finish more quickly than others, 
suggest that they find prices of 
four items which might have been 
purchased with these amounts. 


88 


88 





Discussion 

Ask children to give the prices of 
their items as they discuss how to 
read both cash registers. Give them 
an opportunity to draw analogies 
between the old-fashioned cash 
register and the hands of a clock, 
and the way in which money is 
represented on the newer cash 
register. Use exercise 2 to discuss 
the total amount of a purchase, the 
amount of money used to purchase 
it, and the change returned to the 
buyer. It would be helpful to pre- 
sent other, similar examples. You 
might do so in chart form as shown 
in the next column. 


One of the first cash registers 


Investigating the Ideas 





Discussing the Ideas 


Items 
AQqi26 
SHS 

B 12.42 
7.43 


Cores 


99 


Can you give three items whose prices would add 


up to the total shown on each cash register ? 





Total 





@ Can you find money totals and differences? 








A modern cash register 


Answers 
will vary. 


See 
Investigation. 7 








1. Explain how to read the total amount on the old cash register. 
Small hand indicates $5 and large hand indicates 25¢, so total is $5.25. 
2. Modern cash registers show the amount for each purchase, the 


total amount, and how much change the buyer should receive. 
a Suppose a cash register rings up these 
two purchases. Explain how to find 
the total it would show. $13.78 
sB Explain how to find what the machine 
will show for your change if you pay 
with a 20-dollar bill.¢ 20-13. 78=$6.22 
c Explain how to find the amount of 
your purchase if this is the amount 
of change you get from a 10-dollar bill. 
$10,.00-821= $1.79 


OUI.) 
OOIE).312] 


Change: LILIs).(210) 





$ Given 
to Clerk Change 


S105 35u 21 view 
$20.00 


$10.00 


. Find the total amounts. 


A $2.98 B $9.82 c $5.68 
3.65 6.54 6.47 
7.82 Zo Ste: 


$14.45 $23.65 $22.13 


Using the Ideas 


pv $15.67 E $117.88 
83.47 654.92 
16.59 846.98 
$115.73 $1619.78 


. Find the differences in the amounts. 


a $5.67 B $4.82 e319;21 

2.91 3.46 12.59 

$2.16 $1.36 $ 6.62 
H $100.00 
1743) 16.98 37.98 


F $8.00 « $20.00 


p $765.42 E $9.37 
186.50 6.54 
$578.92 $2.83 

1 $10.00 J $5.00 
Ss .98 


$6.71 $ 3.02 $62.02 $9.25 $4.02 


3. Use dollar notation to write each amount. $0.50 | 
c 1298¢ $12.98 ; 


A 125¢ $1.25 


B 700¢ $7.00 p 95¢6$0.95 


Short Stories sone 4 


Had $12.53. 
Earned 5 dollars and 


a quarter. How much now ? $!7.78 


7 Had 10 dollars. Spent 3 dollars. 


2) Then spent $2.79. 





E 5¢$0.05 « 50¢ 
F 10¢$0.10 H 25¢ 
025 
Had 1 dollar 25 cents. 
Spent 79 cents. 
How much left ? $42 





How much left ? 15 dollars in the bank. 
$4.21 (za) a Withdrew $10.98. 
How much left in the bank ? 


(\0) 
* $27.35 in the bank. @ e 


$4.02 
(2) Had a quarter. 


Follow-up 

Children might be intrigued by the 
palindromic property of numbers. 
A number is “palindromic’’ if it 
reads the same from either end. 
For example, “11011” is palindrom- 
ic. If any number is chosen, the 
digits are reversed, and the numbers 
added, then the digits in the sum 
are reversed and added again, and 
the process is repeated, a palindrom- 
ic number will eventually occur as 
a sum. For the number, 158, a palin- 
dromic number will appear after 3 
steps. 





158 
+851 (reverse order and add) 
1009 
+ 9001 (reverse order and add) 
10010 


+01001 (reverse order and add) 
11011 


Other numbers which will give this 
same palindromic sum after three 
Steps are. 257: 3568-455. 594-6533 
752; 851; 950. You might chal- 
lenge some children to find num- 
bers which give a palindromic sum 
after only one or two steps, such 
as 3254. 


XQ Deposited $3.95. 


How much in the bank now ? 
$3).30 





‘g| Earned 50 cents. 
F Spent 35 cents. Resources for Active Learning 


How much left ?$ 0.40 Math Activity Cards, ‘‘Palin- 
dromes,” E39, Macmillan. 

Mathematics in Modules, WN19, 
Addison-Wesley. 


Had a dollar. 
Spent 49 cents. 
Lost a quarter. g Had 5 dollars. Spent $2.98. 

How eee, Earned $1.25. How much now ? $3.27 


89 

Duplicator Masters, page 12 
Workbook, page 26 

Skill Masters, page 12 





Using the Exercises 

Ask children to do the exercises. 
When they have finished, you might 
allow time to have several parts of 
exercises | and 2 put on the chalk- 
board. After these exercises have 
been explained, give the children 
an opportunity to discuss the Short 
Stories and how they were able to 
arrive at their answers. 


Assignments (page 89) 

Minimum: 1-3. Average: 1-3, and 
Short Stories. Maximum: |-3, and 
Short Stories. 
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PAGES 90-91 
Objective 

Given a multiplication problem 
with a 1-digit factor the child will 
be able to find the product. 





®@ How are your multiplying skills? 





Investigating the Ideas 


Let’s check your multiplying skills. 
Preparation 

Since this lesson is principally con- 
cerned with the child’s ability to 
use the multiplication algorithm 
rather than his skill with basic facts, 
a short practice with multiplication 





facts would be helpful. Use any Can you find these products witheuy Missin ygoueuem e 
suitable short oral drill for this aera : 
purpose. 

33 Use the code o 84t § 
Ti ectieauen n page o check your answers 


Answers: 3. bbei 


1. bjf °223the@! 4. ejgd_ 5. fdiac 


Again, children are presented with 
a small self-test which they can cor- 
rect on their own. For those who 
finish quickly, you might provide 
a “What’s My Rule” grid on the 
chalkboard: 





Discussing the Ideas 


1. Study the steps for multiplying 576 x 4 in the charts below. 
Then correct any mistakes you made in the Investigation. 








Ask children not only to fill in the 
blanks but also to try to write the 
rule in equation form. 
LRulés-.b:=A6eaa) -e.1. 

c=(9 <a 2]- 


You did the 
adding as you 
did each step. 


Multiply ones. Multiply tens and add tens from the ones step. Multiply hundveds and 
2. Explain each step of the shortcut shown in chart B. ada hundreds 
See above. from the tens’ step. 
90 





Discussion the flow charts in exercise |. Ex- 


90 


Have a few children present ex- 
amples from the investigation on 
the chalkboard. However, before 
discussing them, you might find it 
helpful to review the distributive 
principle by presenting examples 
such as 


3 x 56 = (3 x 50) + (3 X 6). 


Even though for larger products the 
use of the distributive principle is 
much more complex than in this 
illustration, the ideas are essen- 
tially the same. As you work 
through examples step by step, 
point out the use of the distributive 
principle. Carefully work through 


ample A should be stressed so that 
the children will clearly understand 
each step. It is hoped that children 
at this level will become proficient 
in the use of the shortcut method 
shown in example B. 





a 56 
x3 
168 


F 159 

x9 

1431 

K 392 

527) 

2744 
P 1326 
res 


3978 
. Find the product for a. Then give the product for b. 
a 6x84=4"* 60x 84= 65040 
B 7x53=a—> 70x 53=ba710 


a 48 
x70 
3360 





. Find the products. 
a 500 x 3\500e 800 x 6 


c 200 x 9\g006 600°x 9 A 
p 600 x 84800n 300'X4 | 2a5714 aoBe7l 


. Estimate the products. 
Then find the products 
and check your estimates. 


a 599 
x3 
1797 


. Find the products. 


Bi. c 59 bp 62 E 47 
x6 5 x8 x6 
432 295 496 282 
Gao20 H 527 1 806 J 564 
x6 xe) SH x4 
1968 1054 5642 2256 
t 564 m 306 n 530 o 654 
x8 x7 x9 x5 
AD\2 2142 4ATTO 3270 
a 5804 r 6001 s 7/643 

x6 x5 x8 

24 824 30005 61144 


37| 


. Find the products. 


B 63 c 5/7 p 69 
x 80 530 x 50 
5040 \7\¢e +O 


142 857 
: x5 





B 80/7 c 1087 Find the product. 
x6 x4 | Were ee correct ? 
4842 A348 z 


Using the Exercises 
Assign the exercises on page 91 as 
independent work. You might point 
out the relationships between the 
pairs of equations in exercise 2. 
The children should observe that 
since they can find 6 X 84, they can 
certainly find 60 x 84, for this prod- 
uct would be just ten times as great. 
When the children finish, help them 
resolve any points of difficulty. 
Encourage all the children to do 
the Think problem. Suggest also 


that they look for patterns in these 


products: 


142857 142857 
x8 x9 


c 6x 364= a>, 80 x 364 = yl 
pb 7x156=a - 70x 156= bel 


Find these products. 
— 142 857 


142 857 


Wri 285 BOT142 

hat pattern can you find in 
these products ? Guess what this 
product will be. 





See Using the he ae 





Using the Ideas 


2184 
10920 


E 846 F 562 
x 90 x 30 
614 


16 860 


142 857 
<3 x4 
571.428 


as) 


142 857 
Seu) 


94 


Some patterns for the Think prob- 


lem: 
[42857 <x 2285714 


142857 x 3 = 428571 


Gage) 


142857 x 4 = 571428 


Assignments (page 91) 
Minimum: 1, 3. Average: 
Maximum: 1-5. 





Follow-up 

Place the following multiplication 
problems on the chalkboard or on 
duplicated worksheets. (The prod- 
ucts are shown for your conve- 
nience.) 








102 564 128 205 153 846 
x 4 x 4 x 4 
(410 256) (512820) (615 384) 
179 487 205 128 230 769 
x 4 x 4 x4 
(717 948) (820512) (923 076) 


After the children have found the 
products, challenge them to try to 
see why the products are unusual 
and how they might have written 
the products without multiplying, 
once they see the pattern. Exam- 
ination of the products will reveal 
that the answers can be found by 
transposing the units’ digit to the 
hundred thousands’ place while 
“sliding” the original digits one 
place to the right. 


Resources for Active Learning 

Franklin Series: Making and Using 
Graphs and Nomographs, “No- 
mographs: Miultiplication with 
Whole Numbers,” pp. 71-72, 
Lyons and Carnahan. (Available 
from McGraw-Hill Ryerson) 
[The resources below deal with 

multiplication patterns. ] 

Experiments in Mathematics, Stage 
1, pp. 56-58, Houghton Mifflin. 
(Available from Thomas Nelson 
& Sons Ltd.) 

Mathex: Operations and Problem 
Solving No. 8, “Patterns in 
Multiplication,” pp. 8-12 (pupil 
pages 19-20), Encyclopaedia 
Britannica Publications Ltd. 

Nuffield Project: Computation and 
Structure 3, pp. 48-55, Wiley. 


Duplicator Masters, page 13 
Workbook, page 27 
Skill Masters, page 13 
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PAGES 92-93 
Objective 

Given two numbers whose nu- 
merals have at least 2 digits, the 
child will be able to find their prod- 


LG: 


Preparation 

To prepare for this lesson, use 
mental chain games to review basic 
multiplication facts: 


“Start with 54... Divide by 9... 
Multiply by 4... Divide by 8... 
What’s your answer?” (3) 

“Start with 63... Divide by 7... 
Multiply by 4... Subtract 1... 
Divide by 5... What’s your an- 
swer?” (7) 

“Start with 8... Multiply by 5... 
Add 2... Divide by 6... Multiply 
by 4... What’s your answer?” (28) 

“Start with 48... Divide by 8... 
Multiply by 5... Add 2... Divide 
by 8... What’s your answer?” (4) 


Investigation 

After the children have studied the 
explanation in their text, they 
should choose to use one of the 
methods shown. Encourage them 
to be able to give a reason as to 
why they chose the method they 
used. Since many sixth graders will 
be familiar with the multiplication 
algorithm, you may have many chil- 
dren who chose Nancy’s method. 
You might have those who finish 
early work the following problems, 
using their chosen method. 


36 X 75 (= 2700) 
28 X 56 (= 1568) 
49 x 72 (= 3528) 


D2 


| ® Can you multiply large numbers? 


Investigating the Ideas 


How do you find 38 x 47? Three students gave these methods. 


an you use one of these methods to find 26 x 34? 


hoices will vary. See Investigation. 


Discussing the Ideas 


. Why are Ted's and Nancy’s methods more useful than Jan’s ? 


They ore shorter and faster. 
. A Explain how Ted’s and Nancy’s methods are alike. 


B How do these methods use the distributive principle ? Discussion. 


. Study the flow chart and use it to find another product. ee ioe | 


Discussion 
Children should see that even 
though. multiplication can be 


thought of as repeated addition, 
Jan’s use of this method is clearly 
more tedious than Nancy’s algo- 
rithmic method. As you discuss 
exercise 2, be sure that the chil- 
dren see the relationship between 
finding each of these products a 
step at a time and the use of the 
distributive principle. They should 
observe that they begin by multi- 
plying 47 X< 8, then multiply 47 x 30, 
and then add these two products. 
In exercise 3, work through several 
examples using the flow chart. 
Point out the regrouping which is 





necessary in each step. For ex- 
ample, in the first step, the 5 tens 
in 56 must be added to the product 
8 x 40. 


47 
xX 38 
376 


Similarly, in the second step, the 
2 tens in 21 must be added to the 
product 30 X 40. Stress the method 
in exercise 3 according to the needs 
of your class. 











1. Find the products. 2. For each exercise, give the 
Reo) BUDO. 78 products for a and b. 
x 48 eM x35 
1728 1593 2730 Ra Gs 327 4962.5 4 6 er Bcc e2e 
papa 
Die2O mee o42 oF 647 Sat ce 200 
x 39 x 87 x 98 ie 40 x 391 =aine4o 
euecou eco O88 = poo xso1 ae 
156400 
ce 826 o 392 1 822 70 = 
MMe ich, ce7x 285-1995 > oot ee 
39648 25088 33702 199500 
3. Find the products. 
. ae 


4. Find the 


A 3084 
x 264 
\Ol376 
p 809 
ere T4 
660953 





products. 
B 462 c 5/0 
x 397 x 642 
163414 365940 
ERO125 e928 
x 256 x 407 
1568000 3/7696 


More practice, page A-5, Set 10 


Using the Exercises 

When you assign the exercises on 
page 93, call attention to the rea- 
soning in exercises 3 and 4. In ex- 
ercise 3, children should see quickly 
that they can find the products by 
simply adding a certain number of 
zeros to the first product. In exer- 
cise 4, the children should under- 
stand quickly that they can do each 
problem by thinking about only I- 
digit multipliers and adding a cer- 
tain number of zeros according to 
whether they are multiplying by a 


2-digit multiple of ten or a 3-digit 


multiple of ten. 
You might help children get 
started on the Think problem with 





Using the Ideas 


a3 





the following reasoning: “I know 
the ones’ digit in the multiplier has 
to be 1 because my first partial 
product is only a 3-digit number. If 
it were greater than 1, I would have 
a partial product that is a 4-digit 
number. If it were zero, I could not 
get a final product that is in the 
56 thousands.” 





Assignments (page 93) 
Minimum: 1, 3. Average: 1-3. 
Maximum: 1-4. 





Resources for Active Learning 

Mathematics in Modules, WN20, 
Addison-Wesley 

Mathex: Operations and Problem 
Solving No. 8, “The Russian 
Peasant’s Method,” p. 23, En- 
cyclopaedia Britannica Publica- 
tions Ltd. 


Duplicator Masters, page 14 


Workbook, page 28 
Skill Masters, page 14 
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PAGES 94-95 
Objective 

Given word problems requiring 
multiplication with a 2-digit fac- 
tor, the children will be able to 
solve them by using the multiplica- 
tion algorithm. 


Preparation 

To prepare for this lesson, you 
might give the children oral prac- 
tice in multiplication with multiples 
of ten. Or, briefly review any algo- 
rithms with which children had 
difficulty. 


94 





94 


Discussion 
Study the information accompany- 
ing the illustrations of the birds 
with the children. Keep in mind 
during this period that one of the 
chief values of a lesson such as 
this is the interest it creates among 
the children. By being exposed toa 
wide variety of experiences with 
word problems, the children will 
gain a greater appreciation of the 
many uses of arithmetic. 

Following a discussion of the 
factual information, have the chil- 
dren do the exercises. 

You should make certain the 
children see the footnote indicating 
that the records given are close 


ISERDS 


. Many modern jet aircraft fly as 


high as 11 000 metres. How 
much higher is this than the 
highest-flying goose 23000m 


. Some jet aircraft travel about 6 times 


as fast as the spine-tailed swift. 
How fast is this 710 20 Km/h 


. How many 5-cm hummingbirds 


would have to be laid end-to-end 
to reach across the 3.6-metre 
wingspread of the albatross ?72 


. One of the oldest men on record lived 


to be 113 years old. How much older 
is this than the “old” raven? 44 years 


. How many grams does the ostrich weigh ? 


136 0009 


. Each year the arctic tern migrates 


17 700 km each way from the 
Arctic to the Antarctic and back. 


How far would the tern travel in 6 years ? 
212 400 Km 





*All records given are approximations and subject to dispute. 


approximations and that they are 
not to be regarded as exact figures. 

Notice that exercises |] and 12 are 
starred, to denote that they are de- 
signed primarily as enrichment for 
the more able children. Although 
the actual work in these exercises is 
not too difficult, a chain of reason- 
ing is required which is a little more 
involved than that required by the 
other problems. For this reason, you 
may choose to have all the children 
attempt the problems, and certainly, 
you should try to have all the chil- 
dren participate in a discussion of 
the exercises, after everyone has had 
a chance to work on them. 





If an ostrich could run at his top speed 
for half an hour, how many metres would 
he travel ?32 500 m 


The largest flying bird weighs about 18 kg. 
It would take about 424 hummingbirds 
to weigh 1 kilogram. How many humming- 


birds would it take to weigh 18 kilograms ? 
7 632 


The canvasback duck flies about 48 km/h 
faster than the ostrich can run. How many 
metres does the duck fly in an hour ?1|3 000m 


. An ostrich egg weighs about 14 kg. A 
hummingbird egg weighs about 13 
milligrams. How many hummingbird eggs 
would it take to weigh as much as one 
ostrich egg ?1 000 O00 


. The penguin is a bird that does not fly. 
Some penguins can swim as fast as 32 km/h. 
How many metres per second is this ?8.8 mes 


. Sparrow eggs hatch in about 12 days. 

It takes 5 times that long for penguin eggs. 
Chicken eggs take 39 days less than penguin 
eggs. How much time does it take for 

penguin eggs and chicken eggs to hatch ?60; 2 


Penguin e995, GO days ; chicken eqgs, ZI days 





Assignments (pages 94-95) ———— 
Minimum: 1-9, oral. Average: 1-9. 
Maximum: 1-12. 


Follow-up 

If the interest of some children has 
been sparked by this lesson on 
birds, you may wish to extend the 
lesson by having the children do 
some research on birds. Graphs 
and charts that compare weights, 
wingspans, speed of flight, migra- 
tion distances, and other quantita- 
tive data concerning birds would be 
excellent extensions of the lesson. 
Encyclopaedias and bird books will 
provide some data. Try to find in- 
formation about the birds that are 
native to your locality. Your local 
Audubon society might prove very 
helpful in this respect. 


Resources for Active Learning 

Applied Mathematics Cards, 
“Weight,” Group 2/9; Group 
3/8, Schofield and Sims. (Avail- 
able from Mafex Associates) 

Math Activity Cards, ‘“‘Walking,” 
D28, Macmillan. 

Nuffield Project: Computation and 
Structure 3, “Multiplication with 
money .. .,” pp. 56-60, Wiley. 
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PAGES 96-97 
Objectives 

Given a number with an expo- 
nent (such as 3+), the child will be 
able to raise the base to the power 
given by the exponent. 

Given a product with a repeated 
factor (such as 3 <3'°X3 X 3)" the 
child will be able to express the 
product as a power with the correct 
base and exponent. 


Preparation 

To prepare for this lesson, you 
might ask the children if they can 
recall a shortcut for writing 10 x 10 
or 10 x 10 x 10. Remind them that 
10 x 10 = 102, 10 x 10 x 10 = 103, 
and so on. However, use only 
powers of ten, as the purpose of the 
investigation is to introduce the 
children to the._use of other bases 
with exponents. 


Investigation 

You might want the children to 
work with a partner as they try to 
figure out the main questions. Sug- 
gest to those who have difficulty 
that they use graph paper or cubes 
or both to help them find the 
squared and cubed numbers. How- 
ever, many will recognize the se- 
quence established by using 1, 2, 
and 3 as the base numbers. These 
children would also benefit from 
the use of graph paper and cubes 
so that the geometric expression of 
these numbers is clear. 


96 








Investigating the Ideas 


Can you find 3 more “square” numbers 
and 3 more “‘cube”’ numbers ? 





1. a How did you find the next 

three “square” numbers ? 

“cube” numbers ? See Discussion. 
2. Study this chart. Then write and read some symbols like these. 





96 





Discussion 

Use discussion exercise | to relate 
the geometric representations of 
these numbers to the _ phrases 
“square numbers” and “cubed 
numbers.” Carefully explain the 
chart in exercise 2 and relate it to 
exercise 3. Emphasize for the chil- 
dren that the exponent tells them 
how many times to take the base 
number as a factor. Thus, in 34, we 
use the base number 3 as a factor 
4 times: 3 X 3 X 3 X 3. Present ex- 
amples on the chalkboard to give 
children practice in reading them 
and in identifying both the base 
number and the exponent. Be sure 
to point out that 5° is read “5 


3. When we write 2°, the “3” is an exponent. It tells how many 
times the base 2 is used as a factor. What are the bases and 
exponents for the examples in the chart above ? 

Base 5, exponent 3; base 4,exponent 2; base 3, exponent 4 


@ Let's exp/ore exponents. 





Draw pictures 
for them. 


Answers may vary.Samoles are given above. 


Discussing the Ideas 


B Why do you think it is 
said that 3 squared is 9, 


and 2 cubed is 8? see 
Discussion: 


: 
| 





“4 squared 
iS: 1.6)7 


“3 to the 
fourth 
power is 81.” 





cubed,” but 54 is read “5 to the 
fourth power.” 


Using the Ideas 


. Give the missing words and numbers. 

3° means that 3 is used as a factor__?__times.2 32 = |jlll. 9 

4° means that 4 is used as a factor __? times. 3 43 = |], 64 
2° means that 2 is used as a factor __? _ times. 5 25 = jill, 32 
10* means that 10 is used as a factor _? __ times.410* = jill. 10000 


. Use an exponent to write each of the following. 

a 3x 3Answer: 3° dp4x4x4x44* 
Bee 2 20 10 x 10 410 x 10x10 10° 
c5x5x5 5° Foo xseo ae 3.x 3x 3x37 


. Give the missing numbers. Example: 6% = 36 
A 7*= |l49c 4° = |le+e 3* = [l8! « 5? = [l251 7? = iil 7 
B 2° = |i! 8 p 3? = [l9 & 2*= [ll !¢ wu 6% = i2iey 44 = 256 


. Give the correct number for each sentence. 
a lf a = 7, then a = (ll. +9 c lfm = 4, then m? = |. |\é 
B Jt x = 3, then.x> = |i, 27 po Ifr = 2, thens’ = (iil. \e 


. Mark T (true) or F (false). 
Amo” po s-5. E CHS =" <a/a 
Be eae ax 49T pb? = 125 T 


. Is 2'° more or less than 15 000 ? Guess. Then check your guess. 
More (2'%232 768) 





Using the Exercises 

Give the children an opportunity 
to do the exercises on their own. 
Some children might find exercise 
4 difficult, but explain that the letter 
simply represents the base number. 
Exercise 5 will require some com- 
putation; help the children see that 
they must do the multiplying care- 
fully to arrive at the correct an- 
swers. Starred exercise 6 will chal- 
lenge the more able children to 
multiply accurately. 


Assignments (page 97) 


Minimum: 1-3. Average: 1-5. 


Maximum: 1-6. 


Mathematics 

Repeated factors in a product can 
be expressed concisely by using 
exponents. The symbol 10! (a 
googol) means we must multiply 
the base, 10, by itself 100 times. 
This would involve writing | fol- 
lowed by 100 zeros. Clearly, the 
symbol 10! is a very convenient 
way of representing this large 
number. 

Some children may wonder what 
would be meant by an exponent of 
(). Although this exponent does not 
occur in this lesson, a reasonable 
explanation for symbols like 3°, 
10° is not difficult to make. When 
we multiply powers that have the 
same base, we can do this simply 
by adding the exponents. 


ie) 


Examples: 2? x 2? =23* 
32 > 31 — 3271 


= 23 
332 


~ 


Now consider 2° and suppose we 
must find the product 2? x 2°. 
Then, using the additive property 
for exponents illustrated above, we 
should have 

23 < 2° — 23+0 —_— 23. 

But, 2? x 1 = 2°. Therefore, we 
must conclude that 2°= 1. Using a 
similar argument, we can show that 
any non-zero number raised to the 
0 power must equal |. 


Resources for Active Learning 

Developmental Math Cards, 
‘Squaring Numbers,” L+8, Addi- 
son-Wesley. 


Workbook, page 29 
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PAGES 98-99 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented for cumulative review. 


Preparation 

To prepare for this lesson, you 
might review any concepts with 
which the children had previous 
difficulty. For example, give them 
practice in multiplying multiples of 
ten and dividing them by a |-digit 
divisor. However, choose your ex- 
amples so that the basic multiplica- 
ation facts are reviewed. 


98 


. Find the quotients. 
a 24—46 


c 54 = 96 
B 240 ~ 460p 540 ~ 9e0Fr 63 +729 


E 5400 ~— 9600g 6300 = 79001 420 = 670 
H 42 — 67 J 4200 ~ 670 


. Find the largest possible whole number for n. 


a nx 40 < 2436 
B mx 50 =< 3607 
c nx 80 < 3314 
bp n x 20 < 1618 


n x 70 < 4005 
nx 30/< 1003 
n x 40 < 3007 
n x 60 < 5008 


E Dx s0ea 2204 
F 1X00 =< 3/02 
e nx 40 < 3759 
H n x 90 < 7308 


. Find the largest multiple of 10 for n. 


aAnx 20 < 115050 
B n Xx 60 < 230030 
c n x 50 < 240040 


. Give the number for n. 


ce n x 80 < 370040 
H 1 x 90 < 5800co 
n x 70 < 610080 


p n x 30 < 128040 
—E n x 40 < 330080 
F nm.x'50 =< 2700sSe i 


A 3682 = (n x 100) + 82 36 
B 5823 = (n x 10) + 3582 
c 9176 = (nm x 100) + 7691 


. For each of the following equations, 
tell whether the solution is a1-, 2-, 


or 3-digit number. 

A mx35=S05bzZ 
nx 35=80503 
nx47=94) 
nx 47=9402 
nx 47=94003 





Discussion 

Page 98 is appropriate for inde- 
pendent work. When the children 
finish the exercises, help them 
check their work. In particular, 
point out the difference of place 
value in the answers for exercises 
2 and 3. Exercise 5 may serve as a 
basis for discussion since this is 
important background material for 
understanding the division algo- 
rithm. 

Encourage children to solve the 
Think problem by trial and error; 
no particular technique for solving 
these equations should be stressed. 
Instruct the children to check the 
two answers, 2 and 5%for the first 


nx 26=182 1 
nx 26=18202 
nx 76=684| 
nx 76=68402 
note 270208 


equation in the problem. Perform- 
ing this check will, perhaps, help 
them in deciding what numbers are 
solutions for equations 2 through 6. 




















* 


Melting point 
(from solid to liquid) 


Boiling point 
(from liquid to gas) 


The melting point of lead is 
1187C° cooler than that of 


iron. What is this melting point ? 3 
34e° 


AL, 


Mercury is liquid at room 
temperature. It has a 
melting point of ~38.8°C. 
How much does this differ from 
the melting point of ice ? 
38.8° 


much hotter is this than 
the melting point of ice ? 535° 


| hee melts at 1535°C. How 





The melting point of gold is 472C° 
less than the melting point of 












Average room 
temperature+22°C 





iron. Give this temperature. 1063° 


The melting point of paraffin is 
39C®° greater than average room 
temperature. What is it ? G\° 


Tungsten is used in light bulbs 
since it has a very high melting 
point. This melting point is 
about 153 times the average 
room temperature. PGs : 








{2 The boiling point of alcohol 
Wis 77.8°C. How much less is 
this than the boiling point 

of water ? 99 5° 





just as they have a melting 
point. Iron boils at a 
temperature that is 1465C° 
hotter than its melting point. 
What is the boiling point of 
iron ? (See exercise 1.) 399° 


vid Metals have a boiling point 


the difference between the melting 
and boiling points of mercury ?395,7° 





Using the Exercises 
Before assigning page 99, discuss 
with the children the meaning of 
melting point and boiling point. 
Explain that the melting point of a 
substance is the temperature at 
which the substance changes from 
solid to liquid and that the boiling 
point of a substance is the tempera- 
ture at which it changes from liquid 
to gas. Discuss the melting point 
and boiling point of water. 
Following this discussion, direct 
the children to do the exercises. 


Note that exercises 8 and 9 are . 


starred, because they actually con- 
cern ideas relating to negative num- 
bers. If the children should bring 


* 9 Mercury boils at 356.9°C. What is 
“<d 
x 


99 







this up themselves, compliment 
them, but continue discussing the 
solutions in terms of whole num- 
bers. 

In exercise 8, for example, since 
mercury melts at 38.8 degrees be- 
low zero and ice melts at 0 degrees, 
the children must add 38.8 and 0. 
The same thing applies for exer- 
cise 9. The point to note is that in 
other cases the children had to sub- 
tract in order to find the difference 
in temperatures, but in exercises 8 
and 9 they must add. 


Follow-up 
If children are interested in the 
topic of melting and boiling points, 
encourage them to do some related 
research. For example, ask them 
to find out about the characteristics 
of water as it changes phases —for 
instance, what happens to a full jar 
of water when it freezes. (Since 
water, unlike most liquids, expands 
upon freezing, the jar will break.) 
Other children might like to find 
out the melting points of various 
substances, such as paraffin, or the 
boiling point of alcohol. However, 
if children want to experiment with 
these materials make sure labora- 
tory safety procedures are fol- 
lowed. Unless your science pro- 
gram coincides with such activity, 
you might limit their research to 
using reference materials. 


Resources for Active Learning 
Teaching Aids for Elementary 
Mathematics, pp. 80, 84, 88, 
Holt, Rinehart and Winston 
[Cross-number puzzles]. 
Applied Mathematics Cards, 
Group 2/26; Group 3/30, Scho- 
field and Sims [Temperature]. 
(Available from Mafex Associates) 
Measure and Find Out, Book 1, 
Activities 20; 212.923." Booka, 
1/6, Scott Foresman [Tempera- 
ture ]. (Available from Gage 
Educational Publishing Ltd.) 
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PAGES 100-101 
Objective 

Given a dividend and a single- 
digit divisor, the child will be able 
to find the quotient. 


Preparation 

It would be helpful to review divi- 
sion as the inverse of multiplica- 
tion. For example, give two single- 
digit numbers and have the children 
give the product and a related divi- 
sion equation. Stress speed as well 
as accuracy, and keep the prepara- 
tion brief. 


Investigation 

Children should work indepen- 
dently on this investigation, solving 
and then checking their own work. 
Since children will finish at differ- 
ent rates, you might put the follow- 
ing message in code on the chalk- 
board for those who finish quickly: 








ona Des SSS 3. 9) 261 
4. 5) 1935 5. 7) 301 

2 = ie, 3 3,4=5,5 =i), 7/=6 

SAG 9 — a: 


(If the problems are done correctly 
and in the proper order, the quo- 
tients will yield the message Math 
Masters.) 

Make sure children decipher the 
code for the investigation problems 
correctly so that they can recog- 
nize any errors. When all have 
finished, you might have a child put 
the numerical answers on the chalk- 
board. 


100 


7 


1.4 9)63 


Answers 4i5 da 





Discussion 
Review the meaning of the terms 
quotient, divisor, and dividend. As 
you discuss exercise 1, you might 
write the example on the chalk- 
board and work through it step by 
step. Point out that longer methods 
of subtracting multiples of a divisor 
are possible, but stress the effi- 
ciency of the method shown in the 
text. . 
As you discuss exercise 2, em- 
phasize that for this shortcut meth- 
od they follow the same steps of 
estimating, multiplying, and sub- 
tracting as used in exercise 1, but 
they do the computation mentally, 
writing only the remainders. Have 


_24 
2. 4)96 


without missing more than one ? 





1. This example shows that to find 

the quotient (726), you have to 
find the greatest number of times 
the divisor (6) can be subtracted 
from the dividend (4359). 
a How many sixes were subtracted 

soo the first time ? How many in all ?726 
sp What was the remainder ?3 = 
c Can you describe another way this 


quotient might have been found ? 

See Discussion. ay ‘ 

2. This flow chart shows a way (called “short division’) to find 
the quotient when the divisor is less than 10. Explain how 


to use this method to find one of the quotients above. sce 
Discussion. 


@ How are your dividing skills? 


Investigating the Ideas 


851 
4. 9)7659 





Can you find the quotients above 


Use the code on page 84 to check your answers. 
5. gfb, Rb 


2. ce 3. gd 4. ifb 


Discussing the Ideas 





159 


39 





volunteers use this method for the 
problems in the investigation. Be 
sure children understand that this 
method is optional; do not stress 
its use if it is confusing to them. 
However, children who are able 
should try to use the shortcut. 


Let’s check your dividing skills when the divisor has 1 digit. 


651 RI 
5. 8)5209 


See Investigation. 








726 * B=) 
6) 4359 


—4200 <— 700 x 6 


—120< 20x 6 


—36< 6x6 








Resources for Active Learning 


Using the Ideas Nuffield Project: Computation and 
Structure 3, “Simple Sharing,” 
Study this example. Then find the quotients and remainders pp. 61-64, Wiley. 


below. Check your work. 





Duplicator Masters, page 15 
Workbook, page 30 


Think about LF 
Think about tens: There are 11649 Skill Masters, page 15 
hundreds: 0 eights in 4. 


16% S)—r2 The remainder is 4. 





Think about 
ones: 49 — 8 
Quotient, 6 
Remainder, 1 








v=) 


. 5)755 


TOSR2 
me} O321 6. 8)5642 
869 R2 833R2 
. 4)3478 10. 8)6666 
6645R2 726Z2R5 
. 9)65363 £15. . 4)607 


5325R3 lO'ITRZ 
. 8)42603  =19. . 6)60 704 





Using the Exercises 
With some groups of children, you 
will want to use the material at the 
top of page 101 as a basis for fur- 
ther discussion. If children are to 
check their answers, they must 
understand how to treat a remain- 
der. Encourage those who are able, 
to use the shortcut method, but 
allow sufficient time for those who 
find one of the longer methods more 
suitable. 

Children will probably enjoy the 
Think problem. 


Assignments (page 101) 
Minimum: 1-8. Average: 1-15. 
Maximum: 1-20. 
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PAGES 102-103 
Objective 

Given a 3-digit dividend and a 
2-digit divisor, the child will be 
able to find the quotient. 


Preparation 

To prepare for this lesson, conduct 
an oral review of multiplying using 
multiples of 10. You might include 
in the review multiples used in 
the inequalities. For example, say 
something such as, what multiple 
of 10 X 6 < 485, or what multiple 
of 10 X 8 = 372. Remind the chil- 
dren that the symbol “S” is read 
is less than or equal to. 


Investigation 

It is intended that children work 
on this investigation independently. 
Be sure they understand how to 
follow the flow chart, particularly 
the step concerning what they 
should do if their product was not 
203. You might suggest to those 
who finish quickly that they follow 
the same rules (except the last) for 
the problem 29) 261 or 29) 145. 
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_ ARIA 
3. 28)126 
BRIO 
31)267 


Can you follow the flow chart 
and find the quotient ? 7 


Discussing the Ideas 


1. How many estimates did you make before 


you found the quotient above ? 
See Discussion. 


2. Find the largest number for rn in the 
diagram. Explain why 30 was used in 
this estimation. What is the remainder ? !! 


® Let’s exp/ore divisors less than 100. 


Investigating the Ideas 














28 





29) 243 
—232 
ARI _4R22 ut SRI 
27)126 26)126 25)126 
BRII BR3 7R2 
32) 267 33)267 34) 267 


Since 30 is ‘‘close’’ to each of the divisors above, we usually 
use 30 to help estimate quotients in problems such as these. 


Explain how 30 is used to estimate the quotients above. 
Find each quotient and remainder. Explain your work. 


State a general rule for choosing multiples of 10 to use 
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Discussion 


Use discussion exercise | to elicit 
the children’s explanation of what 
they did in the investigation. As 
you discuss exercise 2, point out 
that in the investigation the guesses 
they made for the number of twen- 
ty-nines in 203 were more or less 
random guesses; whereas, in exer- 
cise 2, by using 30 as a trial divisor 
and finding that the largest number 
of thirties in 243 is 8, they can 
arrive at a good estimate for the 
number of twenty-nines in 243. 
(The discussion exercises should 
show that this method of estimat- 
ing the quotient, while not absolute- 
ly foolproof, is a helpful shortcut.) 


in estimating quotients. see Discussion. 


When you go on to discussion 
exercise 3, point out that for a num- 
ber ending in 5, they should round 
up. Note also that, in 126+ 25, 
rounding up to 30 gives an estimate 
that is too small. Observe that, in 
the last example in exercise 2 
(267 + 34), the estimate is too large 
if we round down to 30. The gen- 
eral rule that the children should 
state for exercise 4 is that, when 
rounding a 2-digit divisor, we round 
up if the ones’ digit is 5, 6, 7, 8, or 
9, and we round down if it is 1, 2, 3, 
or 4. 





Using the Ideas 


. Find the number for n. Then use this estimate to help you 
find the quotient. 


. Find the quotients and remainders. Check your work. 
5 R34 7R2 BR4+ 
B 35)247 Cm0).A24. 
BR4Z2 ors 
77)658 c 76)692 
8R5| 5RIS 
52)467 
RIS 


. Find the divisor for each exercise. The quotient is given. 


A HP B 94 Cc 42 D 59 eE 504 
9 Ii)648 @ Ill) 564 7 Ii) 294 3 lil)177 | Ill) 504 


. For each exercise, find one 
number that can serve as 
both quotient and divisor. 


10 2. 
il il 


A B 


10 ill) 100 12 iii) 144 


ZO) oO 
rn | en | 
20 Mll)400 30) 900 


E i i F fii 


15 Wih)225 25 Tii)625 





Over 41 “Mercury years” old 


More practice, page A-6, Set 17 





Using the Exercises 

With some groups, you will want to 
work through several of the exer- 
cises on page 103 together. With 
more able children, assign these 
exercises as independent work, and 
have them explain exercise | when 
they have finished. In either case, 
help the children see that the esti- 
mate found by using 40 in place of 
38 in part A turns out to be correct. 
In part B, when we round 64 down 
to 60 to get our estimate, the quo- 
tient is too large. And in part C, 


when we round 26 to to 30 to ar- 


rive at the estimate, the estimate 
turns out to be too small. Empha- 
size that, even though we arrive at 
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a quotient which is either too small 
or too large, we are still able to 
make a fairly good estimate and 
that we will, more often than not, 
arrive at the correct quotient. 

To solve the Think problem, it is 
necessary first to figure out how 
many days old a ten-year-old is 
and then divide by 88 to determine 
how many “Mercury years” this 
is. The children will probably be 
amused by this since a child 10 
years old on earth would be 41 
“Mercury years” old. 


Assignments (page 103) 
Minimum: 1-2H. Average: I-3. 
Maximum: 1-4. 


Follow-up 
Reconstruction problems might be 
used both for those children who 
had difficulty with this lesson and 
for faster children. 

For those who found this lesson 
difficult, suggest that they find the 
missing numbers in these problems. 


15)84 22)164 84)637 
Till Lia ill 8 
9 1 0 49 


For those who were able to do 
starred exercise 4, suggest that they 
try to find one number that can 
serve as both quotient and divisor 
in the following problems. (An- 
swers are in parentheses.) 


(133 (27) (18) 
) 169 ) 729 ) 324 


Resources for Active Learning 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
““Nomographs and_ Division,” 
pp. 79-81, Lyons and Carnahan. 
(Available from McGraw-Hill 
Ryerson) 


Duplicator Masters, page 16 
Workbook, page 31 
Skill Masters, page 16 
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ee 














PAGES 104-105 : 
Given a division problem which - 

has a 2-digit divisor and a 2-digit Investigating the Ideas 

quotient, the child will be able to ——______— 

find the 2-digit quotient by estimat- Be hh 4 

ing and using the long division 

algorithm. 


Preparation 

To prepare for this lesson, it would 
be helpful to review inequalities 
with multiples of 10. For example, 
write the following on the chalk- 
board and ask children to give the 
largest multiple of 10 which could 
replace n in each: 


Find the largest multiple of 10 for a. ©° 
Then find the largest single-digit number for b. + 


Can you use this information and 
y Rete Record your work. 


find the quotient for 2752 + 43? |see Investigation. 


Discussin the Id 
n X20 < 554 e Discussonen 
noes 3251 1. ine did you use the information above to find the quotient ? 
n X 50 S 3875 
n X 30 < 1062 2. If you become skillful in estimating 


nex, / 035763 


Investigation 

Although some children will have 
difficulty in estimating quotients 
and shortening their long division 
work, this investigation attempts to 
help children realize that proper 


quotients, you will be able to find 


quotients more easily. Study the example. _/ 
To find the quotient for 3990 = 58, think ee 
aye) hee) 0) 


What is the largest multiple of 10 — 3480 
that will make the sentence true ? co 
Explain how the number you found in 
part a is used in step 1 of the example. 
use of estimation is the most effi- 


To find 510 =~ 58 and complete" 
cient way of reducing the number the dividing, think 


of steps in solving a division prob- What i 68 
at is the largest number that 
lem. You might want some groups g 58) ) 3990 


faa f will make the sentence true ? © 60) 
of children to work on this investi- exon th b —3480 
gation with one or two other class- Me MEL IRE SSL Ae18 we510) 


mates. However, if the children 
have had a good foundation in esti- 
mating, you might prefer to have 
them work independently. As chil- 
dren work on the problem, you 
might want to remind them that the 
basic process of subtracting groups 
of the divisor still applies; the infor- 
mation gained from the inequalities 
should simply make that method 
easier. 
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found in part b is used in 


step 2 to complete the dividing. 


Discussion 

Encourage several children to give 
their explanations for exercise 1. 
Stress with the children the con- 
venience of making accurate esti- 
mates. Note that in Step | of the 
example in exercise 2, the quotient 
figures are not written in correct 
place-value positions above the 
dividend. That is, in Step 1, we did 
not write 6 above the 9 in the tens’ 
place in the division box. Rather, 
we estimated that there are as many 
as 60 fifty-eights in 3990, and wrote 
60 out to the side. Then we esti- 
mated 8 more multiples of 58 and 
wrote 8 out to the side. After sub- 
tracting, we finally added 60 and 


68 R46 


8 to get 68 as the quotient, with a 
remainder of 46. 

The main point here is that we 
first made an accurate estimate of 
60, and then we subtracted 60 
fifty-eights. Finally, we estimated 
8 more fifty-eights and subtracted 
to get a remainder which is less 
than 58. We reemphasize that we 
were not working with quotient 
figures but, rather, were thinking of 
the underlying division concepts. 
When shortcut methods are intro- 
duced, we will write the 6 on top of 
the division box in our first step. 

Use other examples to help chil- 
dren see how to find the quotient 
after estimating the first multiple. 


sau (8) 


What are the quotient and remainder ? Check your ee 





Using the Ideas 


1. When you estimate quotients, you will find that your estimate 
does not always give the correct number. Often your estimate 
will be too large, and you will have to choose a smaller number 
and try again. Other times your estimate will be too small, and 
you will have to subtract an extra time. Each of these cases is 
illustrated in the examples below. In each exercise, find the 
largest multiple of 10 for n. Then use this estimate and find 
the quotient. 


. Find the quotients and remainders. Check your work. 


87 RIT 
a 19)1670 
E 52)835 F 17)554 
ne ite _ 67R5 
1 31)2863 J 13)876 


[LR2Z2S 


m 79)894 


—_13R3! 
B 35)2586 


IG@RS 3ZRIO 


9ZRII 


132 ao 
12)158 


JARs __5OR7 
o 85)6550 p 18)907 


T7RS 


. Find the quotients 
-and remainders. 


c 80)700 H 


1989 ZIRI3 
3)5967 J 16)349 


|IG@RZO 


B 30)500 
8888R8 

p 9)80,000 f 
32750 

F 8)30,000 
5OR8 

11)558 


More practice, page A-6, Set 12 





Using the Exercises 
Before assigning the exercises on 
page 105, use exercise | to empha- 
size the fact that, even though 
rounding the divisor and finding an 
estimate of how many times it is 
contained in the dividend will not 
always yield the best estimate, it 
is certainly a tremendous help. 
Encourage the children to use a 
trial-and-error approach to the 
Think problem. The children may 
want to try six seconds, seven sec- 
onds, and so on, in order to arrive 
at a height that is close to 176.4 


metres. (Many inaccuracies occur in 


a problem such as this because of 
wind resistance, but they need not 


c 43)3000 


78R5 


k 16)1253 


be pointed out or discussed unless 
the children raise the point.) 


Assignments (page 105) 
Minimum: 1-2H. Average: 1, 2. 
Maximum: 1-3. 


Resources for Active Learning 

Franklin Series: Making and Using 
Graphs and Nomographs, pp. 
83-86, Lyons and Carnahan | 
[Estimating products and miss- 
ing factors]. (Available from 
McGraw-Hill Ryerson) 





Duplicator Masters, page 17 
Skill Masters, page 17 
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PAGES 106-107 
Objective 

Given a list of numbers, the child 
will be able to find their arithmetic 
mean or average. 


Preparation 

If you choose to use a preparation 
for this lesson, you might give the 
children some mental chain games 
such as the following: 


“Start with 8... Add 7... Divide 
by 3... Multiply by 6...Add2... 
Divide by 4... What’s your an- 
swer?’’ (8) 

“Start with 9... Add 5... Divide 
by 2... Multiply by 8... Subtract 
2... Divide by 9... What’s your 
answer?” (6) 

“Start with 40... Divide by S... 
Add 2... Multiply by 13... What’s 
your answer?” (130) 

estane with 15... Add 5:3. Di- 


vides DY =)... Multiply, by, 6.4: 
Divide by 3... What’s your an- 
swer?”’ (8) 


You might also give children a 
chance to practice adding three and 
four numbers mentally. For ex- 
ample, say: 


“Add: 5 plus 9, plus 7, plus 3. 
What’s your sum?” (24) 

“Add: 7 plus 6, plus 5, plus 4. 
What’s your sum?” (22) 

‘““Add: 8 plus 7, plus 9, plus 6. 
What’s your sum?” (30) 


Investigation 

Before children begin the investiga- 
tion, be sure they see how the sub- 
stitution that was made in example 
A did not change the sum, 21. For 
those who find the substitutions 
quickly, you might write a few 
more lists, such as the following, on 
the chalkboard: 


Oa Ute? 
A+5+6=18 
ee ee: 
¥+W+R=27 


Soe i 


D+Hi+h= 66 
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® Can you compute the average? 


Investigating the Ideas 


. The chalkboard shows Tom’s work 





In example a, when 7 is substituted for each 
addend, the sum is the same as before. 


Can you find a number that will substitute for each addend 


and give the same sum for each of the other examples ? 
See above. 





Discussing the Ideas 


1 


Since 7 will substitute for each addend and give the same sum 
in example a, we Say that 7 is the average (or arithmetic 
mean) of 4, 8, and 9. How did you find the average of 20, 

24, 32, and 36 ? See Discussion. 


. Give the missing words. Then give an example to explain 


what the following sentence means. To find the arithmetic 
mean of a set of numbers, divide the __? __ of the numbers Sum 
by the __? __ of addends. number 


in finding the arithmetic mean 

of 4 numbers. 

a If you substitute 7 for each addend, 
will the sum be the same ? No 

Bs Can any other whole number be substituted for each addend 

No to give a sum closer to 29 ? We say that the arithmetic mean 
of 5, 9, 8, and 7 is 7 (to the nearest whole number). 
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Discussion 


The average, or arithmetic mean, 
of a set of numbers may be thought 
of as a single number that ‘‘repre- 
sents’ the numbers in the set. Al- 
though children might have found 
the averages of the sets of numbers 
in the investigation by examination, 
use examples to develop the gen- 
eralization treated in discussion 
exercise 2. For example, use some 
addends and sums from the inves- 
tigation (such as 20 + 24+ 32 + 36 
= 112) and have volunteers explain 
that to find the average they may 
simply divide 112 by 4, since the 
number of addends was 4. 

In the discussion of the work in 


4. Explain how to find the average of 9, 4, 7, 8, and 5 
(to the nearest whole number). 
33+5=0R3, so average is 7 (to the nearest whole number). 


exercise 3, be sure to emphasize 
for the children that we can actually 
work with arithmetic mean (aver- 
age) even though the quotient does 
not have a zero remainder. For a 
given set of numbers, we can find 
the arithmetic mean to the nearest 
whole number. 





Follow-up 

Using the Ideas Although the children can practice 
averaging spelling scores. and 
Sports Stories grades, they might prefer games 
that offer especially good oppor- 
‘Score Card tunities for finding averages. A 


1. Jack played 9 holes of golf. owe eee hehe wetter eee tnt 
a What was his total score ? 45 score Wee) AB he ae nae the numerals | through 12 at ran- 

p What was his average dom on the back edge of each sec- 
score for each hole ? S tion, so that they are visible from 
about 10 m away. Supply each play- 
er with 6 bottle caps, wooden beads, 





2. Nancy and Carol each bowled or (when they become more adept) 
three games. table-tennis balls to toss at the car- 
A Find Nancy’s total score. 357 ton, and an index card for score- 
B Find Nancy’s average score. \i9 keeping. Ask each player to find 
c Find Carol's total score. 333 his average score per round and 
p Find Carol's average score. |\\ then his best round per game. 
If you have four games being 
3. Joe read that a player on the Montreal cz» =f played simultaneously, the teams 
Expos baseball team averaged one hit ‘NI t can compare team scores and deter- 
for every three times at bat. If he was mine high and low individual aver- 
at bat 294 times, how many hits did ee ages and high and low team scores. 


he make ? gy \ : If interest is keen, allow the chil- 
dren to play the game several times 
and keep cumulative averages. 


. What is the average score 30 Resources for Active Learning 
for the arrows on the | LS Mathematics in Modules, $2, Addi- 
archery target ? 2@ Po he son-Wesley. 

ea Mathex: Graphing and Probability 
No. 6, “Statistics,” pp. 26-29, 
Encyclopaedia Britannica Publi- 

B Find the opponents’ cations Ltd. 
average score to the 
nearest whole point. 47 


5. a Find the average score for the home team. 54 


Workbook, page 32 
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Using the Exercises 
Before assigning the exercises on 
page 107, give the children an op- 
portunity to discuss the various 
score cards. Following this dis- 
cussion, have the children do the 
exercises. When they have finished, 
allow time for further discussion 
of scores and for checking papers. 
As an extension of this set of 
word problems, you might find it 
helpful to provide the children with 
additional practice in finding the 
average of a given set of numbers 


to the nearest whole number. 
Assignments (page 107) 
Minimum: 1-3, oral. Average: 1-5. 


Maximum: 1-5. 
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PAGES 108-109 
Objective 

Given problems based on infor- 
mation in accompanying charts, 
the child will be able to interpret 
the information on the chart and 
solve the problems by applying his 
knowledge of the basic operations. 


Solving Story Problems 


The sea contains millions 

of cubic kilometres of water. 
This water contains billions 
of plants and animals and 
tons of minerals. The sea 

is one of the great natural 
resources for water, food, 
power, and valuable minerals. 


178 154 000 
81 631 000 
73 414 000 
14 838 000 
14 084 000 


Pacific 
Atlantic 
Indian 
Antarctic 
Arctic 


Preparation 

For these pages, no preparation 
period is necessary. You might re- 
fer immediately to the presentation 
in the text. 





. How many square kilometres 
larger is the Antarctic Ocean 


than the Arctic Ocean ? 
754 000 


2. The total area of Earth’s surface is 509 903 500 square kilometres. 
Use the table above to find the total surface area covered 
by oceans. About how many square kilometres of Earth’s surface 
is covered by land 7147 782 500 


. Sailors used to measure the depth 
of the ocean by dropping a weighted 
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rope overboard. As they pulled it 
up, they measured by using their 
outstretched arms as a unit. 


The unit was about 1.8 metres long and was called a fathom. 


a The deepest part of the ocean is 10.8 kilometres. 
How many fathoms ?6 000 


es Thesea is 4.14 km deep at the North Pole. How many tathoms 
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Discussion 

Read and study the material at the 
top of the page with the children. 
Encourage them to discuss the 
various facts presented here. Fol- 
lowing this discussion, assign the 
exercises. 

Notice that all the basic opera- 
tions and the concept of averages 
are treated on this page. You might 
write some problem-solving guide- 
lines on the chalkboard for children 
who find problems difficult: 

What do I know? (What informa- 
tion is given in the problem or 
chart?) 

What must I find? (Difference? 
How many times as... .? Average?) 





What do I do? (What operation 
Or Operations are necessary: add? 
subtract? multiply? divide?) 

Does my answer make sense? 
(Reread the problem; does this 
answer really answer the question 
in the problem?) 

Children will benefit from a dis- 
cussion of their solutions. Also, 
keep in mind as the children do 
these exercises that an important 
part of a lesson like this is the inter- 
est which it may stimulate. Encour- 
age the children to discuss the 
various ideas in each of the prob- 
lems and, perhaps, to do additional 
research on their own to find out 
other facts about the oceans. 


| 
| 








4. A device called a bathythermograph 
is used to record underwater 
temperatures. The chart shows 
temperatures recorded every 180 
metres in a certain spot in the ocean. 
At greater depths the temperature 
usually stays about the same, 
from O° to 1.7°C. Give the average 
of. the temperatures in the table 


earest whole number) 





5. Acubic metre of sea water contains about 20.7 kilograms of 
salt. Salt is often purchased in 750-gram containers. How 
many of these containers could be filled with the salt from a 
cubic metre of sea water ? 27.6 or 27% containers 





A cubic kilometre of sea water contains 
about 12.6 kilograms of gold. 
a How many cubic kilometres of 


*B 


6. Waves as high as 34.2 metres have 
been reported on the ‘‘high seas.”’ If 
each floor of a building is 4.2 m tall, 
the wave would be as tall as a building 
with how many floors 28 





water would be needed to have 
5292 kilograms of gold ?420 kn’ 
1 kg of gold will make a thin 

wire about 3500 km long. The 
distance around the earth is 

40 068 km. With the gold from 

1 cubic kilometre of sea water, 
how many kilometres of wire 
would you have left after you 
wrapped it around the earth once ? 4 032 Km 





Assignments (pages 108-109) ——— 
Minimum: 1-4, oral. 
Average: 1-7A. Maximum: 1-7. 


Follow-up 

A good way to follow up this lesson 
would be to have the children write 
some story problems of their own. 
For example, you might have them 
write some story problems using 
the information given in the chart 
for exercise 4, or you might have 
some children look up some addi- 
tional information concerning the 
oceans and use it as the basis for 
writing their own story problems. 


Duplicator Masters, pages 18, 19 
Skill Masters, page 18 
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PAGES 110-111 
Objective 

Given a division problem which 
has a 2-digit divisor, the child will 
be able to find the quotient by using 
the long division algorithm. 


Preparation 

To prepare for this lesson, you 
might work through a few division 
problems with a single-digit quo- 
tient. For example, ask a volunteer 
to solve a problem such as 42) 148. 
You might also review rounding 
2-digit numerals to the nearest 
multiple of ten. 


Investigation 

The purpose of this investigation 1s 
to help children relate the three 
problems with single-digit quotients 
to the longer problem with the I- 
digit quotient. Move around the 
room, observing the children as 
they work and, if necessary, hint 
that they should look at the first 
three digits of the larger dividend, 
and then at the dividend of prob- 
lem A. For those who finish quick- 
ly, -you might suggest another 
problem, such as 68) 45 726. You 
might also suggest that they check 
each of the problems in the inves- 
tigation. 
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® Let's explore some shortcuts. 


Investigating the Ideas 


[a] 5R30 


BR34 













TR3t+ [c] 





Find each of these single-digit quotients and the remainders. 






Can you use the quotients you found above 
to help you find the quotient for 39)22576 ? | 2’ 854 


Discussing the Ideas 


1. How did you use the one-digit quotients to find the larger 
quotient in the Investigation ? See Discussion. 


2. You can find any quotient, no matter how large, by finding 
the one-digit quotients for a series of simpler problems. 
Study this example. 





a Which three “‘simpler’’ division problems were 53, 
solved in order to find the quotient 13 038 + 53 22435 S3, 
Bp Why are the steps in the example labelled ‘ ‘dividing 


hundreds,”’ “‘dividing tens,’’ and ‘‘dividing ones” ? : 


Because in Step A A, or oe le, we are actually 
59)43 





dividi 
3. Itis important to bea 16 to 4 find one-digit 


quotients quickly. Explain how the heavy black 


numerals can help you estimate the quotient. 
See Discussion. 


7R2Z3 





Oo 
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Discussion 3. Dividing ones 

Use exercise 1 to have volunteers 578 

explain what they did in the inves- 39) 22576 

tigation. It would be helpful to use —=1'9 5 

an overhead projector while dis- 307 

cussing the problem. Relate each seat at ke 

of the single-digit quotient prob- 346 

lems to the following steps: my 182 : 
34 





ret igine Aybiicing It might help to accompany the dis- 
hundreds tens ‘ ‘ : : 

cussion of this exercise with an 

5 ~e/ exercise using the long method, in 

39) 22576 39) 22576. which the children write the quo- 

is =1.95 tient at the side. Work through ex- 

30 307 ercise 2 similarly. Use exercise 3 


soar ars to stress the importance of estimat- 
34 ing to find single-digit quotients. 





1. Use the heavy black numerals to 
help you estimate the quotients. 


(60) 


A 12)49 4 B 59)267 4 
E 65)435 © F 34)197 ¢ 


2. Find the quotients. 

435 

a 61)26 535 
837 RG 

E 17)14 235 
443 R40 

1 58)25 734 
992RI 

m 35)34 721 


B 18)2232 
hiSRST 
F 85)9642 
5712 
Nes) bo O6 


963 
n 14)13 482 


526 RO 
49)25 780 


633RI5 
Gc 34)21 537 


lee, 
72)17 784 


7E5RIZ2 
47)35 967 


Using the Ideas 


Z38RIO 
p 93)22 150 


549R20 
H 56)30 764 


IZS R22 
L 89)64 547 


387 
p 53)20 511 


3. Find these special quotients. 


Why are they special ? 
Each quotient isthe same asthe 


Aiviso 


iS 


A 32)1024 


. Find these quotients. 
What pattern do you see ? 


ZS 
A 32)736 


15 
c 51)765 


Each quotient has the same 
digits as the divisor but in qe 
reverse order. 


More practice, page A-7, Set 13 


Using the Exercises 

With some groups of children, you 
will want to work through parts of 
exercises 1 and 2 together. Allow 
others to work independently, but 
discuss some of the exercises as 
you have them check their work. 
-For example, in exercise I, note 
with the children that we are at- 
tempting to work out some short- 
cuts for making estimates. In ex- 
ample A, we think 4+ 1 rather 
than 49 = 10. In example B, we 
think 26 + 6 rather than 267 + 60. 
‘In example C, we think 57+7 
rather than 573 + 70. Be sure to 
emphasize for the children the fact 
that this is simply a method of 


Dene 
B 74)3478 


__95 
p 59)5605 





thinking which will help shorten the 
work in estimation. 


Assignments (page 111) 
Minimum: 2A-H. Average: 1-2. 
Maximum: 1-4. 


Resources for Active Learning 

A Cloudburst, Vol. 1, No. 1421, 
Midwest Publications [Patterns 
in division]. 

Mathematics in Modules, 
Addison-Wesley. 


WN21, 





Duplicator Masters, page 20 
Workbook, page 33 
Skill Masters, page 20 
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PAGES 112-113 
Objective 

Given a division problem involv- 
ing a 2-digit divisor and a quotient 
with a zero in one place, the child 
will be able to find the quotient. 


Preparation 

To prepare for this lesson, you 
might review estimating single-digit 
quotients with 2-digit divisors. For 
example, display problems such as 
the ones below and review how to 
round the divisor to make an esti- 
mate for the quotient. 


61) 437 19) 128 47) 392 
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® Let’s work with zeros in the quotient. 


Discussing the Ideas 


See Discussion. 
Explain how to estimate 


the number of hundreds 
in the quotient. 
Explain the work 

shown in step 1. 

Explain how you can tell 
that there are 0 tens 

in the quotient. +49<68 
Explain how to estimate 
the number of ones 


TR 


in the quotient. Mor 49 27 
Explain step 3. 

What is the quotient ? 207 
What is the remainder? 20 


Explain how to check 


your work. Find the product 
207 x68 and add 20 to see 


Think |140+70 
or \4+7. 


nink 430 +TO 


whether the result equalsthe | 


dividend. 


Explain how to estimate 
the number of hundreds 


Explain step 1. 


in the quotient. Answers will vary, Step2 _ 


c Explain how to estimate 
the number of tens 


in the quotient. Answers will vary. 


Explain step 2. 1|<14 
Explain how you can tell 
that there are 0 ones 

in the quotient. 

Give the quotient 

and remainder. 350 R\| 
Check the work. 


Discussion 

As you use these exercises to dis- 
cuss zeros in the quotient, it may 
be helpful to have the children 
work out these exercises using the 
long method (writing the quotients 
down the side), so that it will be- 
come apparent to them why, in 
example |, there are 0 tens and 
in example 2 there are 0 ones. In 
other words, for example 1, if the 
children worked the problem the 
long way, they would have written 
at the side 200 and, under that, 7; 
in example 2, they would have writ- 
ten 300 and, under that, 50. If the 
children thoroughly understand the 
ideas presented in the last lesson, 








they should quickly see that in ex- 
ample 1, when they divide tens, 
there are 0 tens in the quotient; and 
in example 2, when they divide 
ones, there are 0 ones in the quo- 
tient. 


1. Find the quotients and mendes, Check your work. 
4. 00 








506 RI3 
A 68)20 740 eld B 32)23685 c 45)13500 ow 17)8615 
18 ae oH Bae 56 aie ute 
E F G 3000 64 
3 000 ; 202 RO ) 652 R2" 72500 
1 5)80000 J 19)3847 Kk 55)35862 1. 17)524 
2. pala the De le men Lee oe the exercises. 
Be iding Dividing 
tens ~ ones 
241 2415 
3789355 m)89355 697)89355 
74 74 
153 153 
148 148 
55 55 
a7 37 
18 £85 
185 
2239 Ri Pee a2 ROO! 22972 R4 R22 
a 29)64932 8 61)129684 684 c 18)40 000 ip 42)326 672 572 
19783 RI3 76 RI2 > 4\133R 328 
—E 38)74987 F& 23)176 538 « 57)64593 u 75)246 183 


3. Study the examples. Then complete the exercises. 


oe fois 2 eo 


431) 2586 486) 2670 450) 1655 
—2586 — 2430 —1350 
240 305 
9 5 7T RI27 Rid4 
a 200)1800 B 600)3000 c 205) 1562 562 D 595) 2534 
ak ee) 6 R300 R109 
E 410)1640 F 823)7407 G 675)4350 H 621 )1972 579 
24 b4 75 Rio 
% 1 423)10 152 % 3 678)36 612 % « 237)17 785 




















More practice, page A-7, Set 14 


Using the Exercises 
Assign parts of the exercises on 
page 113 according to the needs of 
the children. You will not want to 
assign all of the exercises to chil- 
dren who find division difficult; and 
those children who have caught on 
quickly to the method for long divi- 
sion may be wasting their time by 
working every exercise on this 
page. 

You should note that in exercise 
2 the division algorithm is ex- 
tended to produce a 4-digit quo- 
tient and that in exercise 3 it is. 
extended to using a 3-digit divisor. 
Emphasize for those children who 
are assigned parts of exercises 2 








Using the Ideas 



















Bhs 


and 3 and that the basic ideas are 
the same, but that they are dealing 
with larger numbers. 

When the children have com- 
pleted the assigned exercises, you 
will find it helpful to have several 
presented on the chalkboard and 
explained. Those exercises which 
are not used as a part of this lesson 
can be used later to help the chil- 
dren review the division algorithm 
from time to time. 


Assignments (page 113) 
Minimum: 1. Average: 1, 2. 
Maximum: I-3. 


Duplicator Masters, page 21 
Workbook, page 34 
Skill Masters, page 21 
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PAGES 114-115 
Objective 

Given word problems which re- 
quire use of the basic operations, 
the child will be able to solve the 
problems by using the appropriate 
algorithms. 


HORSES 


Height in hands 


Preparation 

To prepare for this lesson, you 
might review some basic equiva- 
lents or remind the children about 
the Tables of Measures in the back 
of the book. They will need a few — 
standard measures for the prob- 
lems. 


©) 
8 
Tt 
6 
5 
4 
3 
2 
1 


Tallest horse 
on record 
(Percheron) 


American 
saddle 
horse 


Horses are measured by using a unit called a hand (10.2 centimetres). 


Largest 
pony 


e a Shetland 
pony 





Sma 
pony 
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A horse's height is measured from the ground to the highest 
point of the ridge between its shoulder bones. If a horse is 
16 hands and 2 centimetres tall, the height can be written 16-2. 


. Give the height (in cm) of each horse mentioned above. 


. Give the height (in metres) 
of each horse shown above.o.714, 1; 1-45 1.7; 2:1 


TI-4 5 102; 144.8; 165.2; 214.2 


. Give the average height (in cm) of the horses mentioned above. 


Use the numbers you found in exercise 1. 139.5 


. The tallest horse on record weighed 1358.5 kilograms. 
This is 9 times as much as a small Shetland pony. 


Give the weight of the Shetland pony (to the nearest kilogram). \5! Kg 
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Discussion 
Study the chart at the top of the 
page with the children. Help them 
see that they can interpret the pic- 
tures as they would interpret a bar 
graph. Discuss the fact that horses 
are measured according to hands, 
a unit that 1s equivalent to 10.2 cm. 
You might have the children meas- 
ure the width of their hands, as illus- 
trated in the figure, to see how close 
the width of their hand is to 10.2 cm. 
Observe with the children that the 
14-2 beside the height of the largest 
pony indicates 14 ; hands, or 14 
hands and 5.1 centimetres. 

For some groups, you might 
want to point out the problem-solv- 





ing guidelines that were suggested 
on page 108. Others might need 
more specific help, particularly 
with some of the problems on page 
115. Note that exercises 10 and 11 
are intended primarily for the more 
able children. When the children 
finish these problems, allow suffi- 
cient time to discuss them and pre- 
sent the solutions to a few on the 
chalkboard. 





Assignments (pages 114-115) 
Minimum: 1-9, oral. Average: 1-9. 
Maximum: I-11. 





cho the nearest 
whole number ) 



















Follow-up 

| A group of children might be inter- 
ested in looking up information 
about dogs and comparing that in- 


Type of horse Weight (kg) 






































Pony 225 3 2 
Saddle horse 480 formation with the data about 
Light harness horse 516 horses presented in this lesson. 
Heavy harness horse 620 
Draft horse 984 
ee DOGS* 
——/*fy —— This table gives 5 diff t Hi 
agt| YX gives eren Heaviest Tallest 
a (ad types of horses and the weight St. Bernard Irish Wolfhound 
of one horse of each type. 116 kg (100 cm at 
Siestl pat (86 cm at shoulder) 
shoulder) 
Fastest Oldest 
: : : : Saluki Labrador | 27 years 
Find the average of the weights given in the table.565 \e(to the 69 km/h Collie each 
nearest whole number) 
It has been said that a horse should be fed 0.5 kg of grain Smallest “Highest Flyer” 
per day for each 50 kg it weighs. If this rule is followed, Pe Mites 
E - IK 
about how many kilograms of grain should be given each day to 5 P50 ia 
the draft horse whose weight Is given in the table above 79.8 ky 
7. The average life span of man, 69 years, is 3 times the average * ene Sa RCo 
o dispute. 


life span of a horse. What is the average life span of a horse ?23 


8. A near-record high jump for a horse is 2.5 metres. 
A near-record high jump for a man is 224 centimetres. 
How much higher is the horse’s jump ? 6.26 m 


9. Alight horseshoe weighs 225 g. Give the total weight in 
kilograms of the horseshoes needed to shoe a team of 6 horses.5.4 kg 


% 10. Fast horses can run about 62 km/h for a short time. 
If a horse runs at a rate of 48 km/h how far does 


it run in one minute ?os kg per minvte 


i 11. Astrong horse can lift 15 000 kg 30 centimetres high in 

| 1 minute. An engine that can do as much work as one strong 
horse is called a 1-horsepower engine. How many kilograms can 
a 34-h.p. engine lift 30 centimetres in 1 minute ? 5\0 000 
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PAGES 116-117 
Objective 

Given multiplication and divi- 
sion problems involving money, the 
child will be able to solve the 
problems. 


Preparation 

Materials 

catalogues; mewspaper  advertise- 
ments 


To prepare for this lesson (and 
with awareness of the children’s 
sensitivities), you might ask them to 
name some things they would like 
to buy and to suggest what they 
think the item would cost. 


Investigation 

If necessary, adapt the suggested 
situations to your locality. You 
might find it suitable to provide 
catalogues and advertisements for 
children to use in making a cost 
list for a situation they make up. 
With some groups, you might want 
to supply on the chalkboard some 
of the information regarding the 
cost of items, rather than have 
them try to find it. 
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® Can you find the cost? 


Investigating the Ideas 


Can you find the information needed and make 
an itemized cost list (including the total cost) 


See __.. ; 
for a situation like one of those above ? Investigation. 


Discussing the Ideas 


1. What “number problems” did you solve while doing the 


Investigation ? Answers will vary. 


. Often we need to multiply and divide numbers that give 


information about amounts of money. Can you explain 
the methods used to solve these problems ? See Discussion. 


a Ellen bought 5 books, each costing $2.98. $2.98 — az 
What was the total cost ? We use 
multiplication to solve this money problem. 

sp Ann, Jan, Nan, and Fran received $20.92 
from the sale of candy and cookies they 
had made. They divided the moneyso 5 593 
that each received the same amount. 4)§20.92 
How much did each girl receive ? 


Discussion 

While you are using the situations 
presented in the investigation as a 
basis for discussion, point out the 
correct money notation. Emphasize 
that it is proper to work with this 
money notation just as we have 
worked with whole-number nota- 
tion in the previous work in this 
chapter. Encourage the children to 
think about the numbers in these 
problems just as they have thought 
about the whole numbers in previ- 
ous algorithms. The only differ- 
ence here is that when they get 
their answers they have to recon- 
vert them to money notation. For 
example, as you discuss exercise 








2A, stress to the children that in- 
stead of writing the multiplication 
in a second step without money 
notation, they may shorten their 
work simply by thinking about the 
numbers 298 and 5 when multiply- 
ing, and then write money notation 
for the answer they found. Similar- 
ly, in exercise 2B, instead of writ- 
ing the step in the “‘cloud” they can 
write 4) $20.92 and think about 
the number 2092 as they divide; 
finally, they should carefully con- 
vert the quotient, 523 back into 
money notation, $5.23. 


$14.90 . | 


Resources for Active Learning 
Using the Ideas A Cloudburst, Vol. 2, No. 8393, 
Midwest Publications. 





1. Find the answers to these money problems. 
$ 507.35 Duplicator Mast © 
a86.75 200.88 c$8.99 $0.35 e $1.39 PE Se REE at 
x $20.25 Xx gP5.28 x gP7l.92 x 23%8. 05 


$ .59 $6.34 $2.90 
F 5)$2.95 c 7)$44.38 H 30)$87.00 


20 15 23 
3 $0.05)$1.00 «$0.50)$7.50 1$0.75)$17.25 m$0.25)$20.00 


. Solve the problems. 
a Ajet plane carried 84 passengers 

from San Francisco to New York. 
The fare with tax was $160.90. 
How much money did the airline 
collect ? $13,515.co 
Jane took 20 pictures. 4 of the 
pictures were overexposed and 
were not developed. It cost $3.84 
to develop the other pictures. 
What was the cost of each 
developed picture ?4¢ 0.24 
Linda works at the school popcorn stand. 
She needs some coins in order to make change. 
How many quarters can she get for a $10 bill ?40 
A new bike cost $56.00. 
Jim received $12.50 for 
his old bike and paid the 
remainder in 6 payments. 


How much was each payment ? 
$7.25 


- Ahamburger and a bag of 
potato chips cost $0.50. Two 
hamburgers and a bag of potato 
chips cost $0.85. What is the 
cost of a bag of potato chips ? 

$ 0.15 





Using the Exercises “T can think of the dozen cookies 

Assign the exercises on page 117 = and loaf of bread which cost 56 

as independent work, and empha-__ cents as 3 half-dozen cookies and 

size again for the children that this 2 cents. So, 3 half-dozen cookies 

work with money notation is essen- would cost 54 cents, or 18 cents 

tially the same as their previous for a half dozen. But I already 

work with multiplication and divi- found that a loaf of bread costs 

sion of whole numbers. as much as a half a dozen cookies 
Encourage more able children to and 2 cents; therefore, the loaf of 

try the Think problem. They might bread would cost 20 cents.” 

reason like this: This is a difficult problem, so 
“Since a dozen cookies and a children should not be discour- 

loaf of bread cost 56 cents, and aged if they cannot solve it. 

half a dozen cookies and two loaves 

of bread cost 58 cents, I know that . 

one loaf of bread costs as much Assignments (page 117) 

as half a dozen cookies and 2 extra Minimum: 1. Average: 1, 2. 

cents. Maximum: I-3. 
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PAGES 118-119 


Objectives Solving Short Story Problems 
Given word problems in which : 





two of the three measures—rate, distance 

time, and distance—are given, the rate : 

child will be able to find the miss- Odometer 

ing measure by multiplying or : Speedometer 

dividing. Give the number for r (rate), d (distance), or t (time). 

Given word problems in which n 

represents an unknown sum, differ- 1. WALK 4. SHIP 

ence, product, or quotient, the child a Slow: 3km. 3 hours. a Slow: 168 km. 7 hours. 

will have an opportunity to use his rkm/h.| rkm/h,.24 

reasoning and computational skills p Average: 5 km/h. es Average: 52 km/h. 

to find n. 5 km. Walk for tf hours. 468 km. Takes t hours.9 

Preparation c Fast: 1 hour. 8 km/h.| c Fast: 65 km/h. 76 hours. 
Walk d kilometres.a Travels d kilometres. 4 940 





It would be helpful to review some 


basic concepts concerning time, 5. PLANE 

rate, and distance. For example, a Slow: 912 km. 6 hours. 
you might give the children an op- 2. BICYCLE — Travels rkm/h.\52. 
portunity to discuss some simple a Slow: 3 hours. 15 Bs Average: 620 km/h. 
time, rate, and distance problems kilometres. rkm/h.§ 4340 km in tf hours. 7 
concerning automobile travel. Have sp Average: 16 km/h. c Fast: 2440 km/h. 4 hours. 
the children answer questions such 32 km. Ride for t hours. 2 Travels d kilometres. 9 760 
as, “If you travel 40 km per hour for c Fast: 36 km/h. 

two hours, how far would you go?” 2 hours. Go d kilometres.72 6. SATELLITE 


a Average (in Earth’s orbit): 
28 232 km/h. 112 928 


In doing such a problem, point out 
to the children that 40 km per hour 














is called the rate, two hours 1s called 3. CAR 4 hours. Goes d kilometres. 
the time, and the answer, how far, is ¢ B Fast (escaping Earth’s orbit): 
; a Slow: 36 km/h. 
called the distance; and we speak of 180 km Takes chou e 315 364 km. 8 hours. 
39 420.5 
ae a time, rate, and distance = Average: 6 hours 520. rkm/h. 
eth rkm/h.8s se 7. EARTH w : 
c Fast: 222 km/h. Travels 952 million kilometres 
3 hours. Must go d more in about 365 days. Travels 
kilometres to finish the rkm/h (rounded 
800 kilometre race. \34 to nearest thousand).\09 Coo 
118 
Discussion stand that the abbreviations, r, ¢, 


Study the chart at the top of the and d are used for rate, time, and 
page with the children. Discuss the distance respectively. 
measuring devices given. You may 

need to remind the children that 

rate, given here by the speedome- 

ter, indicates km per hour. You also 

may need to point out that rate need 

not always be given in km per hour 

but can be given using any unit of 

length and any unit of time. For ex- 

ample, we might give the rate in 

kilometres per minute, and so on. 

The distance indicated here is km 

and the time, depending upon the 

various hands of the clock, can-be Assignments (page 118) 
interpreted in seconds, minutes, Minimum: 1-3. Average: 1-6. 
or hours. Also be sure they under- Maximum: 1-7. 
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Solving Problems 


Find the number for n in each exercise. 
. nis 232 more than 649. 23! 10. 
. nis 358 less than 914. 55¢ 


. nis 913 more than the sum 
of 432 and 956. 2301 


. nis 387 less than the sum 12. 
of 390 and 423.426 


. nis 786 more than the 13. 
difference of 3142 and 787.2/4! 


6. The sum of 862 and nis 1465.60344. 


7. The product of 47 and 12 is 
519 less than n. ios3 15 


. The product of 86 and 35 is 
1946 more than n. |\064 


The product of 46 and 54 is 
twice as large as n, '!242 


11. The product of 72 and 24 is 
9 times as large as n. 192 


The product of 15 and 15 is 
25 times as large as n. 2 


The product of 86 
and n is 602. 7 


The product of 72 and 4 is 
equal to the product of 32 and n.? 


. The product of 40 and 7 is 
equal to the product of 56 and n.5 


. The product of 28 and 54 is 


. The product of 37 and 29 is 
half as large as n. 2\46 





Using the Exercises 

You might want to work some of 
the exercises on page 119 with the 
children. Help them to recognize 
phrases which can be symbolized 
mathematically. For example, in 
exercise 10 they can simply replace 
each phrase with a mathematical 
expression: 


“The product of 46 and 54” 


(46 x 54) “is” (=) “twice as 
large as n” (2 Xn), or 46 x 54 
Beth 


Thus, they should be able to find 


n by applying their understanding 
of basic operations. 


6 times as much as the product 
of 36 and n.7 


To help children solve the Think 
problem, you might trace the figure 
exactly and duplicate it for the 
children. This Think is a puzzle 
which is a classic dissection prob- 
lem. Do not offer strategies for 
solution. However, see that the 
children get a chance to manipulate 
the pieces before the solution is 
given. 


Assignments (page 119) 
Minimum: 1-9. Average: I-15. 
Maximum: I-16. 


Resources for Active Learning 

Applied Mathematics — Cards, 
Group 2/12-13; Group 3/11- 
13, Schofield and Sims. (Available 
from Mafex Associates) 

Math Activity Cards, E27, Mac- 
millan. 

Mathex: Measurement No. 10, 
pp. 22-24 (pupil pages 60-62), 
Encyclopaedia Britannica Pub- 
lications Ltd. 

Maths Mini-lab, Cards 83, 84, 
94-96, Selective Educational 
Equipment. 

Measure and Find out, Book 1, 
Activities 15-17; Book 2, Activi- 
ties 1/3, 8; 2/5-6, Scott Fores- 
man. (Available from Gage Edu- 
cational) 


Workbook, page 35 
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PAGES 120-121 
Objective 
The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 
. Find the sums, products, differences, and quotients. 
a 5764 B 861 c 3947 
+3847 —463 — 1698 x25 
Joell 398 2249 16325 
E 876+ 39 + 5483 + 9 c407 F 683 + 4765 + 98 + 175563 


9Z5R3 ___ 6IRZe@ 
« 7)6478 Js 50)3076 


Preparation 

Review any of the material from 
this chapter which the children 
have found particularly difficult. It 
might be helpful to provide some 
children with a variety of addition, 
subtraction, multiplication, and 
division exercises to be presented K 
on the chalkboard and explained to 
the entire class. 


p 653 


nH 7004 — 39e9e¢5 1 37 x 562072 


566 L 
x 207 
7162 
o 62)4347 


19 


8070 
—4293 
esan 
p 79)635 8R3 


79ZR3B 
Tm lO) tZ 075 


m 308 N 
x72 


6003 
—5786 
22176 Zi . 
a 35)2205 o> rR 74)18 944 25e 


RTI 7R3641N 


I5R 6053 
s 57)874 u 92)556 947 v 486)3786 
. Give the missing numbers. 

A 4 = |lllic B 5° = |llizs 


c 6* = Iillizoe 


p 3° = |lllzas 


. Find the arithmetic mean of each 
set of numbers. 


a {562, 385, 419, 646} sos 
B {88, 107, 365, 419, 136} 223 


. Find the total amounts. 
a $18.75 B $23.64 
26.99 8.98 
$45.74 $32.62 ee 
. Find the differences in the amounts. |# =. s 
a $65.50 B $20.00 ee 
65.37 9.34 
$13 $10.66 
. Solve these money problems. 
a $3.49 8 $0.87 c 9)$21.06 
x4 X25 


$13.96 $21.75 
26 


Leve|l 7: 128 
Level 8: 256 
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Discussion 

If you use these two pages as a 
chapter, test or as a group review, 
you may not want to assign all of 
the exercises to all the children. 
Certainly, some children will re- 
quire a considerable amount of time 
to do all these exercises, and the 
faster children, in many cases, will 
not need this: much practice. Allow 
time for discussion of the exercises 
when they have had the opportu- 
nity to complete the page. 

Starred exercises 11 and 12 
should challenge some of the more 
able children. If time permits, you 
might have them explain their solu- 


tions to the class. Encourage faster 
children to try the Think prob- 
lem when they finish the assigned 
exercises. 








7. A piece of meat weighs 2.3 kg. 
a It weighs how many grams less than 3 kilograms ? 70° 9 
s What is the total cost of 3 kg of meat at $2.79 per SIT ? $8.37 

c 2 kg of another type of meat cost $6.16. 
How much more or less does this meat cost 


per kilogram than the meat in part e 290.27 more 
z 
8. A plane flew at an average speed of 342 kilometres 


per hour for 7 hours. How far did it fly ?2394 Km 





9. Mr. Smith bought a television set. The cost plus 
interest charges was $340.08. If he pays for it in 


12 equal payments, how much will each payment be ? 
$28.34 





10. Here is part of Jim's record of the time 
it takes him to deliver papers each day. — Ts 
He spent a total of 370 minutes delivering [22 ia [Th] fol 


papers during this week. How long did it IMB 


take him to deliver papers on Saturday ? 75 min 






* 11. The chart shows the number of minutes 


Sally practiced the piano during one week. 
How many minutes must she practice on 
Saturday in order to have practiced an 
average of 35 minutes a day ? S© 





* 12. If the planes fly toward each other at the speed given, 
how far apart will they be after: 
a Shours?65km/, B 4 hours?530 Km/h 


320 km/h 275 km/h 





city B 
AZT 





Workbook, page 36 


121 


PAGES 122-123 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented for cumulative review. 


Preparation 

Review any of the material from 
previous parts of the text which 
the children have found particularly 
difficult. It may be helpful to place 
particular emphasis on a review 
of exponent meaning and function 
notation. For example, review no- 
tation such as that in exercise S. 
You might use examples such as 
the following: 


(4 x 10?) + (3 X 10) + 6 = 436 

(3° 107) (7 < 1074-9 — 3709 

(82107 Ox 102-9 10) 
+ 1 = 8591 


1oR 



















. Solve the equations. 


aAnx6=244 ¢ tx7=63? —Enmx11=662 «6 8xq=8! 

Bqx9=54¢ p8xt=0°9 F15xb=75° un 7xn=4g! 
2. Find the products. idioon 2000 54000 
a 10! x 102°°°e 101 x 102 ££ 5x10x4x10 « 90x 600 

B 107 nas D 50 x 80 FPG x 107 xo X10 H 800 x 400 
18 COO 320 000 


3. Give the missing words and numbers. 
a 438614: The 8inthe _? __ place means 8 x lll. thousands’; 1000 
bp 73602549: The7 inthe _? __ place means 7 x< |llllten millions’; 
10 COO COCO 


4. Write the number that is 


a 10000 more than one million. B 1 less than one million. 
| O10 COO 999 999 


5. Write the ordinary base-ten numeral for each exercise. 
a 8x10? c 70x10! e€ (8 x 10%) + (3 x 107) + (4 x 10) + 6 


pkG6 <x} 10220 pe SOnmehO? oe (7 xX 107) 4 x1 0) 3 
A 800 BGOOO CTOO DB000 E 8346 F 700403 
6. Give the missing numbers % 7. Give the missing numbers 


for the table. in each row. 


Sums afk 

pare © - Quotients 
a eae, 

Ill 9 + Silt 

fs [lo oem 


Function Rule 


m+5 








o 






Discussion 
The exercises on page 122 are suit- 
able for use as independent work. 
However, you might prefer to work 
through several of the exercises as a 
class review. In either case, allow 
time for discussion and checking 
papers. 

Exercise 7 should prove unusu- 
ally stimulating for the more able 
children. As soon as the correct 
answers are given, even the slower 
children can understand that the 
sum 9+ 3 is 12 and that the quotient 
9 + 3 is 3. However, finding this 
number pair is certainly not -as 
simple as understanding the idea 
when the pair has been found. 


Follow-up 

Encourage the children to do re- 
search on the latest census figures 
on population for the three largest 
cities, the three largest countries, 
and the density of population for 
North America, in current alma- 
nacs, encyclopaedias, or government 
publications. They can then com- 
pare these figures with those given 
on text page 123. Translating cur- 
rent data into graphs of various 
kinds will also give the class valu- 
able experience. 


Citaltepec 
(Mexico) 





Answers, exercises | and 2, page 123 





1. Al UES. 200 000 000 
Mex. 50 000 000 
Can. 20 000 000 
B Missouri 4100 
{p i MacKenzie 4200 
-1. Use the graphs above to give See Answers , TE. page 123. Mississippi 3600 
a the populations of the 3 largest countries C Citlaltepec 5600 
in North America (to the nearest 5 million people). Logan 5900 
sp the lengths of the 3 longest rivers (to the nearest hundred kilometres). McKinley 6100 
c the heights of the 3 highest mountains (to the nearest 50 metres). D Any estimate between 200 m and 
pb an estimate of the difference in height between 350 m would be acceptable. 
Mt. McKinley and Mt. Logan. 2. A Can. 10 000 000 
US. 9 000 000 
2. Use the tables above to dive see Answers, TE. page 123. Mex. 2 000 000 
a_ the areas of the 3 largest countries (rounded to the nearest 500 OOO). B New York 8 000 000 
s the populations of the 3 largest cities (rounded to the nearest million). Chicago 3 000 000 
c the average area of the 3 largest lakes (to the nearest whole number). Mexico City 7 000 000 
3. The average number of persons per square kilometre in North America 5 ae a $4 snis(toethgg nent 


is about 12. The area of North America is 24 400 900 square 
kilometres. About what is the population of North America ? 292. @\0 800 


*Population figures based on 1970 census. 


1,23 








Using the Exercises 
The charts at the top of page 123 
provide material for an introduc- 
tory discussion. Be sure to give 
adequate attention to the interpre- 
tation of the various graphs and 
charts given here. For example, 
in the chart showing populations 
of the three largest countries, help 
the children see that the stick fig- 
ures shown beside each country 
can be counted to determine its 
population. 

Ask the children to attempt to 


read the values from the two bar. 


graphs showing the longest rivers 
and the highest mountains. Follow- 
ing this discussion, have the chil- 


dren do the exercises. When they 
have finished, allow time for further 
discussion and checking papers. 
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CHAPTER 6 


Pages 124-141 


General Objectives 


To provide experiences with fac- 
tors and multiples 
To introduce “least common” mul- 
tiples 
To introduce “greatest common” 
factors 
To provide work with prime num- 
bers 
To provide experiences with union 
and intersection of sets 
To provide work with composite 
numbers 
To develop skills in finding the 
prime factorization of a compos- 
ite number 
To provide an opportunity to ex- 
plore clock (modular) arithmetic 
The first lesson of Chapter 6 deals 
with finding the factors of a number 
and develops simple rules for deter- 
mining when 2, 3, or 5 are factors 
of a number. The second lesson 
introduces factor trees. This is fol- 
lowed by work with prime numbers 
and union and intersection of sets, 
in preparation for the material on 
greatest common factor and least 
common multiple. The next pages 
concentrate on developing skill in 
finding greatest common factors 
and least common multiples. After 
this, Operations and some basic 
principles for clock numbers are 
explored. Story problems and cu- 
mulative and chapter reviews com- 
plete the chapter. 


Mathematics 


Consider the following definition. 


If a, b, and c are whole numbers 
such that a X c=b, thena andc 
are whole-number factors of b. 


Prime numbers may be defined 
as follows: 


The set of prime numbers is the 
set of all whole numbers x, such 
that x has exactly two factors. 
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Number Theory 


Thus: 


2 is a prime number (factors: 2, 1). 
3 is a prime number (factors: 3, 1). 
5 is a prime number (factors: 5, 1). 
7 is a prime number (factors: 7, 1). 
11 is a prime number (factors: 11, 1). 


Note that: 


0 is not prime (Every number is a 
factor of zero). 
1 is not prime (factor: 1). 
6 is not prime (factors: 1, 2, 3, 6). 
91 is not prime (factors: 1, 7, 13, 91). 


Every number greater than | that 
is not prime is a product of one and 
only one collection of prime num- 
bers. Such numbers are called com- 
posite numbers. For example, 6 = 
2X3: 8 = 292 0 = oe oe 
100 = 2 X 2 x 5 X 5; and so on. Ex- 
pressing a composite number as a 
product of primes is called the 
prime factorization of a number. 
The fact that each composite num- 
ber can be expressed as a unique 
product of primes (without regard 
to order) is called the Fundamental 
Theorem of Arithmetic. It is also 
referred to as the Unique Factori- 
zation Theorem. 

Closely related to the idea of the 
factors of a number is the idea of 
the common factors of two num- 
bers and the greatest common fac- 
tor of two numbers. The greatest 
common factor of two numbers is 
the largest number in the set of 
common factors of the two num- 
bers. In arithmetic, the most im- 
portant application of greatest com- 
mon factor is in changing fractions 
to lowest terms; that is, if a fraction 
is not in lowest terms, it can be 
changed to lowest terms by divid- 
ing the numerator and the denom- 
inator by the greatest common 
factor of the two numbers. 

Consider the following definition 
of the multiples of a number. — 


If a and b are whole numbers and 
c 1s the product of a and b, then 


c is said to be a multiple of a (and 
of b). 


Although zero is a multiple of every 
whole number, we frequently fail to 
include the number zero in listing 
multiples of a given number. When 
we speak of the least common mul- 
tiple of two numbers, we mean the 
smallest number other than zero 
that is a multiple of both numbers. 
The concept of least common mul- 
tiple is valuable to the study of 
fractional numbers, since the least 
common multiple of the denomina- 
tors of two fractions is the least 
common denominator for the frac- 
tions. Understanding this is useful 
in finding the sum of two fractional 
numbers. 

The following examples illustrate 
the way in which greatest common 
factor and least common multiple 
are used. Consider the fraction 3%. 
Ten is the greatest common factor 
of the two numbers 20 and 30, and 
by dividing both 20 and 30 by 10, 
we change the fraction 3 to 3. 
Now, suppose we wish to add the 
numbers $ and %. We see that 12 is 
the least common multiple of the 
numbers 4 and 6. Hence, we select 
12 as our common denominator, 
writing 3 as 7, and % as %. Then 
we can add the fractions #5 and 7 
to find +4, the fractional number 
which is the sum of } and @. 

Number systems with a limited 
number of elements, such as the 
One introduced on pages 136 and 
137 in this chapter, are called 
modular systems, or, sometimes, 
modular arithmetic. 

The children’s experience with 
modular systems developed in this 
chapter differs from their previous 
experiences because the sets of ob- 
jects used here contain a limited 
rather than an unlimited number of 
members. For example, the set of 
numbers for the ‘twelve-clock” 
contains exactly 12 elements, while 


the set of whole numbers contains 
an unlimited number of elements. 
Likewise, the ‘‘five-clock’’ con- 
tains only 5 elements rather than 
an infinite number. 

Basically, the same operations 
(with modifications) that are em- 
ployed with whole numbers are 
used with modular systems, and the 
children are led to discover that the 
same basic principles also hold for 
this new set of numbers. As illus- 
trated by the “‘five-clock,” the num- 
ber of elements in modular systems 
may be greater or less than 12. 


Teaching the Chapter 


Materials 


Counters or other suitable objects 
for counting 

Display grid, 10 rows by 10 col- 
umns, approximately three me- 
tres square on acetate for over- 
head projector (for Sieve of 
Eratosthenes) 

Overhead projector (if available) 
and transparencies 


Vocabulary 


clock (modular) greatest com- 


arithmetic mon factor 
clock numbers intersection of 
common factor sets 


least common 

multiple 
prime factor 
prime number 
union of two 

sets 

The majority of the words in 
the vocabulary list are vital to the 
communication necessary for de- 
velopment of the topics in this 


common multiple 
composite number 
factor 

factor tree 


chapter. However, most of these 
words will be quite familiar to those 
children who studied Book 5 of this 
series. You need not stress the 
mastery of the terms union and 
intersection of sets, since these 
words can be relearned when they 
are used later in the development 
of other topics. These terms are 
included in the vocabulary list be- 
cause the ideas are used in finding 
common multiples and common 
factors of two numbers. 


Lesson Schedule 


A week and a half to two weeks 
should be adequate time for this 
chapter, although you will want to 
adjust your schedule to the needs 
and abilities of your children. If 
you have an above-average group 
of children, you may be able to 
cover the chapter in less time. 
However, since an above-average 
group of children often spends 
more time on stimulating topics, 
such as number theory, it is diffi- 
cult to set a definite limit for them. 
If the children become extremely 
interested in these topics, you 
should by all means allow some 
extra time for them to spend on the 
ideas. On the other hand, if you 
have an especially slow class, you 
may find it necessary to spend ex- 
tra time on the chapter. We would 
urge you, however, to attempt to 
limit class time on the chapter to 
two weeks. 


Evaluation of Progress 


The children’s mastery of the topics 
in the chapter can be evaluated 
partly from their achievement on 


tests for skills in the following: 
determining whether a given num- 
ber is a factor of another number, 
determining whether a number is a 
prime, constructing a factor tree, 
and finding the greatest common 
factor of two numbers or the least 
common multiple of two numbers. 
We urge you not to base your en- 
tire evaluation on these somewhat 
mechanical skills. Through day-to- 
day observation, you should give 
particular attention to the children’s 
overall understanding and ability to 
reason through the ideas when they 
are introduced. 

Pages 138 through 141 supply 
review material to help you evalu- 
ate the children’s retention of con- 
cepts and, also, their progress in 
understanding the new material in- 
troduced in this chapter. 


Resources for Active Learning 


GENERAL ACTIVITIES 

Franklin Series: Making and Using 
Graphs and Nomographs, ““No- 
mographs,” pp. 19-24, Lyons 
and Carnahan. (Available from 
McGraw-Hill Ryerson) 

Nuffield Project: Computation and 
Structure 3, , Factors — and 
Primes,” pp. 67-69, Wiley 


COMMERCIAL GAMES 


Domino Number Games, Factors 
and Multiples (Heath) 

On-Sets (Hammett; Nasco; Wff ’N 
Proof) 

Operational Systems Games— 
Union and Intersection, Multi- 
ples and Divisors, Clock Arith- 
metic (Available from McGraw- 
Hill Ryerson) 

Ranko—white cards (Midwest Pub- 
lications) 
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PAGES 124-125 
Objective 

Given a number which is a prod- 
uct of one of the basic multiplica- 
tion facts, the child will be able to 
find its factors. 


mo) Number Theory 


® When is one number a factor of another? 








Investigating the Ideas 





Preparation Use a set of 30 objects (counters, toothpicks, slips of paper) 
Materials for this Investigation. 
countable objects — toothpicks, 


counters, slips of paper, or the 

like (30 per child) 

To prepare for this lesson, it 
would be helpful to review the 
meaning of equivalent sets. For 
example, you might draw the fol- 
lowing sets on the chalkboard. 


How many ways Can you find to divide 
the set into equivalent sets ? 


XX OX ett 
(ORCS) = 


[laters ek ok ok ok 


See 








Discussing the Ideas 


Ask children which of these sets 
are equivalent. Recall with them 
that equivalent sets are sets which 
have the same cardinal number; in 
other words, if both sets have the 
same number of elements, the sets 
are equivalent. (Equal sets are sets 
which have identical elements.) 
Thus, for the sets illustrated above, 


1. The numbers of the equivalent sets you found in the 
Investigations are factors of 30. How many of the factors 
of 30 can you give ? 


2. Solve the equations in the table 
to find the factors of 36. 


3. Find the quotient and remainder. 





18 avs mg) 
the set of plus signs is equivalent A 2)36 B 3)36 c 4)36 
to the set of circles and the set of TRI 6 BRI E 
x’s 1S equivalent to both the set p 5)36 —E 6)36 F 7)36 


of ones and the set of asterisks. 


4. If a number is divided by one of its factors, what can you 


say about the quotient and remainder ? The quotient will be 
another one of its factors and the remainder will be zero. 


Investigation 
If you do not have 30 objects for 


for each child, you might have the 
children work in small groups. Be 
sure to have the children record 
their findings. You might suggest 
that the example in the book would 
be recorded as 5 sets ‘of. 6. The 
other possibilities are: 


1 set of 30 3 sets of 10 
30 sets of 1 10 sets of 3 
2 sets of 15 6 sets of 5 


15 sets of 2 


If some children finish very quickly, 
suggest that they try the same ac- 
tivity with 12 objects. 


124 





124 


Discussion 


As you discuss exercise 1, help the 
children realize the meaning of the 
term factor. The numbers 30, 1, 15, 
2, 10, 3, 5, and 6 are all factors of 
30. As is brought out in exercise 
4, these numbers can also be de- 
scribed by saying that 30 can be 
divided by any one of its factors 
and the quotient will be a whole 
number; that is, the remainder will 
be zero. As you discuss exercises 
2 and 3, you might explain that, 
when the product of two whole 
numbers is 36, we say that each of 
the numbers is a factor of 36. We 
have learned that the product di- 
vided by one factor gives the other 


factor. For example, since 


Pi WE OP 
36 + 2 = 18, 


we Say that 2 is a factor of 36, and 
18 is a factor of 36. 

Use pairs of factors to develop 
correct understanding of the terms 
factor and product. Encourage the 
children to express the fact that, 
in the equation 9 X 4 = 36, 9 and 4 
are factors of 36, and 36 is the 
product of 9 and 4. 

As you discuss exercises 3 and 
4, help the children realize that 
they can find factors of a number 
by division. Thus, if they know 
that 7 is a factor of 42, they can 





1. Solve the equations that have 


Using the Ideas 


whole-number solutions. 
Then list all the factors of 96. 
nx 1=9696F nx 6= 9616 
nx 2= 96486 nx 7 = 96% 
nx 3 = 96 32n nx 8 = 9612 
dpnx 4= 96241 nx 9= 96% 
Enx5=96%* 5 nx 10 = 96% 
*% No whole-number solution 
Factors of %6 ; 1,2,3,4,6,8,\2,\6,24,32,48,96 
. Solve the equations that have 
whole-number solutions. 
Then list all the factors of 64. 
aA 64=—-1= nese 64+3=nke 64+5=nx%e 64+7=nxK 
Bp 64—-2=n320 64—4=nicor 64+6=nxXn 64+ 8=n8 
% No whole-number solution Factors of 64: 1,2,4-,8,16,32,64- 
. Is the first number a factor of the second ? 


A 3,51¥esB 5,63Noc 8, 96yesp 7,98 yest 3,160NoF 9, Dyes 





. List all the factors of each number. 

A iW Pe B B0r cue 131,13 D 2412.36 4012,4,F 231,23 @ 7223 
16,30 4,66,12,24 58102040 4,6,8,9,12,,18, 

. For each set, give the number (other than 1) that is a factor 74:2@72 

of each number in the set. 

AeOe2 46-68, 10, 12, 14,167 18, 20, 22, 24,.26, 28,.. »..2 

Bs {0,5, 10, 15; 20, 25, 30/35, 40, 45, 50, 55,...3.5 


. Study the examples below. 


6=14< If 3 is not a factor 


of this sum, then 


6+54+4=15<—If 3 is a factor 
of this sum, then 
6 5 4<——_. 3 is a factor of 3 is not a factor 


this number. of this number. 


Which numbers in the set {282, 540, 4394, 555, 46 338, 5700, 
369 050, 144, 7655, 549} have a factor of 

Ame Hiyb Ws Cwor 

A 282; 540;4394 5 46 338; 5700; 369 O60; 144 


B 540; 555; 5700; 369050; 7655 
C 282;540;,555546 33855100 31443549 





find at least one other factor by Using the Exercises 


dividing: 42 + 7 = 6. Also, if they 
want to find out if one number is 
a factor of another number, they 
again divide. For example, to find 
out if 6 is a factor of 72, they must 
divide: 72 + 6. Since.72,+ 6 = 12, 
with remainder zero, 6 is a factor 
of72: 


Before assigning the exercises on 
page 125, be sure children realize 
that the phrase “equations that 
have whole-number solutions,” re- 
fers to division in which the re- 
mainder is zero. In exercise 5, help 
children realize that any even num- 
ber has 2 as a factor, and any 
number ending in 0 or 5 has 5 as 
a factor. 

The Think problem allows chil- 
dren to use the generalizations de- 
veloped in exercises 5 and 6. 


Assignments (page 125) 
Minimum: 1-4. Average: 1-6. 
Maximum: 1-6. 


Mathematics 
If a and b are non-zero whole 
numbers and c is a whole number 
such that a X b = c, then both 
a and b are said to be factors 
of the number c. 


One significant point related to this 
definition of factors of a number is 
that, since neither a nor b is zero, 
we can apply the definition to di- 
vision. Observe that a quotient with 
a remainder of zero must be pos- 
sible if the divisor is a factor of 
the dividend. Therefore, division is 
probably the technique most com- 
monly used to determine whether 
or not one number is a factor of 
another (for example, simply divide 
one by the other to see whether or 
not the remainder is zero). 


Follow-up 

Children might be interested in de- 
veloping further generalizations for 
testing whether one number is a 
factor of another. Some other tests 
for divisibility are given below. 

If a number is even and if 3 isa 
factor of the sum of its digits, then 
6 is a factor of the number. [3126 
is even, and 3 is a factor of the sum 
ofsthecdigits: (3 4-2 2-2 6112). 
so 6 is a factor of 3126. ] 

If 9 is a factor of the sum of the 
digits of a number, then 9 is a fac- 
tor of that number. [711 054: 9 is 
a factor of the sum of the digits 
(i.4- tek lit OFS See soSis 
a factor of 711 054.] 

If 4 is a factor of the number 
formed by the digits in the tens’ 
and ones’ places, then 4 is a factor 
of the number. [724: 4 is a factor 
of 24, so 4 is a factor of 724. ] 

If 8 is a factor of the number 
formed by the last three digits of a 
number, then 8 is a factor of that 
number. [15 288: 8 is a factor of 
288, so 8 is a factor of 15 288.] 

(See also, Topics in Mathematics 
for Elementary School Teachers, 
Booklet 5, “‘Numbers and Their 
Factors,” 1965. NCTM, 1201 Six- 
teenth St., N. W., Washington, 
D.C. 20030.) 


Resources for Active Learning 
A Cloudburst, Vol. 3, No. 2435, 
Midwest Publications. 
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PAGES 126-127 
Objective 

Given a number which has at 
least 2 factors other than 1 and 
itself, the child will be able to 
build a factor tree for it. 


Preparation 

You might begin this lesson by re- 
viewing finding factors of numbers 
on the chalkboard and by asking 
the children if one number is a 
factor of the other; for example: 


dnl, aLNo, because 32.17, 
has a remainder.) 

8, 40 

6, 18 

223 

35 b239 

2, 4056 


When possible, refer to the rules 
developed in the previous lesson, 
or simply apply the basic test of 
division to see whether there is a 
remainder. 


Investigation 

Discuss the illustrated examples to 
be .sure the children understand 
that the term “grow” is used in 
a descriptive manner; it is not a 
mathematical term. You might ex- 
plain that 13 has no tree because 
it cannot “grow.”’ Point out that, 
since | is a factor of every number, 
we do not include it on the tree. 
Thus, even though | X 13 = 13 is 
a true’ equation, we do not use | on 
the factor tree. If we did, the tree 
could grow forever! 


1 x 13 
Ne 7, 
eX a3 
aH 
Naa 
7 
13 


For those who finish the investiga- 
tion activity quickly, you might 
want to suggest other numbers from 
which they can build a tree, such 
as 16 or 24. 


126 


Some numbers will 
Some will not. 


3x 
oe 
3.x 2% 
‘2206 ‘2x8 
\¢ \e 


Which of these acorns 
will grow ?9,!8,27,51 
Can you draw pictures 


for some of them ? 
See above- 


Discussing the Ideas 


1. Sometimes a number is 
repeated in a factor tree 
so that the product of 
the factors in each row 
is the beginning number. 
Each tree “grows” as tall as ceeibia (1 is not deat 


® What is a factor tree? 


Investigating the Ideas 


“grow.” 





(2B 2XBxXS 3X3X3 3x)7 
3x3” sf 


27 


















as a factor.) A number such as 42 can have more than 
one tree. Can you find a third tree for 42? *Z%° oe A 


2. What do you know about the top row of each tree for 42 ? 
It contains the prime factors of 42: 2,3,7 


3. Can you draw two different trees for 30 ? LSS 5 ZX BUS 2% 6 x 





& 7? 2 x ‘S ‘Vo, x Z 
1 26 30 ‘30% ‘30 
Discussion 3x 2x5 2S 3 
The term factor tree ordinarily re- 3 Sith 2 ae 


fers to the kind of expressions pic- 
tured in exercise |. Use discussion 
exercise | to extend the type of tree 
the children drew in the investiga- 
tion to the kind usually used in the 
factoring of numbers. Stress the 
fact that each row contains factors 
whose product is the beginning 
number. Use several examples to 
emphasize the fact that different 
factor trees for the same number 
will end so that the factors in the 
top row are the same in each tree 
for that number, as illustrated in the 
next column. 


Also, point out that the order of 
the factors in the top row is of no 
significance. During the work with 
these and other examples, bring out 
the fact that the numbers in the top 
row of each tree have no factor 
tree. That is, they are not the prod- 
uct of two smaller factors. 





Follow-up 

Children might enjoy observing the 
pattern of primes which appears in 
a spiral formation of consecutive 
whole numbers beginning with 11: 


Using the Ideas 


3 ST 
p iil x I 


ie Copy each factor tree and give the missing factors. 


A — B fg c ap 


Order of prime factors may vary. 


4746 45 44 43 42 41 


See Answers, T.E. page \2T. 
More practice, page A-8, Set 15 


E ; x i ‘i F f x rn * il 


2 Iilll => iil 4 Q x_illil 4 


Sill x [ae 3 Il !94- 
/ @©r 2x39) 


. Find at least two trees 


for each number. 

a 84 B 126 

c 60 p 64 

See Answers, T.E. page \27. 


. Below is a tree for 180. 


Can you find four more ? 
“Oscar 
‘x 3 podehasc 

RS 
i 2aeex Yé 


‘or 





+248 +496 


Using the Exercises 

Assign the exercises on page 127 
as independent work. Remind the 
children that there are various ways 
of determining whether or not a 
given number is a factor of another 
number, and that, as soon as they 
have figured out one factor, they 
can simply divide to find another. 
Stress to the children that, in exer- 
cise 2, they should carefully check 
the top row of each tree to make 
sure that none of the numbers in 
it has smaller factors. 


It may be particularly instructive . 


to have this Think problem pre- 
sented to the class, even though 
some children may not be able to 


G pe © il 


> il I 2 


J 7 x ~ MW 


Oil ML - ne 
3x 


2%26 =1424+44+74+14428 
2X496=\4244746+164+314624+124 OT 





do it on their own. The last state- 
ment in the problem, which calls 
attention to the fact that 6, 28, and 
496 are the only perfect numbers 
less than 500, is given so that the 
children will not waste time look- 
ing for any other perfect numbers. 
(Since other perfect numbers are 
extremely large, it would be im- 
practical for the children to spend 
time trying to find them.) 


Assignments (page 127) 
Minimum: 1 A-H. Average: 1-3. 
Maximum: 1-3. 





35) 86 


You might challenge some chil- 
dren to see if they can figure out 
how far this pattern continues, or 
to try to find other patterns. 


Answers, exercises 2 and 3, page 127 
2. Sample trees are shown below: 
variations are possible. 


A 
Doren RR 2 OS Pox 2X 3x 
| WW | Ne New, 
a te ats 2 
we 19% 34” 
PSE vi 
84 
B 
ey Ge ee Gu ap ear | SEOs Da 2 a7 
Se a. Ne, Nay 
x Des A 
Py. 
1267 126 
C 
DISHES 3iGS Se Daca 
Ne wad Jepaeal NG. 
a i u ane 4 
60 Sho 1 
Ne 
D 
De Sa Da Da) Dk ee Oe ae) 
NY N70 We ING Ne ae 
aA cea x te 2 gies 4 2 
wx 8 x / 
64 has ee 


3. Other trees may be developed 
from ‘“‘first-branch’ factors of 2 
and 90, 3 and 60, 4 and 45, 5 and 
36, 6 and 30, 9 and 20, or 10 and 
18. Many variations are possible 
for intermediate branches, but of 
course all top rows should consist 
of the factors 2 (twice), 3 (twice), 
and 5. 


Resources for Active Learning 
A Cloudburst, Vol. 3, No. 2445, 
Midwest Publications. 


Workbook, page 37 


127 





PAGES 128-129 


Objective 

Given a composite number less 
than 500, the child will be able to 
find its prime factorization by build- 
ing a factor tree and recognizing 
prime factors. 


Preparation 

To prepare for this lesson, review 
the building of factor trees. For 
example, work with the children to 
build on the chalkboard a factor 
tree for a familiar number such as 
12, 24, 30, or 36. If children un- 
derstand how to build factor trees 
quite well, you might prefer to 
have them begin immediately with 
the investigation. 


Investigation 

Although this investigation is suit- 
able for use as independent work, 
some children might benefit from 
an opportunity to share ideas with 
one or two of their classmates. 
Therefore, you might have them 
work in groups of two or three and 
encourage them to share things 
which they notice about each set. 
As suggested in the text, children 
should try to find other numbers in 
the special set. You might also sug- 
gest to some that they list other 
numbers which are not in the spe- 
cial set. 


128 





question ? 







17M 133 «9! 
oe ay. jamal 





7 


128 


Discussion 

Ask several children to name some 
numbers which are in the special 
set. Ask them to explain why they 
think the numbers they chose are 
in Terry’s set. Relate their ex- 
planations to the points stressed 
in the discussion exercises. Note, 
first, that prime numbers give the 
number of a set of dots that can- 
not be arranged in a rectangular 
array. (It would be helpful to have 
children use some of the prime 
numbers from the investigation to 
show this.) Second, prime numbers 
have no factor tree. We agreed that 
1 could not be used on a factor 
tree, so numbers such as 13 and 17 


Can you use the clues 


below to answer the 


See \Investigation. 


4. Try to build a factor tree for each of the numbers 
38, 57, and 73. Which of these numbers is pane ¢ 


® Let’s exp/ore prime numbers. 


Investigating the Ideas 


Terry is thinking about a set of numbers. 


List some other numbers 
in Terry's set to show 
you know. 2,7,1\,37, etc. 









Lt 
a8) 


ZTe Gila 


Discussing the Ideas 


1. The numbers in Terry’s set are called prime numbers. 


How would you describe prime nu 
Descriptions will vary. See Discussion. 


2. Prime numbers cannot beshown i|° ° °| 
as a rectangular array of dots. 
Use dots to show that 7 isa 


prime and that 9 is not a prime. a prime 
Array of Twill not form rectangle. 
3. Prime numbers have exactly two 


factors. Is 1 a prime number ? No 
How many factors does 21 have ? 4 
Is it prime ? No 


bers ? 
On. 


ee | 
6 is not 







Array of 9:3%3 rectangle. _ 





5) 
oye) 





: 





(3027 





— Nae 


a Which is the smallest prime number ? 2 
sp Do you think there is a largest prime number ? No 


have no factor tree. Finally, prime 
numbers have exactly two factors. 
Point out that every number has 
1 and itself as factors. A prime 
number is a number greater than 1 
which has only the factors | and 
itself. Explain that numbers greater 
than | that are not prime are called 
composite numbers. Notice that 
these explanations mean that | is 
neither prime nor composite. Zero 
is not usually included in discussion 
of prime numbers, but you might 
note that zero is neither prime nor 
composite. Zero has infinitely many 
factors; thus zero is not prime. 
Since zero is not greater than 1, 
zero is not composite. 


2 
\ 
33 


9 ax \9 


oii 











. List all the ah numbers 

























a throu 
A 2,3,5 


B 130 


eee iS; 17, Weeder 


45=5x3x3 
6. The red lines should remind you of “branches” of an 

“upside-down” factor tree. Copy each exercise without 
the red lines and give the missing numbers. 


A ke. x lle 
2h 


66 = 1 x ll x i 
= 26 |i 


2/7 ™NI3 
130 = Ilill x lll x 5 


7. Give the prime factorization 
of each number. 

a 202x2x5e— 126 
B 303x2x5F 
© 722%2*72289 98 2 x7X7K 93) 
5 1 OX3x3x3, 100 2%2*5%6 Sa # 


B between 60 and 70. 


taht Oo 2S 


. Copy and complete each factor tree. Then give the prime 
factorization of the number at the bottom. 


A i x it x iil 
om x Ws Sm x 
Se 


B i x y x i x Ml 
s 


ne 10 


150 = 3x5x2x5 


@ WZ Oe 21 
oA 


ae) 





2X3X3x7 ores o 
45 | 
K2x! 


51axi7t y 550 


xu 


29,31,37,.41.43,47 B 61,67 C(A\lof A) B34 59, 61,67,71, 
. A Express 30 as the sum of two prime numbers. 


I Express 30 as the product of eone numbers. 
A 74+23 or +19 or! x5 


3. Find two prime numbers whose product is an even number. 
C2 times ony other prime numver) 


4. When you express a number as a product 
of prime factors, you have found the 
prime factorization of the number. 
Give the missing numbers. The prime 
factorization of 90 is 3 x 3 x iM x ” 


ie 
c 2 x 2 x Ill x ill 
eh 


3 uals 5 
210 = Mill = il = Uhh x I 












Using the Ideas 


c through 100. 
13,79,83,89,97 


2. 5 

3 x 3 x lll x ill 
 / Nos; 
9 x 10 


4 {i = bik 


84 =2X2X3x7 


x {lll to 
oA 





Using the Exercises 
Before assigning the exercises on 
page 129, point out the phrase in 
exercise 4 “prime factorization.” 
Note with the children that the top 
row of a completed factor tree 
shows the prime factorization of 
the number. That is, the top row 
should contain only prime factors, 
and the product of these fac- 
tors is the number with which we 
started. 

Direct the children to do the 


exercises. During the discussion of 
this assignment, you might note | 


again that the order of the factors 
in the prime factorization of a num- 
ber is unimportant. 


Assignments (page 129) 


Minimum: 1-5, 7. Average: 1-7. 


Maximum: 1-7. 





Follow-up 

You may help children find the 
primes through 100 by using the 
technique of the ancient Greek, 
Eratosthenes, called the “Sieve of 
Eratosthenes.”’ 

List the numerals | through 100 
on a grid chart on the chalkboard, 
or show them on an overhead pro- 
jector. Cross out 1; circle 2, then 
cross out the multiples of 2; circle 
3, and cross out the multiples of 3. 
Continue this process for 5 and 7. 
The numbers remaining are primes. 

The Think problem on this page 
suggested one special grouping of 
pairs of primes. The children might 
also be interested in the pairs 
of primes which are called twin 
primes: two primes whose differ- 
ence is two. For example, 3 and 5 
are twin primes. Suggest to chil- 
dren that they try to find other twin 
primes. 

Also, you might introduce the 
children to the interesting theory 
known as “‘Goldbach’s conjecture.” 
Goldbach theorized that every even 
number greater than 2 can be writ- 
ten as the sum of two primes. No 
one has ever succeeded in provid- 
ing a mathematical proof for this, 
but no one has been able to dis- 
prove it by finding an even number 
which is not the sum of two primes. 


Resources for Active Learning 

Discovery, Section I, Activities 
18-19, pp. 21-22, Encyclopae- 
dia Britannica Educational Corp. 

Madison Project: Discovery in 
Mathematics (Teachers’ Text), 
“Primes,” pp. 260-263, Addison- 
Wesley. 

Mathex: Numeration No. 7, ‘Prime 
Numbers,” pp. 6-9; ““The Sieve 
of Eratosthenes,” pp. 9-12, En- 
cyclopaedia Britannica Publica- 
tions Ltd. 

Modern Math Games, “Two for 
the’ Primes, (a pame); py 12: 
“Puzzles,” pp. 49, 50, Fearon. 
(Available from Clarke, Irwin) 

Nuffield Project: Problems—Red 
Set, No. 4-4A, Wiley. 


Duplicator Masters, page 23 
Workbook, page 38 
Skill Masters, page 23 
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PAGES 130-131 
Objective 

Given two sets, the child will be 
able to find their union and their 
intersection. 


Preparation 

To prepare for this lesson, you 
might review the concept of set. 
For example, ask children to think 
of the set of all wooden objects in 
the classroom, the set of all brown 
automobiles, or the like. Point out 
that a set must be defined in such 
a way that, given a specific object, 
One can determine whether or not 
the object is a member of that set. 


Investigation 
It is intended that children use the 
figures in the text as the elements 
of the set they choose to think 
about. Have the children play the 
game in pairs. One child thinks of 
some elements in the text, and the 
other child tries to guess his set 
by asking no more than 5 questions. 
They may find a need to invent 
some rules of their own, depending 
on. the kinds of sets they choose. 
For example, a child may think of 
the set of blue squares, or the set 
of red circles, or the set of objects 
in the brown ring. But another child 
may think of the set whose mem- 
bers are A and I; this set may be 
so challenging that children cannot 
definitely identify it in 5 questions. 
With many groups, you may find 
it necessary to read the sample 
game together to be sure the chil- 
dren know what to do. 


130 





Let’s play 
“GUESS 
MY 

SETe~ 


130 


Discussion 

The goal of this lesson is for chil- 
dren to understand what is meant 
by the union and intersection of 
sets. Use examples other than the 
sets of figures in the text to clarify 
these concepts and to teach the 
symbols. The union of two sets 
is that set consisting of those ob- 
jects which are in one or the other 
or both of the two sets. In reference 
to the text, if we call the set of 
figures in the brown ring set S and 
those in the green ring set T, we 
write the union of these sets as 


Sour = 
{A, B,C, D, E, F, G, H, I, J}. 





Investigating the Ideas 


Can you choose a special set of the objects shown 


above and play ‘Guess My Set” with a classmate ? 





Discussing the Ideas 


S U T is read: “S union 7.” 

The intersection of two sets is 
the set containing those objects 
and only those objects that are in 
both of two sets. In reference to 
the sets in the text, we write 


SM T={D,E, F, G} 


We read the symbols S$  T, “S 
intérsectZs¥ 

It would be helpful to list sets 
on the chalkboard and ask children 
to find the union and intersection 
of them. For example, list the fac- 
tors of 12, and then list the factors 
of 16. List their union: {1, 2, 3, 4, 
6,8, 12,16}. List their intersec- 
tion: {1,2,4}. 4 ac 


® Let’s exp/ore union and intersection of sets. 


Bill is thinking of a special set of these figures. 
Jill is trying to guess his set with five or fewer questions. 


1. Jill: Are they all in the brown ring ? Bill: Yes. 
2. Jill: Are any of them outside the green ring ? Bill: No. 
3. Jill: Are any of them circles ? Bill: No. 


4. Jill: Are there more than one figure in your set? Bill: Yes. 
What are the figures in Bill’s set ? Squares F and G 


See 


Inves tigatio 


1. The union of the figures in the brown set with the figures 
in the green set is the set of all the figures in the two sets. 
What are these figures ? ABCUEREGHIG 


2. The intersection of the two sets (brown and green) is the 
set of figures that are inside the green set and also inside 
the brown set. What figures are in the intersection 
of the two sets? DE FE 





Using the Ideas 


1. The table below will help you better understand union and 
intersection of sets. Give the missing numbers in the sets. 


. What numbers are in the intersection of sets O and E ? None 
We call this set the empty set. We write: ONnE={ } 


. For each exercise, give the set of numbers. 


rx PAs Bn EnP{2} ceOW Pr p EnO 
{02,34,5,67,8$ {1,2,3,5,7,9$ {} 


. a Give the set of numbers less than 25 that have 


2 as a factor. Call this set T. Set T={0,2,4,0,8,10,12,14,10,18,20,22.244 


s Give the set of numbers less than 25 that have 
3 as a factor. Call this set R. Set R={0,3,6,9,12,15,198,21,243 
c Give the set of numbers for TN R. TOR=%9,6,12,18,245 
p Give the set of numbers less than 25 that have 6 as a factor. 


{0,6,12,18,24} 
. How many numbers less than 100 have 


a 2asa factor? SO c 2 and 5 as factors ? lo 


sp 5 asa factor? zo 





Using the Exercises 

Before assigning the exercises on 
page 131, you might explain the 
concept of the empty set as pre- 
sented in exercise 2. Point out 
that the empty set is simply the 
set that has no members. You 
might provide amusement by sug- 
gesting some non-mathematical de- 
scriptions of the empty set, such as 
the set of all children in the class- 
room who are 4 metres tall. Point 
out that the empty set also may be 
symbolized as 9. 


When children finish the exer-_ 


cises and you help them check their 
work, stress the idea that union 
is defined as the objects that are 


p 10 asa factor? \o 


in either of the two sets and that 
intersection is defined as only those 
objects which are in both sets. 
Note with them that sets P, O, and 
E contain, respectively, certain 
prime numbers, odd numbers, and 
even numbers. Call their attention 
to the union and intersection of 
pairs of these sets. The union of 
sets O and E is the set of all whole 
numbers less than 10, while the 
intersection of sets P and O is 
the set of odd prime numbers less 
than 10. 


Assignments (page 131)* 
Minimum: 1-4. Average: 1-4. 
Maximum: 1-5. 


Follow-up 
Venn diagrams provide an enjoy- 
able way of showing intersecting 
sets. Explain an example such as 
the following and encourage chil- 
dren to make Venn diagrams for 
the other sets listed below. 
Set A Baseball Team: 
Jim, Mike, Pete 
Set B_ Football Team: 
Mike, Ed, Bob, Al 





AnB 


Other examples: 
Use a Venn diagram to show: 
1) A 1 B, when Set A = {2, 4, 6,8} 
and Set B = {1, 2,3, 4,5} 
2) A | B, when Set A 
= {10, 20, 30,.. .} 
and Set B = {2, 4, 6, 8,10, 
| an CS Coe ke 
3) A 1 B, when Set J is the set of 
all girls taking sewing and music 
and Set B is the set of all girls 
taking weaving and sewing. 


Resources for Active Learning 

Franklin Series: Probability, 
“Sets,” pp; 5-16; Lyons .and 
Carnahan. (Available from Mc- 
Graw-Hill Ryerson) 

Nuffield Project: Problems —Green 
SctyNo.@25,237o*Red SetaNe: 
E22 Wiley. 

Teaching Aids for Elementary 
Mathematics, “Venn Diagrams,” 
pp. 120-125, Holt, Rinehart and 
Winston. 
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PAGES 132-133 
Objective 

Given two numbers, the child 
will be able to find their greatest 
common factor. 


Preparation 

To prepare for this lesson, review 
how to determine whether or not 
one number is a factor of another. 
For example, 4 is a factor of 12 be- 
cause 12 + 4=3, with zero remain- 
der. You might also write some 
numbers on the chalkboard and 
ask children to list the factors of 
each. 


Investigation 

You might want the children to 
work in groups of two or three and 
share ideas on how to find the 5 
other numbers. As children work, 
you might ask questions to guide 
their thinking. For example, you 
might say: “Think of the basic mul- 
tiplication facts. Do you recognize 
familiar products?” Or: “‘Add the 
digits in each numeral. Does this 
give you a clue?” “Have you di- 
vided each number by the factors 
you know?” “Can you make a fac- 
tor tree for each of the two num- 
bers?’’ Use questions such as these 
only for children who have diffi- 
culty in thinking of ways of finding 
factors for the numbers. 


[52 


@ What is the greatest 
common factor of two numbers? 


Investigating the Ideas 


2 is a factor of both 


There are five other numbers that are factors of 


both 72 and 450. How many of them can you find ? 


Discussing the Ideas 


1,3,6,9, 18 


See 
Investigation) 


1. Study the flow chart below for finding the greatest common 
factor (GCF) of 70 and 105. Explain each step 
and then give the output number. See Discussion. 


Ae ilo 
10,14,35,70} 


2. The flow chart below shows a second method for finding 
the GCF of 70 and 105. Use the method in this flow chart 


B = {1,3,5,7, 
15,21, 35,4 05} 


¥ 


AnB ={1,5,7,35} 


to find the GCF of 45 and 30. 


Discussion 

Ask the children to list the factors 
they found in the investigation, and 
encourage them to explain how 
they found them. Point out that 
the 6 numbers which are factors of 
both 72 and 450 (1, 2,3, 6,9, 18) 
are called common factors. You 
might also point out that when 
they are looking for common fac- 
tors they need not find the factors 
of 450 which are greater than 72, 
because these numbers clearly will 
not be factors of 72. When you are 
sure children understand the idea 
of common factors, introduce the 
concept of greatest common factor. 
For example, have them identify 


the greatest common factor of 72 
and 450. Use the discussion exer- 
cises to develop this concept. Care- 
fully work through the flow chart 
steps of the two methods for finding 
the greatest common factor. 

Make certain that the children 
see that one method consists pri- 
marily of choosing the largest fac- 
tor from the set of common fac- 
tors and that the other method 
involves simply choosing the com- 
mon prime factors of the two 
numbers. In the illustration of the 
second method, for example, 5 and 
7 appear in both prime factoriza- 
tions; hence, by choosing 5 X 7, we 
get the greatest common factor, 35. 


v 


Ii 35 


1S 





List the factors of 12.1,2,34,6,12 2. a 
List the factors of 30.1,2,3,5,6,10,15,30 g 
List the common factors c 
of 12 and 30. |,2,3,6 


Oo wD Pp 


of 12 and 30?6 


3. Use the method shown in the first flow chart on page 132 


to give the GCF of each pair of numbers. 
A 18,24 6 ee2022/\1 


4. The prime factorization of each number is given. 


Give the GCF of the two numbers. 
a 70: 2X57) c 66: 2x1 
20: 2x2x5 165: 


Answer: 10 


p 126: 3x3x2x7 v 525: 


ai “aes 3x 5x! : 


5. Give the GCF for each [@ 
pair of numbers. Use | 
the flow chart in 
exercise 2, page 132. 

36,42 6 

20, 36 4 

90, 315 45 

72, 450 \8 

175, 105 35 

525, 441 21 








1 ™ OFM we > 


6. Give the GCF of 
36, 42, and 54. 6 


ye 7. Give the GCF of 


70, 28, 42, and 56. i4 


More practice, page A-8, Set 16 


Using the Exercises 

Note with the children that the 
steps in exercises | and 2 on page 
133 lead them through the steps 
outlined in the first flow chart. 
Exercises 4 and 5 relate to the 
method shown in the second chart. 
Starred exercises 6 and 7 are in- 
tended for children who want to 
choose one of the two methods and 
work through it on their own. You 
might want those who work these 
exercises to explain their solutions 
to the class. 


Some children will enjoy the 


Think problem. You might en- 
courage them not only to solve the 
equations but also to write some 





List the factors of 50,25.5° 
List the factors of 30.i6;i4 36 
List the common factors 

of 50 and 30. 1,2,5,10 

p What is the GCF bp What is the GCF 

of 50 and 30? jo 


Cale, OO V2 









Using the Ideas 
1,2,5,10, 


\,2,3,5,6, 
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of their own. If time permits, they 
might explain the equations and 
answers to others in the class. 


Assignments (page 133)* 
Minimum: 1-5. Average: 1-5. 
Maximum: 1-7. 


Mathematics 
Two whole numbers are said to 
be relatively prime to each other 
if their greatest common factor 


The numbers 8 and 15 are rela- 
tively prime. The factors of 8 are 
1, 2, 4, and 8. The factors of 15 
are 1, 3, 5, and 15. Since 1 is their 
greatest common factor, 8 and 15 
are relatively prime. Every pair of 
consecutive whole numbers 1s 
relatively prime. Any number larger 
than | which is the factor of the 
smaller number of the consecu- 
tive pair cannot be a factor of the 
larger number, for division of the 
larger number by the factor will 
always give a remainder of 1. 

A fraction is in lowest terms if 
the numerator and denominator are 
a pair of relatively prime whole 
numbers. 


Follow-up 

A suitable follow-up for children 
who clearly understood the con- 
cepts and techniques of this lesson 
would be a study of the Euclidean 
algorithm for finding the greatest 
common factor (GCF) of two large 
numbers. The following steps may 
be given to these children to study 
on their own. 


1. Compare two numbers. 

2. Divide the greater number by 

the smaller. 

Is the remainder zero? 

4. If it is, recall the last divisor— 
this is the greatest common fac- 
tor of the two numbers. 

5. If the: remaimder is notszero: 
divide the last divisor by that 
remainder. 

6. Is the new remainder zero? 

7. Repeat step 4 or 5. 


WwW 


Resources for Active Learning 

A Cloudburst, Vol. 2, No. 2613, 
2623; Vol. 3, 2615-35, Midwest 
Publications. 

SMSG: Puzzle Problems and 
Games Project, ‘... Greatest 
Common Divisor,” pp. 69-77, 
Stanford University. 


Duplicator Masters, page 24 
Workbook, page 39 
Skill Masters, page 24 
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PAGES 134-135 
Objective 

Given two numbers, the child 
will be able to find the least com- 
mon multiple of the pair. 


Preparation 

To prepare for this lesson, you 
might review the term “multiple.” 
A first number is a multiple of a 
second number if there is a whole 
number that multiplies by the sec- 
ond to give the first. For example, 
32 is a multiple of 4 because 8 X 4= 
32. You might list the following 
numbers on the chalkboard and 
ask children to identify the mul- 
tiples of 5, the multiples of 6, and 
so on. 


Lue 1530), 42, 505 12k 843 


Children might respond by saying 
something such as, “15 is a multi- 
ple of 5 because 3 X 5 = 15.” 
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of 3 and 4. '2 









Discussion 


Before developing the idea of least 
common multiple, as in discussion 
exercise 1, help children realize 
what a common multiple is. For 
example, list certain sets of multi- 
ples and ask children to give the 
intersection of them. 


Multiples of 4: 0,4, 8, 12, 16, 20, 
CAs Soe 
Multiples 
30) iar 


Explain that 0, 12, 24,.. . are com- 
mon multiples of 4 and 6. Point 
out that, other than 0, 12 is the 
least common multiple of 4 and 
6. Carefully work through exer- 


of 6: 0, 6, 12,.18,24; 


Discussing the Ideas 


1. The least common multiple (LCM) of two numbers is the 
smallest number (other than zero) that is a multiple of both 
numbers. Study method 1. Then use it to find the LCM 


3. Study method 3. See if you can explain why it gives the LCM 
of two numbers. See Discussion. 





cise 1, giving the children other 
suitable examples to try. With some 
children, you might want to devote 
the entire time to this method; 
with others, you might present both 
methods 1 and 2. It would be best 
to use method 3 only with more 
able children. Note that method 
3 works because only those factors 
needed to make the resulting prod- 
uct a multiple of both numbers are 
chosen. 


® What I's the least common 
multiple of two numbers? 





Follow-up 


Using the Ideas Children might enjoy an oral game 

for identifying multiples. For ex- 

List the multiples (to 60) of 6. °,@,!2,19,24,30,36,42,48,54,c0 ample, explain that for all the mul- 
List the multiples (to 60) of 4.0,4,8,12,10,20,24,28,32,3640,44,48,52 tiples of 4, they say Buzz; for those 


List the common multiples (to 60) of 6 and 4. 012,24,36,49,60 nae of 5, they say Clang; and for those 


Give the least common multiple of 6 and 4. !2 of 6, they say Bam. Then have the 
group begin to count, remembering 
to use the Buzz, Clang, and Bam 
substitutes at the proper time. The 
first 20 numbers would sound as 
follows: 


List the multiples (to 30) of 5.0,5,10,15,20,25,20 

List the multiples (to 30) of 2.°24,6,8,10,:2,14,10,18,20,22,24.26,28,30 
List the common multiples (to 30) of 5 and 2. 0,10,20,30 

Give the LCM of 5 and 2. io 


A List the multiples (to 72) of 12. 012,24,36,48, 60,72 
B Give the least multiple of 12 (other than 0) 

that has 8 as a factor. 24 
c Whatis the LCM of 8and12: 24 


lpo2, 34: Buzz, Clang,.ABarmie fT. 
Buzz, 9, Clang, 11, Buzz-Bam, 
13, 14, Clang, Buzz, 17, Bam, 
19, Buzz-Clang ... 
. Use method 2 to find the LCM for each pair of numbers. 
a 3,412 c 10,840e 9,15456 6,9181 10,1530 k 24,1872 
B 12,1648pn 7,14\4F 8, 2040n 5,945y 10,100I0m 24, 40120 


Resources for Active aL 
A Cloudburst, Vol. 2, No: 2713, 
27232 4 Vole 933 I715, Midwest 
. The prime factorization of each number is given. Publications. 
Give the LCM of the two numbers. 


Duplicator Masters, page 25 
Workbook, page 40 
Skill Masters, page 25 


. What is the LCM for . What is the LCM of 
each pair of numbers ? 2,6, and 10? 30 
Ae2, 5G Parag 2 ue 15, 6, and 4?60 

6 5bea5 ie 21, 6/4Z 18, 15, and 8 ?3c0 

10,1260 n 17,2 34 8, 6, and 4? 24 

10, Geec, 1» 20,24 120 5, 10, and 3? 30 

20,1020 s 90, 63 e30 10,12, and 15?60 


More practice, page A-9, Set 17 E35 





Using the Exercises 

Assign the exercises on page 135 
as independent work, according to 
which method for finding the LCM 
the children studied. Encourage 
children to choose the method they 
like best and to develop it by prac- 
tice in exercises 6 and 7. When 
they have finished, allow time for 
further discussion and for check- 
ing answers. 


~ Assignments (page 135)* 
Minimum: 1-3, 6. Average: 1-3, 
5-7. Maximum: 1I-7. 
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PAGES 136-137 
Objective 

Given addition, subtraction, and 
multiplication operations in clock 
arithmetic, the child will be able to 
write and solve an equation for 
each. 


Preparation 

Although the topic of clock arith- 
metic is developed in Book 5 of 
this series, this presentation may 
be the first for many of the children. 
If you choose, extend this lesson 
over more than one period. 

As long as children are familiar 
with the use of a number line, there 
is no need for a specific preparation 
for this lesson. 


Investigation 

If children have not had previous 
experience with clock arithmetic 
read the paragraph at the top of the 
page and discuss the one-handed 
clock. Then encourage them to try 
the investigation equation. Move 
around the room as the children 
work and help any who need guid- 
ance. 
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| @ Let's exp/ore some clock arithmetic. — 


Investigating the Ideas 











The figure shows how you can use a one-handed clock to think 
of addition in ‘clock arithmetic.” You used the number 
line to show operations in ordinary arithmetic. Zz 
A clock may be used in much the same way 
to show operations in clock arithmetic. 





Can you write a ‘clock arithmetic” 
equation for each clock below ? 





'5+4=9 


Discussing the Ideas 





1. Use aclock to explain each of the following sums. 


A 5's 611 ene Sa ee ee aci=9! 
See Discussion. 

2. Use aclock to explain each of these differences. 
a 10=8=2¢ s 10—-9=37 co10-10—12 


p 10—11=11 

See Discussion. - 

3. Suppose you have a special one-handed clock 
with just 5 numbers on it. Also, suppose you 
use O instead of 5 on your clock. You can do 
some interesting arithmetic with this clock, 
much as you did with an ordinary clock. Choose some pairs of 


““five-clock numbers” and explain how you can find their sums. | 

Choices will vary.Samples:243=0 5443-2, 3+3=) 

4. Use the five-clock to explain each equation. 
aA44+2=1 Bed = 2 A Co 2s a pee ed Say S| 
See Discussion. : F 

5. Is it true that for any pair of five-clock numbers a and b 

a+b=b+ a? yes 
Choose a pair of five-clock numbers and illustrate this principle. 
Sample: 3+4=2 and 44+3=2, 50 32+4=4t3 
136 
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Discussion 

Before discussing the exercises, 
check the equations the children 
wrote for the clocks in the investi- 
gation. As you discuss these equa- 
tions, and the first two discussion 
exercises, stress that the clock 
being used is a “twelve-clock’’; 
these equations make sense only if 
it is understood that they refer to 
twelve-clock arithmetic. 

Use exercise 3 to introduce clock 
arithmetic other than 12. Point out 
that five-clock arithmetic is but one 
of many examples which could 
have been chosen. When children 
discuss exercises 4 and 5, be sure 
they realize that they must refer to 


the five-clock which is illustrated 
in exercise 3. 








Follow-up 

Suggest to the children that they 
make both an addition and a multi- 
plication table for some clock 


Using the Ideas 


1. Answer the question. Then solve the equation. 


a What time will it be B What time was it arithmetic of their choice. These 
5 hours after 8 o'clock? jo'clock 6 hours before 2 o'clock ? may then be displayed around the 
8b B ros 79! Dua hd ieee classroom. They might also write 


equations under these tables and 
challenge others to find the solu- 
tions. 


2. Use twelve-clock numbers to find the sums. 
A atta hs B holon ty c 8+ 9. dp 11 peel ily E 1WZetel 25, 


3. Use twelve-clock numbers to find the differences. 


eka ihe en BN 1 Re7 oe Eee) Resources for Active Learning 
\o 12 | MN (2 


[The following are clock arith- 

metic activities. | 

Developmental Math Cards, L414, 
Addison-Wesley. 

Franklin Series: Mathematics 
Around the Clock, Lyons and 
Carnahan. (Available from Mc- 


4. Find the sum. Then find the product. Use twelve-clock numbers. 


A 2+2+2+2=n, B 5+5+5=n ce 7+74+7+7=n 


Ax2=n, SKS ng AX js— 


Use the five-clock for all of these exercises. 


4. 


5. Answer the question. Then solve the equation. 


a Start at 0. a Start at 0. c Start at 0. Graw-Hill Ryerson) 
Move forward 3. Move forward 2. Move forward 4. Math Activity Cards, E2, Mac- 
Move forward Move backward 4. Move forward millan. 
4 more. 4 more. Nuffield Project: Computation and 
Where are you ? Where are you ? Where are you ? Structure 4, “Modular Arithme- 
Sites Zit SiN, 2x4=n, tic,” pp. 13-21, Wiley. 


Nuffield Project: Problems —Green 
Set, No. 15, Wiley. 

Teaching Aids for Elementary 
Mathematics, pp. 62-67, Holt, 
Rinehart and Winston. 

Nuffield Project: Shape and Size 3, 
“Patterns on Circles,” pp. 11- 
18, Wiley. 


6. Solve the equations. 
Abs pO —7S0p 3 4+3='s1 “e2—-3=n4 33x 3=pe4 
Beoetee—aae @— 2-1 fion 2-4=d3 «3x 4=q2 
Cpr 2) 0.0 Feet C:O- 142% Dery te 4X OS TO 


7. Copy and complete the addition and multiplication tables. 


Ix fo]1]2|3]a 
O 











Workbook, page 41 
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Using the Exercises 

Assign the exercises on page 137 
as independent work unless the 
children had particular difficulty 
with the discussion section. Point 
out that exercises | through 4 refer 
to twelve-clock arithmetic; exer- 
cises 5, 6, and 7 refer to five-clock 
arithmetic. Allow time for check- 
ing answers when the children have 
completed this page. 


. Assignments (page 137) 
Minimum: 1-4. Average: I-7. 
Maximum: 1-7. 
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PAGES 138-139 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

If you choose to use these pages 
as an evaluation instrument, you 
will probably want to spend some 
time in preparation. It would be 
beneficial for children to build sev- 
eral factor trees, list all the factors 
of several numbers, and find some 
multiples of small numbers. 
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1. Solve the equations that have whole-number solutions. 


“moo sD > 


2. a List the factors of 32. 


1,2, 4,8, 16,32 





Lae ies ed) 


B List the factors of 28. 
|, 2,4, 7, 14,28 


3. Is the first number a factor of the second ? 





Gu eee xe 


= = 


EO 


a 


t 


25,50, 100) 


a 7,42 Yes B 10,55No c 6,54Yes ob 7,91Yes 
4. List the factors of: A 12 B 42 c 56 
1,2,3,4,6,12 (2j3,05714 21,42 (.2,4,7,8,14,26,56 1.2,4,5,10,2 
5. Find each product. Then give all the factors of that number. 
AL oa Ss A oe A Eo apy 
B 2x ee A ay | Ft2 7 3 5e3 


See Answers, T.E. page 138. 


1266, 4575} that have 


a 2 as a factor. 82,102,300, 


870,468, |Z26G6 


7. Copy each factor tree and give the missing factors. 


aril xaillll xiii 
| ely 
Til =x ile 


B Sillll xii <_ies 


8. Which of these numbers are prime ? 37, 47,53, 6! 
{21 ,27,33; 37747; 29} Oi POSaG Ty 63} 


9. Give two prime numbers whose difference is 1. 2,3 


138 


Discussion 
Because of the number of exer- 
cises on these pages, you might 
assign only selected exercises for 
the children to do. Or, you might 
extend the length of time you allow 
for the children to complete them. 
Remind the children that some of 
the equations in exercise | do not 
have whole-number solutions; they 
are asked only to solve those that 
do. If children have difficulty re- 
membering a certain topic, direct 
them to the appropriate pages in the 
chapter to help them refresh their 
memory. Give help to those children 
who seem to be finding the exercises 
difficult. 


Answers, exercise 5, page 138 

A TT Spt 3905 gals 

B 14; 1, 2,7, 14 

CSSshi Swhdyss 

D 49; 1, 7, 49 

E(105 1451675, Ted3edhodaed 05 
F518 5: i2endibg 9fN8 

G 8; 1, 2, 4, 8 

H>703 bsi2soSai7 0G 14,3550 


Hae x 15a 

6. Give all the numbers in the set {82, 75, 102, 300, 537, 870, 377, 468, 

B 5 asa factor. Oe, ,300,870, c¢ 3 asa factor. 
75 


75,102,300, 537, 
870, 468, \266,4575 } 


wey : ibs eas 2 x. lll 
9 lil => — ies . i6 
s\ 


x 





: 


Solutions, Think, page 139 

The Think problem is quite chal- 
lenging. Several solutions are pos- 
sible for some of the numbers. For 
example, the symbol for 7, given 





10. Give the prime factorization of the numbers at the bottom onypageg hao, 1s 9 13-2) eae 
of the factor trees in exercise 7.4 63=3x3x7 B 99 =3x3x\| C 102=2x%3xI7 other symbol for 7 is (9— 3) + 1. 
Sample solutions for 8 through 40 


11. The red lines should remind you of the branches of an “upside-down” 








: : ; follow: 
factor tree. Copy each exercise without the red lines and give the 
missing numbers. Symbols Numbers 
a 78=13 x 6lll 8 154 = lias tl ¢ 170 = iollll x ill aaa | 
78 = 13 xailll x Sil 154 =| x2 x7 = =170 =2\li il ri se 1 rf 
12. Give the prime factorization of each number. O Fad ae) 1] 
a 453x3X5 B 282X2x7 c 755x5x3D 12073%5e 72°*2%3%e 180 9+ 3 12 
3x2x3xX2xX5 Dar (srs Il) 13 
13. Set T = (0, 3, 6, 9, 12, 15; Set E=4{07274,,6,8/10, 12,443 7 2 OL tae 14 
Give the set of numbers for: «a Tn E oe" Tu E 02,384.68 De ShEN PAS a7 (9 393) 15 
14. Give the greatest common factor for each pair of numbers. ; 27719 +) God) | ip 
a 6,9, 8 12,18, ¢ 32,36, v 60,48, © 36,42, 42,55, cn esi a 
. Give the least common multiple for each pair of numbers. DRE Ps 0) 19 
A 4,6, B 12,16, . c ig 10_ D Sa E 30, 66, .F 30.4575 ape = yeah 20 
. Give two numbers whose least common multiple Answers will vary. ahi 3) a 
a_ is their product. B is one of the numbers. hee Oa) ott 22 
_ Sample answers: 2 8\5 Sample answers: 4,6:2,631,5 Zi (31) 23 
foe , ae 2 27 — 3 24 
2¢-— a= 1) 25 
2 26 
27. 27 
Deal 28 
273 = 1) US 
PANS ai) 30 
20 4 (3 1) 3] 
eo 3) a2 
27ND =93) 33 
Zi 19 — (i) 34 
21449 = 1) 33 
27 49 36 
piles eae bet 3 
| ee ee he 38 
: 27 + (9 + 3) 39 


Ft (9 42. (34 | 40 


Workbook, page 42 
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PAGES 140-141 
Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Review any topics covered thus 
far in the text which may have been 
difficult for the children. If no dif- 
ficulty comes readily to mind, it will 
probably be most helpful to spend 
this time reviewing the division 
algorithm. 


140 





. Find the products. 





10000 100 O0O 
a 10x 10100 ¢ 100 x 101000 10 x 1000.56 100 x 1000 
8 10 x 1001000 » 100 x 1001000 1000 x 10 # 1000 x 1000 


. Give the smallest number that has 4 thousands, 6 tens, 5 hundreds, 


3 ten thousands, 2 ones, 6 hundred thousands, 9 millions, 
6 hundred millions, and 0 ten millions. 609,634,562 


. Write each number as a power of ten or as a number less than 


10 times a power of ten. 


a 500 Answer: 5 x 10? p 600 c¢ 1000 ob 5000, e& 10000 
6 X10 \O° 5x10? \o* 


. Give the ordinary base-ten numeral for each |||. 















a 8)3642 
5 ROT 
c 78)457 
TEAS WE 
e 65)4762 


set of numbers. 


sp {86, 97,81, 76} 85 





Discussion 
You might choose to work through 
several exercises on page 140 to- 
gether with the class. 

It may help to have several parts 
of exercise 6 written on the board 
and explained to the class. It may 
also help to discuss several parts 
of exercises 5 and 7 in some de- 
tail. For exercise 7, you may need 
to help some of the children review 
the definition of an arithmetic mean. 

For the Think problem, encour- 
age reasoning such as: “I know that 
the ones’ digit of the quotient is 1 
since my last product is a 2-digit 
number ending in 3; hence, it would 
have to be 1 X 73.” . 


6. Find the QUOTES and remainders. | . 
455 R2 74 R38 


» 40)2963 ee 
5ORIO 

> 39)2164 
T7IR3 

r 84)5967 


7. Find the arithmetic mean for each 


a {613, 786, 494} 63) 





Following this, the child should 
reason that the tens’ digit in the 
quotient cannot be as great as 2 
since 20 X 73 would be a number 
greater than 1000, and the dividend 
is only a 3-digit number. If the tens’ 
digit of the quotient cannot be 
greater than 1, it must be 1. As 
soon as the quotient of 11 is ob- 
tained, the rest of the digits can 
easily be supplied simply by multi- 
plying 11 times 73 to find the 
dividend. 





aA 4? = |i le Chosen —e 6? = || 216 ge 5 x 10° = || 500¢ 
B 10?=|lI\|loo  p 25 = jl 32 F 133 = ||2I97 wu 8x 10* = i) 
0000 
5. Find the products. 
a 300 Bids c 39 p. 54 E 38/7 F 465 
x9 x6 x 20 x 47 x 29 “174 
2TOO 1422 780 2538 1223 =Tele)\e) 


| 


Follow-up 

Children might enjoy a version of 
“IT Know Your Answer.” They 
might play it with a fellow class- 


mate or friends and relatives out- 
EGYPTIAN PYRAMIDS 


side of class. 





1. Choose and write down any 

number. 

Multiply your number by 2. 

Add 16 to this product. 

. Divide the sum by 2. 

. Now subtract the number that 
you started with. 

[The answer is always 8.] 


An B&W bh 


You might challenge some chil- 
dren to try to make up other rules 
patterned on these. 


The Great Pyramid at El Gizeh is the largest of the approximately 80 
pyramids that still stand in Egypt. The Pharaoh Cheops had it built 
as a tomb for himself around 2600 B.c. One hundred thousand slaves 
worked for 20 years to complete the project, which required 2 300 000 Resources for Active Learning 
stone blocks, weighing about 2275 kg each. The Great Pyramid is Math Activity Cards, “Cheops’ 
considered one of the seven wonders of the ancient world. Pyramid,’ D36, Macmillan. 


1. The Great Pyramid was originally 3. The bottom of the pyramid is a 
144 m tall. The Great Pyramid square about 228 metres on a side. 
was as tall as a building of how A hectare is 10 OOO square metres. 
many stories, if you use 4 Does the pyramid cover an area 
metres per story ?36 closer to 5 or to 6 hectares ?S 


. When the capstone was removed 4. Estimate the number of hockey 
from the top, the Great Pyramid rinks (61 mlong and 26 m 
was 137 m tall and the top wide) it would take to 
was a square surface about 10 m provide room for the pyramid.33 
on each side. If a car takes up 
a space of 4.5 by 2 m, about . How many years ago (to 
how many cars could be placed the nearest 100 years) was 
on top of the pyramid ? Avbout || the Great Pyramid built 74600 
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Using the Exercises 

You may prefer to assign page 140 
as independent work and discuss 
the introductory material for the 
problems on page 141. Give chil- 
dren an opportunity to discuss the 
illustration and perhaps encour- 
age them to consult an encyclo- 
paedia for additional information 
about the Egyptian pyramids. 
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CHAPTER 7 


Pages 142-155 


General Objectives 

To provide experiences with frac- 
tion concepts 

To provide work with equivalent 
fractions 

To stress building sets of equiva- 
lent fractions 

To make a transition from sets of 
equivalent fractions to fractional 
numbers 

To introduce fractional numbers 

To introduce the fractional-num- 
ber line 

To establish the fact that each 
whole number is also a fractional 
number 

To introduce equality and inequal- 
ity for fractional numbers 

To review skills for finding lowest- 
terms fractions 

The first lesson of the chapter deals 

with the general concept of frac- 

tions, followed by development of 

the concepts of equivalent frac- 

tions and building sets of equivalent 

fractions. Then material on lowest- 

terms fractions and finding the 

lowest-terms fraction for a given 

fraction is provided. 

After this introduction, material 
is presented that should help chil- 
dren move smoothly from sets of 
equivalent fractions to sets of frac- 
tional numbers. The last part of the 
chapter deals with equality and in- 
equality for fractional numbers, in- 
cluding fractional numbers greater 
than one, and whole numbers as 
fractional numbers. 


Mathematics 


Fractions are different in concept 
from the numbers they represent. 
Initially, we take the point of view 
that fractions are symbols for num- 
ber pairs; later, we also use frac- 
tions as symbols for fractional 
numbers. 

The work with equivalent frac- 
tions is very important to the early 
part of the chapter. This work 
prepares children for fractional- 


TI41A 


Fractional Numbers 


number concepts. A formal defi- 
nition of equivalent fractions states: 


Two fractions 
a ces 

=“ands= 
b d 

are equivalent to each other if 


and only ifa X d=b Xc. 


After providing children with ex- 
periences using equivalent frac- 
tions, we lead them to build sets of 
equivalent fractions, starting with 
lowest-terms fractions suchas } and 
2. For example: 





== fl 23 es 5 6 ib 8 

A= 25 49 6s 89 109 1239 149 eee ee 
= [2 4) 6 8 

Bia {eae as sy 
oe. 2) 12 

C= {3, 85 125 169 - 


These patterns could be con- 
tinued indefinitely, for each set 
contains an unlimited number of 
fractions. It is important to note 
that we can make this assumption: 
If these sets are endless and if any 
fraction that is not equivalent to 3 
is not in set A, then any fraction 
equivalent to 3 is in set A. Similar 
statements are true for sets B and 
C, as well as for any other set of 
fractions constructed in this way. 
These points are essential to the 
general concepts of this chapter: 


1. The definition of equivalent 
fractions divides the fractions 
into classes. 

2. Any two fractions in one class 
are equivalent. 

3. A fraction from one class and 
a fraction from a different 
class are not equivalent. 

4. In any class, there is an un- 
limited number of fractions. 

5. Every fraction is in exactly 
one class. 


Building the fractional-number 
concept from fractions (number 
pairs) is very much like building the 
cardinal-number concept from sets. 
In the earlier Investigating School 
Mathematics texts, we began to 
develop the concept of cardinal 


numbers by establishing an under- 
standing of equivalent sets. Next, 
children were led to think about 
classes of equivalent sets and the 
cardinal number associated with 
each class. For example, they 
learned to associate cardinal num- 
ber 2 with the class of sets that are 
equivalent to: 


The equivalence of the sets in 
this class is illustrated as follows: 





Just as we abstracted cardinal 
number 2 from the class of sets 
illustrated above, so we can ab- 
stract the fractional number one 
half from the class of equivalent 
fractions 

4,2, G10 7 TET ae ey 

We can start with any lowest- 
terms fraction and imagine an infi- 
nite set of equivalent fractions. 
With each of the sets, we associate 
exactly one fractional number. The 
number line is very effective for 
illustrating this idea. For example, 
the number-line exercises on pages 
148 and 149 of the text demon- 
strate that for each set of equivalent 
fractions, there is one and only one 
fractional number. 

As shown in exercise 5, page 
151, the number line also helps 
illustrate that each whole number 
can be considered as a fractional 
number and that fractional num- 
bers greater than one have corre- 
sponding fractions. 


0 1 2 
i ob, 29 4p eee es 


Although we think of exactly one 


number for a given point on the 
number line (and of exactly one 
point for a given fractional num- 
ber), we may label the point with 
any fraction from the set of equiva- 
lent fractions for that number. 
Thus, the point associated with one 
half could be labelled with any frac- 
tion from the’set +, 7, %, a5, i5,.... 

The fact that each fractional 
number has many different names 
leads us to consider the concept of 
equality for fractional numbers. 
When we write += %, we are indi- 
cating that + and ¢ represent the 
same fractional number. This also 
indicates that the fractions are 
equivalent. Keep in mind that 3 = 4 
is a statement about eee not 
about fractions. 


In wes ort we would say that 
eee 2 
fe : - means that “ b “ and q name the 


same fractional number. Again we 
observe that two fractions name the 
same fractional number if and only 
if they are equivalent. 

Therefore: 


: = Gif and only if a x d= Dex. 


If we wish to AEE two frac- 
tional numbers such as # and 3, we 
could consider the physical inter- 
pretations from which the fractions 
# and 3 arise. 


Consider these examples. 


(1) 34 since3 xX 14485 
(2) %& #4since9X6415X4 


Using the number line, we could 
clearly illustrate the preceding ex- 
amples. Also, we could find frac- 
tions with common denominators 
for the two fractional numbers. 
Consider example 2. Since 7% = 36 
and 4= 328 then 7% < ¢ because 
<3 

Although it is inconvenient to 
use physical objects or the number 
line to consider the inequality in 
the preceding example, such inter- 
pretations for certain simple pairs 
of fractions will aid the children. 
For example, to demonstrate that 
4 > 1, we could examine the scale 
on a measuring cup. To see that 


3 < 4, we could use a number line 
or some physical object. 


Teaching the Chapter 


Materials 


Colored strips (1 set per child) 

Demonstration number line 

Overhead projector (if available) 
and transparencies 

Regions shaded in fractional parts 


Vocabulary 

denominator higher terms 

equivalent improper fraction 
fraction lower terms 

fraction lowest terms 

fractional number pair 
number numerator 


You may find it helpful, and even 
necessary, to show some objects 
being cut into parts, or at least 
draw some pictures of cut-up ob- 
jects to help slower children devel- 
op a feeling for fraction and frac- 
tional-number concepts. Continue 
to guide the children toward more 
abstract thinking as their experi- 


ences with fractions and fractional 


numbers intensify throughout this 
chapter and those to come. In the 
early part of the chapter, sufficient 
material of a concrete nature is pro- 
vided for most of the children to 
gain a feeling for fraction concepts. 
As fractional-number ideas are 
developed later in the chapter, en- 
courage the children to abstract the 
fraction and fractional-number con- 
cepts from the physical world. 

Most of the words in the vocabu- 
lary list are familiar to the children. 
Minimize use of the expression 
improper fraction, and try to avoid 
having the children think that there 
is anything wrong with a fraction 
such as *. The children should be 
exposed to the expression improper 
fraction but, when possible, just 
use the word fraction for the im- 
proper fraction. 


Lesson Schedule 


Plan to cover this material in about 


’ a week and a half to two weeks. As 


with all suggested schedules, you 


should adjust this one to the needs 
and abilities of your children. 


Evaluation of Progress 


Evaluating children’s achievement 
for this chapter is not simple. While 
there are several important skills 
presented, do not underrate the im- 
portance of having children relate 
a single quantitative idea to each 
given set of equivalent fractions. 
This is a key concept of the chap- 
ter, but it is difficult to test. We 
suggest that you base much of 
your evaluation of the children’s 
achievement on their day-to-day 
experiences and participation in 
class discussions. 

Pages 154 and 155 provide chap- 
ter and cumulative reviews. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Franklin Series: Patterns and Puz- 
zles, ‘“‘Fraction Fun,” pp. 64— 
66. Lyons and Carnahan. (Avail- 
able from McGraw-Hill Ryerson) 

It’s aTangram World, “Fractions,” 
pp. 39-52, Educational Science 
Consultants 

Notes on Mathematics in Primary 
Schools, “Fractions,” pp. 190- 
193, Cambridge University Press. 
(Available from Macmillan) 

Nuffield Project: Computation and 
Structure 3, “Fractions,” pp. 
70-78, Wiley 


MANIPULATIVE DEVICES 


Cuisenaire Cubes, Squares, and 
Rods (Cuisenaire Co.) 

Discovery Blocks (Educational 
Teaching Aids) 

Fraction Blocks (Creative Publica- 


tions) 

“Invicta” Math Balance (Math 
Media; Selective Educational 
Equipment) 


Modulated Cutouts (Encyclopae- 
dia Britannica Publications Ltd.) 

Unifix Fractions Kit (Educational 
Teaching Aids) 
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PAGES 142-143 
Objective 

Given appropriate parts of re- 
gions or sets, the child will be able 
to write fractions to compare the 
part to the whole region or set. 


Preparation 
Materials 


colored strips 


To prepare for this lesson, you 
might refer to the strips and ask 
children to mention some of the 
ways in which they have been used. 
For example, they have used them 
in work with different bases. If 
they have used previous books of 
this series, they might recall that 
they used them in measurement and 
with fractions, as they will in this 
chapter. 


Investigation 
Read the introductory material with 
the children, helping them see that 
each strip is being considered in 
parts. Have them note the side of 
the strips which have the centime- 
tre divisions marked. They might 
find this marked side of the strips 
easier to work with. Remind the 
children to record both the col- 
ored strips and the fraction. 

Some may make a table such as 
the following: 





Fractions 


yellow 
black 


orange 
blue 


white 
red 
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the yellow strip. 


picture ? 


142 


Discussion 

Give children an opportunity to 
share the results of the investiga- 
tion. When appropriate, point out 
that some of their comparisons 
were expressed as improper frac- 
tions and review the idea that such 
a fraction is a fraction in which the 
numerator is greater than or equal 
to the denominator. 

As you discuss the exercises in 
the text, you will want to bring 
out One important point: When we 
speak of a fractional part of a re- 
gion, we consider that the region 
has been divided into parts of the 
same size. For example, in exer- 
cise 1, refer to the centimetre parts 





The light green strip has 

3 parts, compared with 

5 parts for the yellow strip. 
The fraction 2 compares 
the light green strip with 


1. You can say that the light green strip above 
is 2 the size of the yellow strip. How can 


you use a fraction to describe this pair ? 
The red strip is $tne size of the green strip. 


2. How can you use fractions to describe what . 


you see in this picture of a circular region ? 
Answers willvary. See Discussion. 


3. How can you use 
fractions to describe 
what you see in this 





7 Fractional Numbers 


® Let's explore fractions. 


The black strip has 

7 parts, compared with 

4 parts for the purple strip. 
The fraction 4 compares 
the black strip with 

the purple strip. 





Investigating the Ideas 


Choose four of your strips. 
Can you write fractions that 
compare each strip with each 
of the other strips ? 


Record each pair of strips 
and the corresponding 


fractions. 
Answers will] vary. See \nvestiggtion. 


A A 
x 





Discussing the Ideas 








Answere will vary. See Discussion. 





of the strips. Since the light green 
strip is the strip with which the red 
strip is being compared, and since 

it is divided into 3 parts of the same 
size, the correct fraction is }. Ex- 
ercise 2 treats the concept of frac- 
tion in relation to fractional parts 
of a region. Encourage the children - 
to use as many different fractions 
as possible: + and % of the region 

is red, 5 and ¢ of the region is green, 

3 of the region is not white, and 
so on. 

Exercise 3 introduces the use 
of fractions to describe fractional 
parts of a set rather than of a re- 
gion. Notice that, in this case, we 
are not concerned with the size of 


1. Find the numbers for a and b. 
we write the fraction for the sd 


va of the regions are squares. 














°b regions in all. The yellow strip has 6 parts. - 
@ |lll of the regions are squares. The purple strip is |jlll of the $ 
yellow strip. 
A 6 parts 

a of the 6 parts of the dark are 
green strip are covered. ,, colored. 

@ |llll of the dark green strip 2 Ill of the square is 
is covered. colored. 


Give two fractions to tell what Part 
of the set of children are girls. s z 
Give two fractions to tell what part 
of the set of children are boys.i3, 2 
Give two fractions to tell what 
part of the set of children are 
wearing glasses. fz, * 

Give two fractions to tell what 
part of the set of girls are 
wearing glasses. @, > 








Pitti) purple strip has a parts. 43 





Give two fractions to tell what part of the 


e - 5 2 
set of children are girls wearing glasses. 12, 


Give a fraction to tell what part of the set 


the objects, 


of children are boys not wearing glasses. 


5 


iva 


Using the Ideas 
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but rather with the 





number of each kind of object, such 
as triangles, squares, circles, or the 
color of the regions. Again encour- 


age variety in answers: 5 of the 


figures are green, ¢ of the figures 
are blue, = of the figures are cir- 
cles, + of the figures are triangles, 
and so on. You might want to use 
other examples of fractional parts 


of a set: 


Using the Exercises 

Assign the exercises on page 143 
as independent work. When chil- 
dren finish, carefully check their 
work and discuss various exercises. 
Use parts of exercise 2 to point 
out how important it is to realize 
which set is the one to which 
the second set is being compared. 
Here, we are not concerned with 
the size of the objects in the set; we 
are concerned only with the num- 
ber of objects in the set. 


Assignments (page 143) 
Minimum: 1, 2. Average: I, 2. 
Maximum: |, 2. 





Follow-up 

Suggest to the children that they 
choose one of the following situa- 
tions and write as many fractions 
related to it as they can. 


1. 8 children; 
shakes; 


10 candy bars; 6 milk- 
4 boys; 4 girls; 2 tables; 


8 hamburgers. 





Resources for Active petenins 

A Cloudburst, Vol. 2, No. 3113- 
3153, Midwest pinlicatoae 

Math Activity Cards, E36-37, Mac- 
millan [Fraction sequences]. 

Mathex: Numeration No. 7 ‘‘The 
Meaning of Fractions,” pp. 34- 
40 (pupil pages 27-28), Ency- 
clopaedia_ Britannica Publica- 
tions Ltd. 
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PAGES 144-145 
Objective 

Given fractional parts of a re- 
gion or fractional parts of a set, 
the child will be able to give a frac- 
tion to describe the parts and be 
able to build a set of equivalent 
fractions. 


® Can you build sets of equivalent fractions? 


Investigating the Ideas 


Cimagine) the dark green 


strip divided equally 
into different numbers 
of parts. Give the next 
four fractions on the 
“one-third” tape. 








Preparation 

Materials 

rolls of adding machine tape (op- 
tional) 





If you wish to have a prepara- 
tion for this lesson, display various 
regions with fractional parts shaded 
and ask children to describe each 
with a fraction. You might also use 
pairs of the strips for this same 
purpose. 









Can you make tapes like this 


: The “one-third” 
for some other fractions ?See 


Investigation 


tape 





Discussing the Ideas 


A pair of fractions that suggest the same number of objects 
in a set or the same part of an object are called 
equivalent fractions. 


Investigation 

With most groups of children, you 
will want to read the introductory 
material together and make sure 
children realize that the fractions 
+, %, and 4 all compare the red strip 
to the dark green strip. Some chil- 


1. Use the strips pictured above to explain why 
Ds ival 3 Sample answer: The red strip covers the 
6 IS equiva ent to 9- Same Amount ef the green strip in both Cases. 


2. What pair of equivalent fractions is suggested by each pair 


dren may need specific guidance in 
making other “‘tapes.” Using rolls 
of adding machine tape may stimu- 
late interest in this activity. You 
might help the children get started 
by asking them to compare the yel- 
low strip with the orange strip, the 
red strip with the black strip, or 
the light green strip with the yellow 
strip. 
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Discussion 


As you explain equivalent frac- 
tions, use both the example of 
strips in the text and examples 
from the children’s investigation 
results. Stress that we can imag- 
ine each pair of strips as being 
divided into different parts. In ex- 
ercise 2 point out that in example 
A, if the children consider the 
dotted lines in the second figure, 
they would think of § rather than 3, 
but they should observe that the 
same amount of both regions is 
shaded. Hence, we can say that 7 
is equivalent to §. In example B, 
using the dotted lines will help the 
children to think of } rather than 5. 


of pictures ? Explain. See Discussion. 
































Can you explain an easy way to make the 
“equivalent-fraction” tapes ? See Discussion. 


4. Explain why any two of the fractions from the 
one-third tape are equivalent. See Discussion. 


Since the same number of squares 
is shaded, § is equivalent to §. 

Use several examples as you 
discuss exercise 3, to demonstrate 
the process of building equivalent 
sets in the manner suggested by 
exercise 4 on page 145. 

In discussing exercise 4, relate 
the idea to other sets of equivalent 
fractions. Stress that each fraction 
in such a set names the same re- 
gion or describes the same part of 
a set, no matter what equal parts 
may be used to describe it. Help 
children realize that the “‘torn-off” 
end on the tapes indicates that 
there is an unlimited number of 
equivalent fractions for each tape. 











For example, figure a suggests the fractions 3 and 3. 
Give a pair of equivalent fractions for each figure. 


BO@OCO Cc 
OOO 
OOOO 


+ AGr#.%) 


2. Give the fraction suggested by each figure. 
Are any two of the fractions equivalent ? All are equivalent. 





36:4) 
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Using the Ideas 
Note that answers in exercises land 2 will vary if children choose to des - 
1. Each exercise below suggests a pair of equivalent fractions n°" .«"" 


figures in 


terms of the 
white rather 
than the shaded 
Parts 





6 2 ) 5 
gr 3) ord) icort 6 ar zs) | 
3. Give the next 3 BnevONS for each set of Rouiveene fractions. 
2) 24+ ei ages set 
4r 8 12” 16 207 « a ee oe 28° a2 B lar 6 8 12) 16 20°: : S855 Z 


at 


4. Give the missing fractions for each of these “tapes.” 


5. Copy each set y fractions. Give 3 more fractio 








es 3 Lay 2 
A {é, iO Ts: - - HS {ne 4, Taito weE ns 
6) 12,18 24 20 36 336: 15, 
Bela: t6cik o.! JAseep {i 2 SAB Sr EB. 


Using the Exercises 

Exercises 1, 2, and 3 on page 145 
stress the basic meaning of equiva- 
lent fractions and the ability to 
recognize equivalent fractions. Ex- 
ercises 4 and 5 are intended to de- 
velop the skill of building sets of 
equivalent fractions. If you did not 
already do so during the discussion, 
emphasize the method used to build 
equivalent sets in exercise 4. Have 
the children practice using this 
method for at least some of the sets 
in exercise 5. When children have 


completed the work, help them _ 


carefully check their answers, par- 
ticularly for exercise 5. 





ns for each set 

Leo Oh.) 88 
1 Be 

wey 16 te 3H ty 40 
10) 61804 A5 


Assignments (page 145) 
Minimum: 1-5. Average: 1-5. 
Maximum: 


1-5. 





Mathematics 
In this lesson, instead of providing 
a formal definition for the equiva- 
lence of two fractions, we introduce 
the idea in terms of sets and parts 
of a region, in such a way that chil- 
dren perceive intuitively the gen- 
eral idea of equivalent fractions. 
The standard definition of equi- 
valent fractions follows. 


: La . 
The fraction res equivalent to - 


if, and only if,aX d=bxXc. 


Consider this example: The frac- 
tion = is equivalent to } because 
2 xX 3=3 X 2. Now let us examine 
the two fractions 3 and %. If we 
write the numerator and denomina- 
tor of in factored form, that is, as 
2X: 
eae3h 
from § only in having an additional 
faetor of two in both the numerator 
and the denominator. Hence, 2 X 
(2503s 3D KIa) 

The equivalence relation divides 
the set of all fractions into equiva- 
lence classes. In other words, any 
two fractions within the same class 
of fractions are equivalent. Also, 
we see that if two fractions are not 
equivalent they are in different 
classes, and if they are equivalent 
they are in the same class. 

Also, note that there is an un- 
limited number of fractions in each 
of these equivalence classes. This 
idea of dividing the fractions into 
equivalence classes leads us to the 
concept of fractional number. 


it is easy to see that ¢ differs 


Follow-up 

Most children would benefit from 

additional experiences in building 

sets of equivalent fractions. You 
might ask them to fill in these sets: 
pay See ape eee et 

[Si iso woo} 


A See LG Fee 2A ND ee. 
be pt Bie 12° 15° Be 9? ? ae 


Resources for Active Learning 

Mathex: Numeration No. 7, 
“Equivalent Fractions,” pp. 41- 
45 (pupil pages 39-41), Encyclo- 
paedia Britannica Publications 
Ltd. 


Workbook, page 43 
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PAGES 146-147 
Objective 

Given a fraction, the child will be 
able to express it in lowest terms. 


Preparation 

It would be helpful to review how 
to build sets of equivalent fractions. 
Write a fraction on the chalkboard 
and ask the children to describe 
how to find other fractions in this 
set. You might also use these frac- 
tions to review the terms numerator 
and denominator. 


Investigation 
Children might benefit from work- 
ing on this investigation in groups 
of two or three, so that they can 
share ideas and explain their rea- 
sons for a particular choice to each 
other. Move around the room as 
children work on the investigation, 
and give indirect guidance when 
necessary. For example, ask a child 
who is having difficulty with a par- 
ticular fraction whether he can ex- 
press the numbers in the fraction 
in terms of their factors. Thus, +4 
might be expressed as 

3 XA ROT 226: 

4DGAiiy 268 
Such an approach should help 
the child break down the terms of 
the fractions until he eventually 
finds the lowest-terms fraction. 
You might also point out that 3% 
and 3% are equivalent fractions. 
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® How do you find lowest-terms fractions? 


Investigating the Ideas 


When you build a set of equivalent fractions, you start with 







Can you find the lowest-terms fraction that 
was used to “build” each of these fractions ? 


See 
Investigation. 



















Discussing the Ideas 


1. When the numerator and the denominator of a fraction have no 
common factor other than 1, the fraction is a |owest-terms 
fraction. In the examples below, the factors of the numerator 
ae ae ES ae given. 12 {1, 273} 4, 6, 12} 

e fraction 7 is not a 16 $149-6.45 
lowest-terms fraction. Why ? ie pe ey 
The fraction 8 is a lowest- 8.—{4,--2;--4-B} 


terms fraction. Why ? Te ee Re | 
, They have no common factor other than\. 
2. To find the lowest-terms fraction you can “divide out 


common factors. Explain examples a and ge and then use 
this method to find the lowest-terms fraction for 3. 
{a} 60 60+ 10 6 esi salvia 


SOON 9493 3 


907-71 OFF yg 
















wilde (20 weal 2c Poe 
18 18+2 9 9 =3 3 

Boe BAT 2 Ns 12 +3 A 

146 30 30 +2 169: erro ae 





Discussion 
Have the children name the lowest- 
terms fractions they found in the 
investigation. Ask them to explain 
why they decided these were low- 


fraction for a given fraction, as 
illustrated in examples A and B of 
exercise 2. 

At this point you might also 
stress that if we are able to deter- 


est-terms fractions. On the basis of 
their experience in the investiga- 
tion, some children will probably 
say that all the other fractions in a 
given set can be built from its low- 
est-terms fraction. The discussion 
exercises are intended to help chil- 
dren refine their concept of lowest- 
terms fraction. 

As you work through exercises | 
and 2, emphasize the fact that we 
can ‘‘divide out’? common factors 
in order to find the lowest-terms 


mine the greatest common factor of 
the numerator and denominator, we 
can arrive at the lowest-terms frac- 
tion in one step rather than in sev- 
eral. For example B, note that 7% 
could have been reduced to 3 in 
one step by dividing by 6 the 
greatest common factor. Do not in- 
sist, however, that children find the 
greatest common factor in one step 
so long as they eventually succeed 
in finding lowest-terms fractions. 


Using the Ideas 


1. Build a set of six equivalent fractions from each of 


these lowest-terms SSB Suse 
Example: 7 {one 8, %, +8 

B : c 3 F G H 3 
See Answers, TE. page 147. 
. In each of these sets of fractions, the lowest-terms fraction is 
covered. Give the lowest- -terms fraction an each set. 


3 4 gS 
a{ilZ3 1... 3 c¢ {M,42 48 32... 5 RB. 
3 


B {ill, 3, 3, 46,...} 3. pd {ill Pe 4 St F {ill, 38 2%, 38 
. Tell whether or not the fraction is a lowest-terms fraction. 
The factors of the numerator and denominator are given in red. 
Rl Aw 2,7, 14} dp 9 {1,3, 9} 
Yes 15 £1, 3,5, 15} eo ON 12, 4:6. 16+ 
BiPt6auy 24/8716} Ee 20 ees estat 
Nice nee onb, 9,18} MO: 20 ifiy2: 45°10, 20} 
Cre em i Ba) F 15 {1,3,5, 15} 
NO 2h 2, 3e4.6n 12} I le OTD 


. Tell whether or not these fractions are in lowest ene 
S * = 19 24 15 
A 3i0No 8 I5No © 15Yes" I8No © © No F 20 No & 3 Yes 4 38 No 


. Give the lowest-terms 
fraction for each 
fraction. 
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More practice, page A-9, Set 18 





Using the Exercises 

Some groups of children would 
benefit from working through parts 
of the exercises on page 147 with 
you. However, encourage most to 
do the exercises independently. 
Use exercise 3 to stress the impor- 
tance of being able to recognize 
common factors and of understand- 
ing that if the numerator and de- 
nominator have a common factor 
greater than 1, the fraction is not 
in lowest terms. Some children will 
be able to recognize and find low- 
est-terms fractions quickly; others 


may need to list the factors of the 


numerator and denominator to find 
and ‘“‘divide out’> common factors. 


The Think problem may chal- 
lenge some children. Note that we 
do not have to be told how many 
coins Susan has. The stipulation 
that only two of them are alike 
determines the answer. 


Assignments (page 147) 
Minimum: 1, 2, 5. Average: 1-5. 
Maximum: 1-5. 


Follow-up 

Various card games can be used 
with children who have difficulty 
recognizing even the more common 
lowest-terms fractions. For exam- 
ple, a game similar to ‘‘Fish’’ may 
be played. Each player receives 
seven cards. His object is to find 
among his cards pairs of equiva- 
lent fractions. The first player may 
ask another player for a particular 
card which he needs in order to 
make a fraction. If that player does 
not have it, the asker must “‘fish”’ 
from the deck; if that player does 
have it, the asker takes it and may 
then ask another player for another 
card. When a player can find a pair 
of equivalent fractions, he puts the 
four cards in a “book” in front of 
him. The object of the game is to 
get the most books. The game ends 
when the centre “Fish” pile has 
been used up or when one player 
has succeeded in making all of his 
cards into books. 


Answers, exercise 1, page 147 
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Duplicator Masters, page 26 
Workbook, page 44 
Skill Masters, page 26 
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PAGES 148-149 
Objective 

Given a set of equivalent frac- 
tions, the child will be able to 
match the set with one fractional 
number and one point on a number 
line. 


Preparation 

A good way to prepare for this 
lesson is to be sure that the children 
are quite familiar with sets of equiv- 
alent fractions. You might, there- 
fore, find it helpful to give the 
children an opportunity to build 
several sets of equivalent fractions, 
starting with given lowest-terms 
fractions. 


~ 


Discussion 

The most important point of this 
lesson is to help children realize 
that any fraction they have studied 
is one of many names for a number- 
idea, that is, for a fractional num- 
ber. As you discuss exercise 1, 
recall with the children that, once a 
unit of measure has been selected, 
the length of an object is fixed. The 
different subdivisions of the unit 
do not change the length of the ob- 
ject being measured; they only give 
us different ways of expressing the 
length. Thus, 4, %, and # are all 
symbols for the number that gives 
the length of the white strip when 
the light green strip is the unit. 


148 


strip is the unit ? 


148 


In exercise 2, the first and sec- 
ond column show that, for a set of 
equivalent fractions, we can think 
of one fractional number. Columns 
two and three show that this one 
fractional number can be matched 
with one point on the number line. 
Thus, any of the fractions in the 
first column can be used to name 
the number which matches that 
particular point on the number line. 

Use several examples to develop 
this idea. For example, use a num- 
ber line on the chalkboard or over- 
head projector and mark some 
obvious divisions (halves, fourths, 
or thirds). Point to a specific point 
and ask the children to give several 


1. What is the length 
of the white strip 
when the light green 


After choosing the 






Don is thinking of a fractional number. How do 
he found the point for this number on the number line ? See 


What isthe fractional 
number for this point %) 





| 


yout 
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fractions which name the fractional 
number for this point. 


-3$ —-— -- -—-—____ __--~» ——- —— ..--  —-*-- - —--— +> 
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® Let’s explore fractional numbers. 


Discussing the Ideas 


(_) ‘Giseamml () 
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unit, the length of the strip is a number which does not 
change, but different fractions can be used to represent it. 
What are some of these fractions ? {3 ee raze 





hink 


Discussion. 


Any fraction from a set of equivalent fractions can be 
used to name the fractional number for that set. Can 
you find the one paper that is incorrect ? Give a name for this 


fractional number that is different from any of the names above. 
Ann's paper is incorrect. Other names for $: {2% § Red 


eee 









Using the Ideas 


1. Each set of equivalent fractions indicates one fractional number. 
Give the correct point (X, Y, or Z) for that fractional number. 


XY ATZ 


Using the denominator suggested at the left of each number 
line, give the fraction for the point above each letter. 
i) 


Halves > $3 
0 


Fourths > <= pb 
0 
Eighths > 


. Give the lowest-terms fraction 
that names the fractional number 
for the point over the red arrow. 


One quarter, four dimes, four pennies 
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dren play coins to manipulate as 
they try to work out the Think 


Using the Exercises 
Assign the exercises on page 149 


as independent work. Note that in 
exercise | children must study the 
divisions in the number lines care- 
fully, in order to identify the correct 
point. 

When children finish, help them 
check their work. Stress that they 
can use any fraction from the set 
of equivalent fractions to name a 
given fractional number, and point 
out also that the lowest-terms frac- 
tion is the fraction most often 


chosen to name the fractional num- — 


ber represented by a set of equiva- 
lent fractions. 
You may wish to give some chil- 


problem. Capable children will 
probably be able to decide, with- 
out using coins, that Janet does not 
have any nickels. 


Assignments (page 149) 
Minimum: |. Average: 1-3. 
Maximum: I-3. 





Mathematics 

This lesson contains the heart of 
the mathematical development of 
the fractional-number concepts: for 
each set of equivalent fractions, 
there is exactly one fractional num- 
ber and one point on the number 
line. Exercise 2 on page 148 illus- 
trates this fact. Notice that at the 
left is a set of equivalent fractions. 
In the centre is a child thinking 
about exactly one number for this 
set of equivalent fractions. At the 
right, we see that for this one num- 
ber there is exactly one point on 
the number line. Thus, there are 
three distinct things to be consid- 
ered: the set of equivalent fractions, 
the fractional number (which is 
undefined), and the point on the 
number line for that fractional num- 
ber. 

It is not unusual to leave the 
idea of number undefined. We did 
not attempt to define precisely what 
is meant by.cardinal number. Simi- 
larly, we never attempt to say pre- 
cisely what a fractional number is. 
Rather, we simply point out that, 
for each set of equivalent fractions, 
we think of exactly one number and 
one point on the number line. It is 
important for the children to under- 
stand that there is a certain quanti- 
tative sameness associated with all 
the fractions ina given set of equiv- 
alent fractions. 

Children need not know precise 
mathematical definitions of whole 
numbers or fractional numbers in 
order to work with them. They 
should have a general intuitive feel- 
ing for the number ideas, the sym- 
bols used to represent the numbers, 
the quantitative size of each num- 
ber (location on the number line), 
and rules, or basic principles, to 
guide them in computing. 

Each fractional number is also a 
rational number, but the term frac- 
tional number is preferred at this 
level. Rational numbers include the 
set of all fractional numbers and 
their negatives. Fractional num- 
bers include only the set of positive 
rational numbers and zero. 


Workbook, page 45 
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PAGES 150-151 
Objective 

Given a pair of fractions, the 
child will be able to determine 
whether or not they are equivalent 
fractions by using the cross-prod- 
uct method. 


Preparation 

Materials 

demonstration number line or over- 
head projector (optional) 

To prepare for this lesson, you 
might review the main concept of 
the previous lesson, namely, that 
any fraction from a set of equiva- 
lent fractions can be used to name 
the fractional number represented 
by that set. For this purpose, use 
a number line on the chalkboard or 
overhead projector and ask chil- 
dren to give several fractions which 
can be used to name the fractional 
number matched with the point. 


=<<-—___—___@__2____@___o—__9__o-> 
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Investigation 

Encourage the children to work on 
this investigation independently. 
Some of them may recall the use 
of cross products from grade five. 
Others should discover that the 
cross products they find for the 
pairs chosen from the equivalent- 
fraction tape for seven thirds are 
equal regardless of whether or not 
they equal 210. In the process of 
looking for two fractions whose 
cross products are different, they 
should observe that the cross prod- 
ucts of any pair of equivalent frac- 
tions are equal. 
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Discussion 
Use discussion exercise | to clarify 
the rule children discovered in the 
investigation. Be sure they realize 
that, when the cross products of 
any two fractions are equal, the 
fractions are equivalent. 

Exercise 2 stresses the concept 
of equality for fractional numbers. 
Help the children realize that when 
we use the equal sign between two 
fractions we are thinking that both 
of these fractions name the same 
fractional number. Since the only 
fractions which name the same 
fractional number are equivalent 
fractions, the check for equivalent 
fractions can be used to test equal- 


Can you pick two fractions so that the products 
of the numbers in the rings are different ? No. 


Discussing the Ideas 


Since 7x4 4 9x3,H 


equivalent. 


equivalent. 


© When do two fractions name the same number? 


Investigating the Ideas 


Use the equivalent-fraction tape for seven thirds. 
Choose any two fractions. 


Find the product of the numbers in each ring. 
Are these “‘cross products’ the same? Yes 


(4> 
Cena 





1. What do you think is true about the “cross products” for 
a pair of equivalent fractions ? They are equal. 


2. Study the chart below. Then use the ideas to help you write 
about the numbers named by these fractions. 


B gand 2 ba 
#2. Since 6x36=8x27, g 


Sah 
~ 36 





3 6 
z and 3 are 


10 8 
12 and io 
are not 








ity of fractions. During this discus- 
sion, stress the relationship be- 
tween the two charts. Notice with 
the children that the chart on the 
left deals with fraction concepts 
and equivalent fractions and that 
the chart on the right deals with 
fractional numbers. 






Ss 
Investigation. 










3 6 
q and 3 
name the 
same number. 






10 8 
12 and io 
do not name 
the same number. 








1. Copy each exercise and give the correct sign (= or #). 
The red and black rings are shown to remind you of the 


cross-product check for equivalent fractions. 


, CHO 


as sos ° Rasy 
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2. Use the set of equivalent fractions to help you give the missing 
S105 15) 2025 30 35 


nu 
A 


3. Give the number for a. Then give the number for b. 
hic) cax8=4x6— 4= 
dp1xa=6x4 i= 


A 
B 


Bi 





c (gps) 


Using the Ideas 








merator or denominator. {@, 73, 12, 39, 38, 3%, 3, ...} 
Seo ee 20. tO. 70 15 25 _ 5 
6=1s 8 = 12 C TS = Pep s=—s & 


1x6=2xa->}=8 
Doxa 3G ess =; 9,9 


‘ 


4. Give the missing numerator or denominator. 


A 
B 


5. This number-line picture 





shows two ways to 
represent whole numbers. 
CS 2s ae 5-6 
OS a 
Which whole numbers are 
named by these fractions ? 
AS4 o¥4 Giz 
Bhi aren Endl u D4 | 
ei 


More practice, page A-10, Set 19 


Using the Exercises 
Assign the exercises on page 151 
as independent work. In exercises 
2, 3, and 4, be sure children realize 
that they can use the cross-product 
rule to find the missing numerator 
or denominator. When you discuss 
exercise 5, stress that whole num- 
bers may be expressed as fractions. 
As the children work through 
the exercises, remember that the 
development of skill and technique 
is not the primary objective of this 
lesson. The primary objective is 
to help the children understand 
equality for fractional numbers. 


sey ant) 5 __ 30 
42 = 12°F ae 





12 Fagil = 36 
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Solution, Think, page 151 


Assignments (page 151) 


Minimum: |. Average: 1-5. 


Maximum: 1|-5. 





Mathematics 

The concept of equality for frac- 
tional numbers is basically the 
same thing as speaking about differ- 
ent names for one fractional num- 
ber, because when we speak of 
choosing any fraction from a set 
of equivalent fractions to name the 
fractional number for that set, we 
are essentially working with the 
idea of equality for fractional num- 
bers. When we write an equals sign 
between two fractions, we are say- 
ing that these two fractions name 
the same fractional number (they 
belong to the same set of equivalent 
fractions). Hence, we can deter- 
mine whether or not a given state- 
ment concerning equality of frac- 
tional numbers is true by testing 
to see whether the fractions are 
equivalent. 


Follow-up 

A worksheet similar to the one 
illustrated below would provide 
practice in identifying equivalent 
fractions for any children who 
might need it. 





Match a fraction from Set A with an 
equivalent fraction from Set B. Use 
the cross-product rule to check your 
matchings. 
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You might encourage children 
who find this worksheet easy to 
write a third fraction for each set 
of equivalent fractions. 


Resources for Active Learning 

Developmental Math Cards, 
““Number Line Fractions,” J‘!19, 
Addison-Wesley. 


Workbook, page 46 
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PAGES 152-153 
Objective 

Given two fractional numbers, 
the child will be able to compare 
them by using the signs <,=, or > 
to form a correct number sentence. 


Preparation 
Materials 
colored strips 


To prepare for this lesson, recall 
with the children how strips can 
be used to represent different frac- 
tions according to the unit. For ex- 
ample, ask, “If the red strip is the 
unit, what do we call the white 
strip?’? Use only one or two ex- 
amples and then devote time to the 
introductory material for the in- 
vestigation. 


Investigation 

With most groups of children it 
would be helpful to work through 
the three introductory steps to- 
gether. Children should see that 
+ >4 because the purple strip is 
longer than the red. You might sug- 
gest two other strips such as the 
yellow and the black strips in rela- 
tion to the brown strip as the unit. 
Then, after comparing the lengths 
of the strips, the children should 
write 3 < %. As children continue 
with the challenge question on their 
own, you might suggest the follow- 
ing form for recording their results. 


® Let's exp/ore 
fractional-number inequalities. 


Investigating the Ideas 


[1] Use the brown strip 
as the unit. 

[2] Compare two other 
Strips. 

[3] Use the lengths of 
the two strips to 
write inequality 
statements. Possibilities: 

ae 


With the brown strip as the unit, how many different 











Unit Strip Strips Statement 


brown oy red 


light green 
brown purple 
light green 
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inequality statements can you write by using 


the red, light green, and purple strips ?See Investigation. 


Discussing the Ideas 


1. How would you use strips to help you compare § and 2? 
See Discussion. 


yer Tat 


2. Three other ways to compare fractional numbers 
are shown below. 
a Give the correct symbol (<, >) for each |). 


[1] Regions 


[3] Common 
denominator 


[2] Number line 





3 al 3 


B Which of these methods would you use to compare § with 2? 


Write the inequality statement. 


Discussion 

As children explain the results of 
their investigation, stress the use 
of the brown strip as the unit. 

In order to compare § and @ using 
the strips as suggested in exercise 
1, it is necessary to choose another 
strip as the unit. The natural choice 
for the unit in this case is the dark 
green strip. The purple strip, then, 
will represent 3; the yellow, ¢. 


Unit 


Unit 


4 il) g 





375 





Comparing the lengths of the pur- 
ple and yellow strips, will enable 
the child to see that } < 3. Some 
children may find it easier to sub- 
stitute 2 red strips for the purple 
strip to visualize 3, when the green 
strip is the unit. As you discuss 
exercise 2, observe with the chil- 
dren that, with the regions given, it 
is easy to observe that } > 3. Then 
observe that, if one number is in- 
dicated on the number line to the 
left of another, it is smaller. Also, 
remind the children that, if they 
write two fractional numbers using 
fractions that have the same de- 
nominator, they can easily tell 
which of the two is greater or small- 


2.53 Answers will vary. 


Using the Ideas 


1. Give the numerators for a and b. Then give the 
correct sign 6 or <) for the il. 


A 


a 
6 
6 
6 
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2. Give ing correct sign for each |. 


Tr 
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Short Stories 


1. Miss Brown’s class: 4 are girls. 
Miss White's class: 3 out of 
each 5 are girls. Same number 
of children in each class. A 
Which class has more girls ? 

Miss White's class 
. 20 minutes. + 


Which is longer ? 
20 minutes 


hour. 





Dial 
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$3 


BIW olf 


o> Bill 3 


WIN on 
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ong ll 3 


. Orchard: % apple trees, 
3 pear trees, 2, peach 
trees, 3 apricot trees. 
The orchard has most 
of which kind of tree ? Pear 
The orchard has fewest 
of which kind of tree ? Peach 
The orchard has the 
same number of which 


two kinds of trees ? “Pr'esre 


- 3500 mil. 4 litres. 
Which is more ? 


4 \\tres 


pel O coleel 2 5.M:; 
Which is longer ? \.5 


More practice, page A-10, Set 20 





er simply by comparing their nu- 
merators. 

Point out that, while examples A 
and B are quite simple, it is not 
always convenient to draw regions 
to represent the two fractions, nor 
is it always convenient to find 
where the numbers are located on 
the number line. Therefore, the 
method most frequently used for 
determining which of two fractional 
numbers is greater is the common- 
denominator method. Use several 
examples or some of the exercises 


on page 153 to ensure that the chil- _ 


dren understand this method. 


Apricot 


Using the Exercises 
Assign the exercises on page 153 
as independent work, unless you 
see a need for some children to 
work through them together. In 
exercise 2, children should feel free 
to use any method, such as draw- 
ing regions, marking number lines, 
or finding common denominators. 
Some children may find the short 
stories challenging. All would bene- 
fit from having those who solved 
them explain their solutions. 


Assignments (page 153) 


Minimum: |. Average: 1, 2, Story 
problems. Maximum: 1, 2, Story 
problems. : 


Mathematics 

In this lesson, we present the idea 
of inequalities for fractional num- 
bers through the use of the colored 
strips, regions, the number line, and 
common denominators. If frac- 
tions representing two fractional 
numbers are not equivalent, then 
the fractional numbers they repre- 
sent are different. Such a concept 
actually involves a precise mathe- 
matical definition, but it is not pre- 
sented to the children at this time. 
Based on the definition for equiva- 
lent fractions, inequality for frac- 
tional numbers is defined as: 

a 


5 # Sif and only if ax d 4 b Xe. 


Follow-up 

Matching equivalent fractions in 
a game using special dominoes can 
provide more practice for less cap- 
able children. Cut tagboard into 
4-by-8-cm cards. Rule each card 
and write non-equivalent fractions 
on either half, as shown below. De- 
sign the cards so that there will be 
six fractions in each equivalent set. 
Two to four players can draw four 
cards from the “‘fraction dominoes”’ 
that are face-down on the table. To 
play, each child must match a 
domino with one of those face-up 
on the table or draw another 
domino. The player who plays all 
his domino cards first is the winner. 


[a ]e] Fa [ [3] ie 
4 B 16 3 





Resources for Active Learning 

A Cloudburst, Vol 3, No. 3115, 
‘““Farey Series,’ Midwest Pub- 
lications. 


Duplicator Masters, page 27 
Workbook, page 47 
Skill Masters, page 27 
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PAGES 154-155 
Objectives 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Review any topics developed in the 
chapter which the children found 
particularly troublesome. For ex- 
ample, with some children you 
might want to review the method of 
finding lowest-terms fractions. 








4_4x1_ 1 
16 (4 45 4 
Smee. eee 
LS aos 


With others, you might want to 
review the cross-product method 
for checking equivalence of frac- 
tions and for use in finding missing 
terms. 


en? 
eon 
2x 10=5x? 
2x10=5x4 
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1. Give the pair of equivalent yeciions seer by each figure. 
“aN \ a v4 6 














; 2.4 sfalmiml@iolss © ge 
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2. Copy each set of fractions and give three more fractions for the set. sie 


12 15 18 28 35 42 
A {3,8 1. -} 1e'z0'24 B {é, 10, fh...) Sa°ze°sa {10 26, 46 
Note: In exercises Z and 3, tne equivalents children list may vary. 


3. Give aset of Six cauwelent Teens for each lowest-terms eon 


8’ ic’ are ; @' 2’ 1 
54 5 Pilg 
Sa 'a8 


4. Give the lowest- nd ening = a fraction. 


5 16’20’ 


7 6 40 Ss at, 70 + & 
Avg B mq © OS DBs Enis F 100 16 @ 103 


5. Give the point for the fractional number indicated 
by the set of equivalent fractions. 


0 
A {8 Ter 2a 82, «PC A Bc D 

0 1 2 
B {2,3 i te. 8 


6. Give the lowest-terms fraction for each letter. 
t ( 2a 

0 Ss ives. 1 
A B c 





7. Give the number for n. 


Aer 
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8. Give the correct sign (<,=,>). 


ais ¢ SQS = 2s 
e gis > Zid © Sipe 
> = > 
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Discussion 

Page 154 may be used as a class 
review in which you work through 
several problems together, or as an 
evaluation page. In either case, 
stress the points that children found 
most difficult. Also, emphasize 


again the concept developed in ex- : 


ercise 5. Help the children realize 
that each fraction in a set of equiv- 
alent fractions represents one 
fractional number which can be 
matched to one point on the num- 
ber line. 

The Think problem may be chal- 
lenging even to the more able chil- 
dren. Let those who see the pattern 
explain it to the others. 
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. Give the ordinary base-ten numeral for each number. 


80 000 000 
A103 -eens7 x 107° °F 8x10’ a 427 x 10242700 


BeooetO fp 62x 10° x 106 H 10© x 1031000000000 
5000 ' 60000 35 000000 

. Inarecent year, the combined population of North and 

South America was 475 387 000. 


a Give this population figure to the nearest ten thousand.475 390 000 
B Give this population figure to the nearest million. 475 000 000 


. Solve the equations. 4. Give the missing numbers. 
327 + 8465 + 29+ 7 = n 8828 
84 206 — 7349 = n 76 857 
82 654 + n = 97612 14.958 ieee 

p 74261 + 93 483 + 68 = nie7 812 

—E n— 820064 = 132576952640 A liIl222 

F 843474 6929+ 78=n7e57 8 4allll 


Function Rule 





It 17 205 
. Find the products and quotients. 


___69 ___36 

a 286 B 4681 c 31)1829 =v 48) 1728 
x 53 x24 
\5\58 \]2 344 


. A lIfaroast is $1.19 for 500 g, how 
much will a 3.5 kg roast cost? $8.33 

s If steak is $1.69 for 500 g, what 
willa 1.5 kg steak cost? 4507 

c If hamburger costs 69¢ for 500g, how \ 
many kilograms can you buy for $2.76 ? 2 





Using the Exercises 

Page 155 may be assigned as inde- 
pendent work, although you may 
want to use some of the exercises 
to review some concepts such as 
exponential notation and function 
rules. You might also give some 
children an opportunity to present 
several parts of exercises 3 and 5 
on the chalkboard and explain the 
appropriate algorithms to the rest 
of the class. 





Follow-up 
A worksheet like the following may 
challenge more capable children 
and still provide a great deal of re- 
view in finding and ordering equiv- 
alent fractions. 

In each row circle the largest 


quantity; put a square around 
the smallest quantity. 
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Workbook, page 48 
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CHAPTER 8 


Pages 156-181 


General Objectives 


To provide additional experiences 
with fractional numbers 

To introduce addition of fractional 
numbers 

To introduce subtraction of frac- 
tional numbers 

To develop skill in finding sums 
and differences of fractional 
numbers 

To introduce mixed-numeral nota- 
tion 

To provide experience with word 
problems requiring addition and 
subtraction of fractional num- 
bers 


The first investigation of the chap- 
ter provides an intuitive and natural 
setting in which simple problem 
situations requiring addition and 
subtraction of fractional numbers 
are presented. Following this brief 
introduction, addition and subtrac- 
tion are introduced more formally 
by helping the children see that by 
selecting fractional number names 
(in this case, fractions) that have 
the same denominator they can 
easily find the sum or difference of 
the two fractional numbers. A frac- 
tion strip which expresses the very 
essence of this idea is made and 
used by the children to help them 
select fractions with the same de- 
nominator and to grasp better the 
fact that they are adding or sub- 
tracting fractional numbers which 
may be expressed by any one of 
an unlimited number of fractions. 
These strips are also used in the 
development of the least common 
denominator idea. The addition 
and subtraction algorithms are pre- 
sented to develop a clear under- 
standing of them and also to de- 
velop a certain degree of profi- 
ciency in using them. A discussion 
of mixed numerals and improper 
fractions is followed by work on 
the basic principles. This prepares 
the children for subsequent mate- 


TSS A 


rial involving the addition and sub- 
traction of fractional numbers ex- 
pressed as mixed numerals. 

Continuing the work with mixed 
numerals, the children are given an 
opportunity to apply techniques of 
adding and subtracting fractional 
numbers to find solutions to word 
problems. They are also given help 
in writing mixed numerals for im- 
proper fractions. 

The final lesson provides the 
familiar chapter and cumulative 
reviews to help you evaluate the 
children’s progress and summarize 
the main ideas of the chapter. 


Mathematics 


Consider the following definition 
for the sum of any two fractional 
numbers: 


a (c 
— and — 


b d 
numbers, then 
a C2 Ma Xd) (ORO) 
mem bxd 
With this definition and the basic 
principles for fractional numbers, 
we can deduce the familiar rule, 


If are any two fractional 


i ee 
G Cc G 


in this manner, 
Ggp ce (a.x<c) - (b xe) 
Cac Exe 
a (cee by Care 4b 
Coe ee 
Conversely, we could have used 


(B) to deduce (A) as follows. 


CIM Ghd tree 

b PO d OpSer 
a dyno oe) 
aE bxd 








Note that in both instances we use 
the fact that for any fractional num- 
a 


ber b 


, it is true that if k # 0, then 


Addition and Subtraction of Fractional Numbers 


a_axXk 
baba 
These ideas are presented to chil- 
dren intuitively. For example, it is 
a simple matter to explain a sum 


such as 





Soe 2S 

¢ 3 ae 
using the number line or physical 
objects. Once children understand 
this general idea, they can find the 
sum of any two fractional numbers 
regardless of the fractions used to 
denote them. When the fractions 
have different denominators, the 
task of finding the sum is simply 
that of finding equivalent fractions 


for the two numbers that have the- 


same denominator. For example: 


3 l 
Soa G 
: i 13 
24 24 24 


After addition concepts and skills 
are established, we can apply them 
to subtraction by using the already 
familiar inverse relation between 
addition and subtraction of whole 
numbers. We point out that the 
same relation exists between addi- 
tion and subtraction of fractional 
numbers as exists between addi- 
tion and subtraction of whole num- 
bers. After defining this relation, 
it is a simple matter to justify the 
following algorithms. 

ip dpiteGon S 
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Teaching the Chapter 


Materials 


Almanac 

Colored strips 

Demonstration number line 

Felt fractional parts: circular and 
rectangular regions (optional) 


— 





Flannelboard (optional) 

Graph paper (l-cm grid to be cut 
into strips 1.5-by-15 cm) 

Overhead projector (if available) 
and transparencies 

Ruler 

Scissors 


Vocabulary 


mixed numeral 
proper fraction 


improper fraction 
least common 
denominator 


Use of materials to demonstrate 
addition and subtraction concepts 
in this chapter should probably be 
limited to the slower children. Most 
other children should be ready to 
do the work of the chapter without 
physical aids other than the strips 
in the investigations and a variety 
of drawings which you may exhibit 
on the chalkboard. However, if you 
feel your children do need addi- 
tional work with materials to help 
them understand the concepts in- 
volved in addition and subtraction 
of fractional numbers, you should 
certainly feel free to use such mate- 
rials. For example, you can cut 
apart regions and put them back 
together to illustrate the various 
fractional number concepts. 

Notice the term mixed numeral 
in the vocabulary list. We use 
mixed numeral in this program in 
much the same way as traditional 
programs use the term mixed num- 
ber. Obviously, it is the notation 
for the fractional number that is 
mixed, not the number itself. Since 
the numeral includes both a symbol 


for a whole number and a fraction, 
it is preferable to refer to it as a 
mixed numeral rather than as a 
mixed number. 


Lesson Schedule 


Generally speaking, you should 
plan to spend about three weeks on 
this chapter. As usual, adjust your 
time schedule to the abilities and 
needs of your children, spending a 
little more time with manipulative 
materials for those who need it. 


Evaluation of Progress 


The chief objectives of the chap- 
ter are (1) to help children under- 
Stand addition and subtraction of 
fractional numbers, (2) to lead them 
toward a moderate degree of skill 
in some of the simple problems pro- 
vided in the text, and (3) to develop 
their ability to apply these compu- 
tational skills to the solution of 
word problems. 

There are three important things 
to consider in evaluating the chil- 
dren’s achievement. (1) It would be 
relatively easy to give a routine 
test to find out whether they can 
add and subtract fractional num- 
bers. (2) In general, it is more diffi- 
cult to determine whether children 
understand the concepts involved 
in the techniques for adding and 
subtracting fractional numbers. As 
part of your evaluation, include 
day-to-day interviews with the chil- 
dren to determine their understand- 
ing of the ideas presented in the 
chapter. (3) You have probably ob- 


served that in this chapter we place 
considerable emphasis on solving 
word problems. Therefore, a major 
part of your evaluation should in- 
clude several word problems simi- 
lar to those provided in the chapter. 

The cumulative reviews on pages 
180-181 and 165 should strengthen 
children’s grasp of concepts that 
were introduced in earlier chapters. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Its a Tangram World, ‘‘Frac- 
tions,” pp. 53-55, Educational 
Science Consultants 

Mathex: Numeration No. 7 Activi- 
ties | and 2, pp. 45-46 (pupil 
pages 42-46), Encyclopaedia 
Britannica Publications Ltd. 


MANIPULATIVE DEVICES 


Cuisenaire Cubes, Squares, and 
Rods (Cuisenaire Co.) 

Fraction Blocks (Creative Publi- 
cations) 

Modulated Cutouts (Encyclopae- 
dia Britannica Publications Ltd.) 


COMMERCIAL GAMES 


Action Fraction Games (CCM 
School Materials; Lakeshore; 
Math Media) 


Come Out Even (Holt, Rinehart 
and Winston) 

Fraction Dominoes (Responsive 
Environments Corp.; Selective 
Educational Equipment) 

Spinner Number Games, Fractions 
(Heath) 
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PAGES 156-157 
Objective 

Given two fractional numbers 
represented by fractions with com- 
mon denominators, the child will 
be able to find the sum or differ- 
ence of the numbers. 





8 Addition and Subtraction 
of Fractional Numbers 





® Let’s add and subtract fractional numbers. 





Investigating the Ideas 
Preparation 

If you choose to have a specific 
preparation for this lesson, you 
might simply recall with the chil- 
dren the variety of situations in 
which addition and subtraction may 
be applied. For example, ask them 
to give you an instance in which 
addition with whole numbers might 
be applicable, such as: Drive 400 
km one day and 300 km the next; 
how many km in all? Similarly, ask 
the children to suggest situations in 
which subtraction can be applied. 
Keep this review brief and use it to 
recall the basic meaning of addition 
and subtraction which they will 
apply to fractional numbers in the 
investigation. 


i 
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ond Discussion. 





Investigation 

Encourage the children to try the 
investigation independently. Sug- 
gest that they write both an addi- 
tion and a subtraction story prob- 
lem for a picture if they can. Also, 
if some finish writing and solving 
a story problem for one picture, 
suggest that they try another. Give 
guidance only when _ necessary. 





Discussing the Ideas 


1. a Which pictures suggest addition? A 
sB Which pictures suggest subtraction? B,c,D 


2. Can you give a simple rule for finding sums and differences 


such as the ones below ?somple answer: If the denominators 
Aenieoees Tee iy are the same, add or 
Agr ter n& ie To = 47 cuvtract numerators. 


Note that, in pictures B and D, the 
child must think of all of the lawn 
or the whole fence in relation to the 
fraction indicated on the figure. Ob- 
serve whether the children who 
have chosen either of these figures 
are thinking of the whole in cor- 
rect terms. 
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Discussion 


Use discussion exercise | to have 
children share the story problems 
they wrote and solved. Picture A is 
most clearly seen as addition; pic- 
ture C, as subtraction. Pictures B 
and D may be interpreted as either 
addition or subtraction. Be sure to 
discuss the possible interpretations 
for each of these. 
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During this discussion, have some 
children write their equations for 
each picture on the chalkboard. 
Use these equations to ask the chil- 
dren if they notice anything about 


\ 


all of the fractions in each equa- 
tion. Encourage them to observe 
that all of the fractions in each equa- 
tion have the same denominator. 

In exercise 2, as children try to 
find a simple rule, again stress that 
the fractions in each equation have 
the same denominators. Be sure 
children realize that a simple rule, 
such as add numerators, or subtract 
numerators, is applicable only to 
fractions which have common de- 
nominators. 



















Using the Ideas 


1. The number line will help you understand addition and 
subtraction of fractional numbers. Write the addition 
or subtraction equation suggested by each number line. 
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2. The number line will help you understand mixed numerals, 
such as 33, 23, and 12. Solve the equations. 
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. Give the correct mixed 
numeral for each sum. 
Cin 643 s6Ze 86 + 75 
928 94+ 3 ofr 97 + HK 
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Using the Exercises 
The chief objective of the exercises 
on page 157 is to strengthen chil- 
dren’s understanding of how to add 
and subtract fractional numbers 
represented by fractions which 
have the same denominator. How- 
ever, when children have finished 
the assigned exercises, allow suff- 
cient time to discuss the mixed 
numerals which are presented in 
GXCrCiSe U1, 

Be sure the children understand 
that a mixed numeral, such as 32, 
stands for the sum 3 + 2 





Assignments (page 157) 
Minimum: 1-4. Average: 1-4. 
Maximum: 1-4. 


Follow-up 

Give more capable children a work- 
sheet using fractional notation to 
help them review their skill in an- 
alyzing problems. 





Make up questions based on the 
given facts. Write one or more 
equation(s) to show the operations 
you could use to solve the prob- 
lem. Do not try to solve your 
equation if the denominators are 
different. 





1. Ray’s house to School. +km. 
School to ball park: 4 Ems 
School to Jack’s hotaes km. 
Ray’s house to Jack’s house: 
km. 

2. Fish: 43g. 2g; 35 g- 
3. Four bovsre on a cookout. To 





make | cheeseburger: ? kg 
ground beef, + pkg buns, % pkg 
cheese. 


Solutions, Think, page 157 


(Abbreviations for coins: H, half 
dollar; Q, quarter; D, dime; N, 
nickel; P, penny.) 
1 1 Silver Dollar 
I ad | 
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4 4Q 
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(Other solutions are possible for 
some numbers.) 
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PAGES 158-159 
Objective 

Given addition and subtraction 
problems involving fractions with 
unlike denominators, the child will 
be able to find the sum or differ- 
ence by choosing fractions with 
common denominators. 


Preparation 

Materials 

strips of graph paper (l-cm grid) 
2-by-12 cm (Duplicator Masters, 

page 69) 

To prepare for this lesson, pro- 
vide children with some review 
experiences in building sets of 
equivalent fractions. For example, 
give them a lowest-terms fraction 
and ask them to build a set of 
equivalent fractions. 








; = {3, = i> Tes oo J} 
3 % {3, a 3) io i oo ot 
Investigation 


Give the children as much guidance 
as necessary as they make the frac- 
tion strips. Have them notice that 
the fractions on the strips in the 
text have been written with the 
same spacing so that they can eas- 
ily be lined up with one another. 
Although the strips could be made 
on plain paper, graph paper will 
facilitate neatness. Encourage the 
children to make the strips care- 
fully, because they will be required 
again in the next lesson. 

When the children have finished 
making the strips, be sure they 
understand how they are to use 
them. You might want to explain 
how they are used for the example 
shown in the text. A child may 
place the pair of strips he is using 
flat on his desk and slide them back 
and forth to find a pair of fractions 
with the same denominator. You 
might encourage children to find 
and record at least 5 or 6 pairs of 
fractions and their sums or differ- 
ences. Display how the example in 
the text should be recorded: 
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@ How can we add or subtract when the 
fractions have different denominators? 











“a 


“Line up” 


Investigating the Ideas 


Can you “‘line up” pairs of strips 
so that fractions with the same 

denominator match and then find 
the sum ? See Investigation. 


1. Use the example above to give this sum: ? + 


Make and cut out equivalent-fraction strips like these. Choose 
at least one other fractional number and make a strip for it. 


Discussing the Ideas 


pls 


2. Explain how you could use 
your equivalent-fraction 


strips to find 3 — 
Zand 2. C$) 
3. Explain this example. Then 


write enough fractions 
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Discussion 

Throughout this discussion, you 
should .avoid giving drill or be- 
laboring techniques; also, avoid 
teaching shortcuts, but if some chil- 
dren remember and prefer them, 
allow their use. Such children al- 
ready have a good grasp of the 
main ideas presented here. 

As children discuss exercises 1 
and 2, use the built-in characteris- 
tics of the strips to stress certain 
points. For example, remind the 
children that each strip shows some 
of the equivalent fractions for one 
fractional number. Thus, when they 
line up two of their strips and find 
fractions with common denomina- 


tors, the lowest-terms fraction label 
at the left of the strip should remind 
them that they are simply finding 
more convenient names for the 
two fractional numbers which they 
are adding or subtracting. 

Exercise 3 builds on the ideas 
developed with the strips. Gradu- 
ally, the children must learn to 
make their own lists of equivalent 
fractions until they can choose, 
from the lists, two fractions with 
common denominators. Point out 
that they need only list as many 
equivalent fractions for each set as 
are needed in order to find a pair 
of fractions with common denom- 
inators. 





Using the Ideas 


1. For each exercise, find the numerators fora, b, and c. 


a To find} + 4, we think 2 + 2 = 


a a 4 
21 4,6, 8rss5 3, 12: « 


B To find 2 — }, we think = >. 
5 10 15 20 i 2 
{2, 18 247+: ef {a 8, py, te e 7 


2. Give the numbers for a and b. Then give the number for c. 
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For each exercise, make lists of equivalent fractions to find 

two fractions with the same denominator. Then find the sum 


or difference. 
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More practice, page A-17, Set 21 








Using the Exercises 13x 
Assign the exercises on page 159 BxHIS3 9X 
as independent work. Stress again 4 ua 4 LN 4 
that fractions with unlike denomi- Deseo Bao 


nators must be replaced by frac- 
tions with common denominators 
before addition or subtraction can 
be performed. Also, be sure the 
children realize that they might 
find the fractions with common de- 
nominators in different ways. For 
example, instead of listing equiva- 
lent fractions, some may observe 
that the denominator of one frac- 


tion is a multiple of the denomina- . 


tor of the other, and then find the 
numerator, which is that factor 
times the given numerator. 


The Think problem is sufficiently 
difficult that you may decide not to 
have it presented to the entire class. 
However, many of your children 
will understand it when the correct 
answer is carefully explained. 


Assignments (page 159) 
Minimum: 1—3A-L. Average: 1-3. 
Maximum: I-3. 


Follow-up 

Some children might find that using 
a “‘strip holder” makes using the 
strips easier for them. A simple 
holder may be made by using paper 
of any size and cutting four slits in 
it according to the following dia- 
gram (The slits can be cut easily if 
the paper is folded.) 


e Cut 


e Make slits 
1 cm apart. 


© Make the 
length same 
as width of 
the strip. 


Slide strip through 
so that only one 
fraction shows 
through each 
window. 





To give children an opportunity 
for further practice, you might pre- 
pare a worksheet similar to this: 





Follow the signs to add or sub- 
tract. Use your fraction strips to 
help you. 
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Resources for Active Learning 

A Cloudburst, Vol. 2, No. 3213, 
3223, Midwest Publications. 

Franklin Series: Making and Using 
Graphs and Nomographs, 
“Nomographs: Addition with 
Fractions,” pp. 35-36, Lyons 
and Carnahan. (Available from 
McGraw-Hill Ryerson) 





Duplicator Masters, page 28 
Workbook, page 49 
Skill Masters, page 28 
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PAGES 160-161 
Objective 

Given two fractions with unlike 
denominators, the child will be able 
to find the least common denomi- 
nator of the fractions. 


Preparation 

Materials 

fraction strips from previous lesson 
To prepare for this lesson, it 

would be helpful to review /east 

common multiples. Ask children to 

list several multiples of 4; of 5. 


105406, te 16; 20245 28932022. 
1053) LUIS 0 30500, 40. ey 


Then ask them to find any common 
multiples (20). Use examples to 
help children recall this topic as it 
was treated in the chapter on num- 
ber theory, page 134. Remind chil- 
dren that the least common multiple 
is the least number other than zero 
which is common to both sets. 

If time permits, you might also 
give children some quick practice 
in finding missing terms in a pair 
of fractions. For example, ask them 
to replace each letter with the cor- 
rect term: 


ene ge 
5a 20 (eas 
2b ONG 
5 FEO 4 8 
a Lara oe. 
hie 6 12 
Investigation 


Because the equivalent-fraction 
strips embody the main idea of 
finding the least common denomi- 
nator in order to add or subtract 
two fractions with unlike denomi- 
nators, many children will finish 
this investigation very quickly. 
Thus, you might want to suggest 
that they try the same question 
with these strips and fractions: 





1 3 3ae¥l 
3 and 7 for 7-5 
4 2 ae) 
5 and 3 for 5 +3 
4 1 A yl 
5 and 5 for ;—5 


Remind the children to carefully 
record their findings for each pair 
of fractions. 
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© What is the least common 
denominator for two fractions? 


Investigating the Ideas 


Use your equivalent-fraction strips for one half and two thirds 
in this Investigation. 








Record your 
findings. 


How many different ways can you “‘line up” 
your strips to help you find 4 + $? 


Answers may vary. See Investigation. 


Discussing the Ideas 


1 


Explain why each sum you found with your strips 

i rr fori + 2, Any fraction from a set of equivalent 

SO et OL anes fractions names the same fractional 
number. 


. Which sum had the smallest denominator ? 4 


. The smallest denominator that is the same for two fractions 


is called the least common denominator. What is the least 
common denominator for 4 and $?6 


The least common denominator for two fractions is the least 
common multiple of the two denominators. 

A List the multiples (to 54) of 6.0.6,12,18,24, 30,36, 42,48, 54 
B List the multiples (to 54) of 9.0,9, 18,27, 36,45,54 

List the common multiples (to 54) of 6 and 9.0, 18,36,54 
What is the least common multiple of 6 and 9 ? !s 

What is the least common denominator of 2 and 4 ?7!8 


moo 
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Discussion 
As you discuss exercise 1, again 
stress that any name of a fractional 
number may be used when you 
wish to add that fractional number 
to another. 

Give children an opportunity to 
explain their investigation findings, 
particularly if they worked with 
fractions other than + and §. Use 
exercises 2 and 3, and examples 
from the investigation, to help the 
children see that, in order to find 
the sum of two fractional numbers, 
they can select from the sets of 
equivalent fractions any pair of 
fractions having the same denomi- 
nator. 


Exercise 4 identifies the least 
common denominator of two frac- 
tions with the least common mul- 
tiple of the two unlike denomina- 
tors. When children realize this, 
they will understand the conve- 
nience of being able to find the least 
common multiple of two numbers. 
It would be helpful to work through 
several examples of pairs of frac- 
tions in a similar manner. 


Lm Uys 
359 4. 
MUILIPIES "OL 3: 3, On 9, 02, Lo. ey 
multiples of 4: 4, 8, 12,... 
12 is the least common multiple 
(LCM), so 12 is the least common 
denominator (LCD). 





Using the Ideas 


Is 6 a multiple of 9? No 

Is 2 x 6a multiple of 9? No 

Is 3 x 6a multiple of 9? Yes 

What is the least common multiple of 6 and 9? !8 
What is the least common denominator for 3 and 3 ?!8 


moo @8 > 


is 8a multiple of 6 ? No 

Is2 x 8a multiple of 6 ?No 

Is 3 x 8a multiple of 6 ? Yes 

What is the least common multiple of 6 and 8? 24 
What is the least common denominator for 3 and 3 ?2* 
What is the least common denominator for 2 and 3 ?24 


“moose D> 


Find the least common multiple of the two numbers given in red. 
Then give the least common denominator for the two fractions. 


1 5 see 
a 2,4 B Z,2 c 4,2 pd 4,2 e 7,2 Fig 
(S18 2A, 24- 6,6 8,8 12,12 20,20 


. A Give the common multiples (less than 60) of 4, 6, and 8.0,24,48 


B Give the least common multiple of 4, 6, and 8. 24 

c Give the least common 
denominator for 4, 2, and 3. 
24 


Find the least common 
denominator for each 
pair of fractions. 


What do you know about. 
numerator aif: 


1.2=1a-5 5. 2<1a<5 fj 
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Using the Exercises 

Assign the exercises on page 161 

as independent work. Give guid- 

ance to any children who have 

difficulty. When children finish, 

allow time for discussion. Point out 
how the least common multiple of 
some numbers will be their prod- 

uct, such as 12 for $ and 4. You 

might explain that the product of 
two numbers may always be used 

as a common denominator but that 

it rarely will be the least common 

denominator. Thus, for 4 and 75, 50 

could be chosen as a common de- . 
nominator, but choosing 10 is much 


more convenient. 
Maximum: 1-5. 


Assignments (page 161) 
Minimum: 1-5. Average: 





1-5. 


Follow-up 

For a game to give children prac- 
tice in finding least common multi- 
ples, cut 80 four-cm squares of 
tagboard. Write the numerals | 
through 20 on cards to make 4 sets. 
Shuffle the cards and stack them 
face down. Each player draws two 
cards, in turn, and pretends that 
the two numerals represent de- 
nominators for fractions he wishes 
to add; then he tells the other play- 
ers the number he would choose as 
the least common multiple of the 
two numbers. The others can judge 
each player’s work and help him 
choose a correct common denomi- 
nator if he errs. If working with two 
cards at a time is too easy, have the 
players choose three cards and find 
the least common multiple for three 
denominators. 


The least common multiple is 40. 
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PAGES 162-163 
Objective 

Given two fractional numbers to 
add or subtract, the child will be 
able to find the sum or difference by 
using fractions with the least com- 
mon denominator. 


Preparation 

For this lesson, there are two im- 
portant skills that should be re- 
viewed. Of first importance, the 
children should be able to find the 
least common denominator for two 
fractions. When you have reviewed 
this and feel confident that the chil- 
dren understand and can do this, 
you should review the technique 
for finding a fraction with a par- 
ticular denominator that is equiva- 
lent to a given fraction in lowest 
terms. For this review, have the 
children work problems like these: 





ls 2 Moe 2A e, 
RR OW2 oe 110 ane 
heel age cee: 





Suh (das tn 


One of the easiest ways to help 
children find these numerators is to 
have them observe what multiple 
the denominator of the second frac- 
tion is of the first. Having found 
this multiple, the children can mul- 
tiply it by the numerator of the first 
fraction to arrive at the numerator 
for the second fraction. 


Investigation 

If the children understand the skills 
reviewed in the preparation, they 
should not have difficulty in follow- 
ing the chart in the investigation. 
Although this investigation can be 
done by the children independently, 
point out that it is not necessary to 
recopy each step of the problem. If 
the example were done in the usual 
way, it would look like this: 


You might display this example on 
the chalkboard. If some children 
finish very quickly, you might sug- 
gest that they add #and 2, or sub- 
tract 3 from 3. 
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Discussion 


You might begin the discussion by 
having children explain each step 
they followed in the investigation 
flow chart. Point out that +3 may 
also be expressed as 175. 

When children respond to the 
exercise in the discussion section, 
help them observe that, after they 
discover that 24 is the least com- 
mon denominator for ¢ and ¢, they 
can write the 24 beside each of the 
two fractions, as indicated in the 
example. They then think about the 
fact that % is equal to 34, and # is 
equal to 3, and write these frac- 
tions as indicated. Finally, they can 
find the sum, +4. 
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Think: 


The least common 


@ /s there a shortcut 
for adding and subtracting? 


Investigating the Ideas 


Study the flow chart for finding 4 + 2. 





Can you use the flow chart to help you find the sum 4 + 2? 
See above and Investigation. 





Discussing the ideas 


Explain the steps in each example below. Then find 
the sum or difference. See Discussion. 


2a 7 Think: 
The least common 


denominator is 24. 


denominator is 18. 





Take care that the children do 
not mistakenly conclude from these 
two examples that we work all ad- 
dition problems in vertical form 
and all subtraction problems in 
horizontal form. Point out to them 
that they can use either form for 
either type of problem. The ideas 
represented are exactly the same. 
Also, beginning with this lesson, 
help the children become accus- 
tomed to expressing all their an- 
swers as lowest-terms fractions. 
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1. Copy each exercise and give the missing numerators. 


Then find the sum or difference. 


A 


2. Find the sums and differences. Give your answers in lowest terms. 


A 


3. Give the missing numerators 
in exercises a and B. 
Then find the sums for 
exercises c through t. 
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Using the Ideas 
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More practice, page A-11, Set 22 


Using the Exercises 

With some groups of children, you 
might want to work through sev- 
eral of the exercises on page 163 
together. Notice any difficulty chil- 
dren have and try to determine 
whether it results from weakness in 
a particular skill, such as one 
reviewed in the preparation, or 
whether it results from lack of 
understanding the procedure of 
putting these skills together. If any 
child is apparently weak in a par- 
ticular skill, help him with that be- 


68 legs on some 
chickens and horses. 


How many chickens? | 





Lad o12448% 22 animals in all. 
pope d+8 +38 
cmtede 6 Stite 
b+$ no+45+78 
\ 1443442 
pte Te Se ee 
gre ci Ke 015 443 
a+ ga L a4 4 + 327 A ESSE RE RTE 


fore assigning him exercises such ~ 


as those on page 163. 
Although parts of exercise 2 are 
written in horizontal form, they 


a ee 
els 1 
has 5 
5S E} 

24 5 


may be solved vertically if chil- 
dren prefer. Even though exercise 
3 deals with three addends, do not 
try to develop any particular tech- 
nique. This topic will be treated 
in a subsequent chapter. 

Encourage the children who try 
the Think problem to use a trial- 
and-error method. They may have 
to try several combinations of ad- 
dends of 22 before they discover 
that 12 and 10 are the correct pair 
since la <x 4— 48 and 10x 2 —20) 
and 48 + 20 = 68. 


Assignments (page 163) 
Minimum: 1, 2. Average: 1-3. 
Maximum: 1-3. 








Duplicator Masters, page 29 
Workbook, page 50 
Skill Masters, page 29 
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PAGES 164-165 
Objectives 

Given short-story problems which 
require addition and subtraction 
of fractional numbers, the child will 
be able to solve the problems. 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

To prepare for page 164, you might 
work through a few examples of 
addition and subtraction with frac- 
tions of unlike denominators. 

To prepare for page 165, review 
any of the algorithms which the 
children find difficult. It would also 
be helpful to review the basic prin- 
ciples. For example, ask the chil- 
dren to give equations which dem- 
onstrate the associative principle 
for addition, the commutative prin- 
ciple for multiplication, and so on. 
These basic principles will be 
studied in a subsequent lesson in 
relation to fractional numbers, so 
the time spent on such a review 


_here is appropriate. 


164 





Short Stories 


4 Studied 4 hour. 
Watched TV 3 hour. 
How much time in all ? 

/ Shr or 5O min 


Allan lives $ km from school. 
4 Cheryl lives 3 km from school. 
How much closer does Cheryl live ? 





35} 
Ran 4 km. 
Walked 2 km. 
Skipped 4 km. 
How far in all ? 
ek 


Nancy: 2 of a pie. 

Bill and Bob: 3 of the pie. 

How much of the pie in all ? 
\t 






12 


Spent 3 dollar. Spent 4 dollar. 
Spent 34 dollar. Spent what part 


A T 
of a dollar in all ? B 


Screw: 4 centimetres long. 
Threaded section: ? of the length. lex 
How many centimetres without threads : 


Mowed § of the lawn. 
Then mowed } of the lawn. 
How much more to mow? & 





4 of class: blonde hair. 

Rest of class: red hair. 

What part has red hair ? 
ur 


Rode 3 of a kilometre. 24 
i 2 
How far in all P42. en 


8 3 of class: brown hair. 





Walked 3 of a kilometre. 





Beth: 4, of a dollar. 

1 0 Larry: ¢ of a dollar. 
How much more does Larry have ? 

| 


1\o 


Discussion 

As you assign page 164, suggest to 
the children that they write an 
equation for each problem. Then 
they can write their work in verti- 
cal notation, finding common de- 
nominators to use in adding or 
subtracting. When the children fin- 
ish, it would be helpful to use sev- 
eral of these problems as a basis 
for discussion. 


Assignments (page 164) 
Minimum: 1-5. Average: 1-10 
Maximum: 1-10. 





1. Find the sum, difference, product, and quotient. 




















326 
A 27643 B 5/7384 c 64 237 p 42)13 692 
+54 896 —32 641 x 24 
~ 82539 - 24 T43 \ 541688 
2. Each of these exercises illustrates one of the basic principles. 
Give the number of the principle. 
AeS27See26 ='269x23278 [1] Commutative principle 
Answer: 2 (addition) 
Se 264+ (278 + 315) = (264 + 278) + 315 [2] Commutative principle 
Boe Geox (20e+ 5/7) i= (493x726) + (4 « 57) (multiplication) 
6p (6428 + 32) + 0 = 6428 + 32 [3] Associative principle 
2er276 x 3426 = 3426. 2/76 (addition) 
wie (70°x925) xe4635 — 7/6 x (28 x 463) [4] Associative principle 
76 1x (327 + 683) = 327 + 683 (multiplication) 
)} uw 7 + (326 + 483) = 7 + (483 + 326) [5s] Distributive principle 
1a (29 + 83) + 65 = 65+ (29 + 83) [6] Zero principle 


Ba (ow 26 a (3 2043) = 32x (28.4 43) [7] One principle 


3. Solve the equations. 
A 648+274=n+648 274 p 6x (2544+9)=(6xn)+54 254 
B (23x65) x 34=23 x (nx 34) 65 —E (82+n)+21=82+ (48+21) +8 
ec 572x927=927 xn 572 


4. Give the measure of each angle. 
an CABe25° E /FAB 971° 
B / DAB 40° F LGAB\\G 
ce LABE IOC" c £HAB \48° 
p LCAE 45° H //AB \80° 


Using the Exercises 
Assign page 165 as independent 
work. When the children have fin- 
ished, help them check their work, 
carefully discussing any exercise 
which caused difficulty. As stated 
above, it would be worthwhile for 
you to stress a review of the basic 
principles since they will soon be 
applied to fractional numbers. Point 
out how a knowledge of the basic 
principles will help in finding the 
solution to the equations in exer- 
cises3: 











Workbook, page 51 
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PAGES 166-167 
Objective 

Given an improper fraction, the 
child will be able to write a mixed 
numeral for it, and given a mixed 
numeral, the child will be able to 


® How can fractional-number names be changed? 





Discussing the Ideas 


1. Give the correct numerator for a. Then give the correct 
improper fraction for b. 


express it as an improper fraction. o 438 AP 28 3 
3 aA 2=344=b%5 c 123=44+4=64 & H=4+}=b 4 
i \ 20 15 \7 
reparation a 3h=F44=b12 v 108=$ 49 =b¥ - = 344=b5 


_> 
——— = 
a aan 
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To prepare for this lesson, you 
might write the following equations 
on the chalkboard and ask children 
to supply the missing term. 


a 
I 
| 
| 


hi alto Ble ws 
I 
~ InN bd 


DOs ee) 
"taas se 
NIE nD ew 


Thus, children should be able to 
write a whole number as a fraction 
and should realize that a mixed 
numeral may be thought of as a 
sum of a whole number and a frac- 
tion. If children have difficulty with 
the technique of writing a whole 
number for an improper fraction, 
you might use a number line to help 
them recall that whole numbers 
can be named as fractions. 











0 1 2 3 4 iS) 

il 2 4 6 8 10 

z 2 2 2 2 2 

i 2 6 9 12 15 
eb e 3 3 3 


Then help them recall the tech- 
nique: 





5) = 


If necessary, show an intermediate 
step: 
5141+ lel it 
PE ig oe aS 
TERE 


el) 
3 
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Discussion 

Use exercise | as a basis for dis- 
cussion of how a mixed numeral 
may be thought of in different ways. 
Stress that a whole number may be 
named as a fraction with any de- 
nominator but, once the denomina- 
tor is chosen, the numerator is 
determined. For example, the 
whole number 2 may be thought of 
as $, §, $, 42, or +2, and so on. In 
changing a mixed numeral to an 
improper fraction, the denomina- 
tor of the improper fraction is de- 
termined by the denominator of the 
mixed number. Thus, in exercise 
1A, 24=$+4=4. Also, discuss 
how the number 2 may be thought 


23 2x5=10 





6)23 
Can you explain the flow chart and compare it with exercise 3 ? 
See Discussion. 


2. Study the flow chart for writing an improper fraction 
for a mixed numeral. 


Vv v 


9g 3 z 
Na a oe ele >= ¢ 35 
20a 4 
Bs 3 = 3 3— b 2 3-— ¢ 432 
9 _8a 1 ce 1 2-—¢ 
Cc 3 2 2 ae 2 2) 43 


4. Study the flow chart for writing a mixed numeral for 
an improper fraction. 


y 


3 R5 m 
EGe 


of as 2 X 3 thirds; or 2 X 4 fourths, 
or 2 X 9 ninths, because the expres- 
sions 3 thirds, 4 fourths, and 9 
ninths are all names for one. Thus, 
in exercise 2, they can express the 
number of ones (4, or 4, or 3, and 
so on) by multiplying the denomi- 
nator of the given fraction by the 
whole number: : 


35 2 LO eS 


Sel iiss tae dahil: 
Although the primary purpose of 
this lesson is for children to under- 
stand this process, it would be help- 
ful to have them work through 
several exercises of this kind. 

Exercise 3 aims to develop under- 





10+3=13 iat 


Can you explain the flow chart and compare it with exercise 1 ? 
See Discussion. 
3. Give the numerator for a and the whole number for b. 


Then give the mixed numeral for c. 


34 33 





v 


Improper 
fraction 





v 


Mixed 
numeral 





| 





. Write an improper fraction 2. 
for each mixed numeral. 


Se 13 


a b2=64+n4 


B B— 74 ny 
¢ 36=44+5 
p 22 = 34+n3% 
128 =134nk 


. Copy each exercise. 


Give the missing 
numerators. 


a 44 = 422 3R¢ 
51 = 55% 48'¢ 
63 = 63% 52! 
73 = 73% 68 |S 
122 = 
303, = 30a/= 292 
ea 138 


Q = 922 ge4 


o ao 8B 


za nm m 


A 8. = «4 ae mn 3 : FI 

Sere 
c g oat +1 mt c 2 ae 
D = =F +4 mW 2 H 10 = 


123% 114/4 


Write am 


. Give the missing numerators. 


Le} 7 le 
56134 a $2Zc 
5 C7 al 
> 6% joe §23D 
3 tl 
= a eal 
lt? 2da1+$ 
140% « Baty 
Teint eZ = 1,4 


. Solve the equations. Use lowest-terms fractions for all answers. 


F 15;=n+ 3 \e 
o 368 = 37 +n 3 
nw 439 = 4442 
1 95Y= 96 +n = 
J 364 = 37+ nb 


More practice, page A-12, Set 23 


each improper fraction. 


x 
4 7 $5 716 
mB=1+03 
Mes N 16 _ =i ze Fo. 
pto¥at+e? 
a 
Bee B=148 





Using the Ideas 


ixed numeral for 


Kk 832=n+34 84 
. 4618=474+n 2 


m12;=18+n$ 
n 142 =n+3 15 
0 138=144+n4 
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standing of the reverse process, and 
exercise 4 gives steps to develop 
the skill. Point out, in exercise 3, 
that as they examine an improper 
fraction they should think how 
many “‘ones” or “whole numbers” 
are in this fraction. The use of a 
number line might help some chil- 
dren understand exercise 3: 


at 
Otel ates Sy 4): oat r6 


9101112 
KT KER 


Work through several examples to 


help children discover the pattern: 


3R2 
11 2 
UP SEN Fol yi 
3 333 a1 


Using the Exercises 

Assign the exercises on page 167 
as independent work. However, 
you might want to work together 
through exercises | and 2 with 
some groups of children. In parts 
of exercise 3, help the children see 
that they can reduce the fractions 
in the mixed numeral to lowest 
terms. In exercise 3H, for example, 


WU 


W—14+h=14h, 


Assignments (page 167) 
Minimum: 1, 2. Average: 1-5. 
Maximum: 1-5. 


Follow-up 

Many children may need consider- 
able experience in converting 
whole numbers to improper frac- 
tions, and vice versa, before tack- 
ling mixed numerals. 

A small group of these children 
may enjoy another adaptation of 
the domino game presented in the 
follow-up section for pages 136 
and 137. Make 40 or more domino 
cards with at least four equivalent 
improper fractions for each whole 
number. To start the game, a card 
is drawn from the shuffled deck 
and placed face up on the table. 
Then the players draw 5 cards 
apiece from the deck, which is face 
down. Each child must match a 
numeral already played with an 
equivalent from his hand or draw 
another card from the pack. The 
first child to play all of his cards 
correctly wins. 





Duplicator Masters, page 30 
Workbook, page 52 
Skill Masters, page 30 
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PAGES 168-169 
Objective 

Given fractional numbers in ad- 
dition problems, the child will dem- 
onstrate his understanding of the 
associative and commutative prin- 
ciples for addition by arranging the 
addends in any way that is con- 
venient. 


Preparation 

Briefly review the commutative and 
associative principles for addition. 
Emphasize that these two princi- 
ples, used together, allow the re- 
arrangement of addends in any way 
that is convenient. 

Also, review the regrouping pro- 
cess as shown in exercise 5, page 
167. For example, give children 
practice with these by saying ‘63 
may be thought of as 5 and how 
many thirds?” (53) Or, “22 may 
be thought of as “‘l and how many 
fifths?” (15). This skill is important 
to children’s success with this 
lesson. 


Investigation 

Encourage children to write as 
many equations as they can. You 
might explain that the equation 
3 + 7=7#is acceptable even though 
7 +%=72 has already been used. 
Accept any correct combinations 
suchiass3 +2 +7 — 77 or 53-27 = 
7%. The variety children record 
should help to impress upon them 
the idea that the application of the 
order and grouping principles is 
valid with combinations of frac- 
tions and whole numbers as well 
as with whole numbers. 





168 


® Let’s use the basic principles 
for fractional numbers. 


investigating the Ideas 


Check this equation. 


This equation was formed 
from the four addends 
in the first equation. 


52+2+4-73 ff 
5 +2khe74 | 
Oe+21E= 78 | 
5st+2d= 7Z 
5+ 4+24- 73 | 


Record the 
equations 
you find. 


How many other equations can you write 
by combining the addends 5, 2, 3, and 
4 in different ways ? 


See \nvestigation. 


Discussing the Ideas 


L 


What principle is illustrated BY each equation ? 


Ag+ g=3+7 Bzg+ (+2) = (+) + 
Commiaterwe z Aaa ive y ; . 


. Give numbers for a, 6, and c. Explain your answers. 


a 28+ 4)= (24a) + (44+) =6+9=6 308 
p b+ 21=(5+2)+ (+a) =7+3=b41% 
c 7+ 2h=(74+2)+ G+a)=9+b=62°595 


. Solve the equations. Explain your answers. 


7+ bse 8+ 1th=x+h9 
9+th Fr 64+24=-84+a$ 


a $5+1,=n+96c 444+ 3= 
p 24+ 33=c4+25 vo 74+ 22 = 


. Explain how you can use the statement in the box to complete 


Discussion 


As children respond to discussion 
exercise 1, stress that the commu- 
tative .and associative principles 





the example and find the sum. 


2+ 3=(2+4) + (343) = 


Have the children work through 
the parts of exercise 2 with you. 
Show an example in vertical form. 
For instance, if you write 


are applicable to fractions. It would 








be helpful to have the children er ea 
work through each side of both a 
equations. 68 
a4ili43 point out that in the vertical form 
a422243 of addition, we add the fractions 
S = 38 first and then the whole numbers, 
according to the same principles 
and applied in the horizontal example. | 
$+ Got2)4-64 )+3 Similarly, with exercise 3, you | 
t+ Gott) 2(Gh+a) +2 might have children work the prob- i 
Stas 2:36 42 lems in vertical form before they 
st 4b +H try to fill in the missing terms in 
Ce Ee < 
30 30 the equations. 


Find the sums and differences. Use mixed numer 
lowest-terms fractions for your answers. 
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Using the Ideas 
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More practice, page A-12, Set 24 


83 « 912 
—56} 


3555 


1 65} 
_ 383 


ms 
20m, 


As you discuss exercise 4, em- 
phasize how the basic principles 
allow the rearranging of addends 
whether they are whole numbers 
or fractions. Be sure the children 
understand that when they add, 
they can add the whole-number 
parts of the mixed numerals and 
the fractional parts separately. 


BPs 
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Using the Exercises 

If you discussed several exercises 
in vertical notation as suggested in 
the discussion section, you will 
probably want to assign the exer- 
cises on page 169 as independent 
work. With some children, it would 
be best to select only parts of exer- 
cises | and 2. 

For many children, exercise 3 
would provide material for an- 
other day’s lesson. Be sure to check 
the children’s work carefully and 
allow ample time for discussion. 


Assignments (page 169) 
Minimum: 1A-E, 2A-E, 3A-E. 
Average: 1-3. Maximum: 1-3. 


Follow-up 

Most children would benefit from 
further practice with addition and 
subtraction of mixed numerals. For 
this purpose you might provide 
some Practagons like the ones be- 
low. 


Solution, Think, page 169 

The clue to solving the Think prob- 
lem lies in observing the fact that, 
after giving Jan half her cookies 
and another half cookie, Fran still 
has 7, a whole number of cookies, 
left. Therefore, since Fran must 
have had 15 cookies to begin with 
(7 +34) X2, Jan got 7+ cookies 
plus another 3 cookie, or 8 cookies 
in all. 


Duplicator Masters, pages 31, 32 
Workbook, page 53 
Skill Masters, pages 31, 32 
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PAGES 170-171 
Objective 

Given three fractional numbers 
with different denominators, the 
child will be able to add them by 
writing them as fractions with a 
least common denominator. 


Preparation 
Materials 
colored strips 


The best preparation for this 
lesson would be a review of the 
techniques for finding the least 
common multiple of two numbers. 
For example, write the numbers 5 
and 6 on the chalkboard and ask 
children to find their least common 
multiple, and to explain how they 
do it. Some might list the multiples 
a LOSS 20, 25, JUS ae ona 
6, 125 18) 24; 30;36; ..<-and then 
pick out the least common multiple, 
30. Others might find factors of 5 
and 6 and multiply all factors which 
appear once: 

5 pe 
(Since none of the factors of 6 are 
also factors of 5, the least common 
multiple is 5 X 2 X 3.) 

Work through other pairs of num- 
bers in a similar manner: 


6, 8 
List multiples: 
6412184 
SP1Gww4.- 
Or factors of 6: 2, 3 
factors of 8: 2, 4 
2x3 4H 14 


Investigation 

Due to the number of strips chil- 
dren will need in this investigation, 
you might want them to work in 
pairs, combining their sets of strips. 
Children might be surprised at the 
length of the matching trains. Re- 
mind them to record the strips they 
use and the length of the final trains. 


For the 4, 6, and 9 strips, the 
matching train is 36. 
You might suggest that those who 
finish quickly perform a similar in- 
vestigation with the following set 
of strips: 


3,4, and 8 (24) 
(light green, purple, and brown) 


170 





Be 


Discussion 
Use discussion exercise 1 to en- 
courage children to discuss their 
findings from the investigation. Be 
sure they see the relationship of 
the length of the trains to the least 
common multiple, and that of the 
least common multiple to the least 
common denominator. 

As you discuss exercise 2, point 
out how to find the least common 
multiple of three numbers. They 
can find the least common multiple 
of two of the numbers first, and 
then find the least common multi- 
ple of the third number and the 
common multiple of the first two 
numbers. 


The red train and the light green 
train are matching trains. Each 
train is 6 units long. Six is the 
least common multiple for 2 and 3. 


Discussing the Ideas 


® Can we add three or more fractional numbers? 


Investigating the Ideas 


Can you find out how long the purple, dark green, and 


blue trains will be when they all match ? Ge Jectigation: 


1. a How long were the three trains when they matched ?36 
sB What is the least common multiple for 4, 6, and 9 ?36 
c What is the least common denominator for 7, 4, and 4 ?36 


2. You can find the least common denominator of three or more 
fractional numbers by finding the least common denominator 
of two fractions at a time. Explain each step below. apron 

a) Tne least common 
multiple of 
Ne and 9 is 18. (ie least common ( 


multiple of 
(ig and 4 is 36. 


3. Once you find the least common multiple for 
the denominators, you have found the least 
common denominator for the fractions. Explain 
the steps in the example and give the sum. 


Next point out that when the 
least common multiple of the three 
denominators has been found, this 
multiple can be used as the least 
common denominator in order to 
add the three fractional numbers. 
Work through several examples 
with the children, until they feel 
they are ready to work on their 
own. 





The least common 
multiple of 
6, 9, and 4 is 36. 
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Follow-up 

To provide variety in working with 
the concepts presented thus far, 
present problems in the form of a 
puzzle such as the following: 


Using the Ideas 


1. Find the sums. Give the sums in lowest terms. 














Acre CwEemOD  f  £ fF F oF “G@wrdicmord 
4 4 3 3 5 3 4 1 fs 15.444 +4 
el te ie eS thin 48 Pd cena ARIEL AN Beats 16. +343 
EE a ee aa a eee 3. LCM of 17. 2+ 4+ 98 
: 3 2 de 
ee eager 198 i 472) mw)! 158} gone 7858 job) Anand ewe 02:94 ee 
74 23 2615 58% 3273 6543 3, 4, and 6 3, 4, and 5 
+63 + 83 +35} + 263 + 9623 + 3274 Ss) ea6 20. LCM of 
7 a 625 — a2 9, 6, and 18 
«(eg BS BI Zo 13274 4485 1768 a LCM ot 21. > — 63 
Give the missing numbers and function rules. Arovand 1D.) O22. 18 Oe 
2. Function Rule =. Function Rule 4. Function Rule . as © 75 Change to a 
———— pa i ed 9. 75 — 68 mixed numeral. 
n+ai+4 8 +n n— 41 10. LCM of 23, 4 
6,8,and12 24 43 
n f(n) , 75 19 
5 ie Give the lowest- “~~ 8 
A 6 Ill +2 A terms fraction. Change to an 
il ile li, 4 improper fraction. 
5 4 | iit B beer eae 
ones Il 1% c 13.2 27. 425 
15 28. 2% 
> 3 iii D 14. 48 
e ib | Illlzo E 
* 5. Function Rule * 6. Function Rule 60h Function Rule 
(58+n) — 2 a_i > ~ MMIII +s — 
n f(n) n 
a 3h] lilo AR 
s 42| 72 45) ee 
c 7h] Iiliot Ti 
p 2] I5is B B 3 I) 
—e 121 ill 4% c92 lll a Ill 6 
171 
Using the Exercises 
Assign the exercises on page 171 
as independent work. Note with 
the children that in exercise | they 
are to give the sums in lowest (Answers are included for your 
terms. You might want to review convenience.) 


the use of the function rule and 

tables before children begin exer- 

cise 2. Notice that exercises 5, 6, 

are 7 are intended to be particular- 

ly challenging. 

When children finish, check their 

work with them. Although answers 

should be mixed numerals, accept 

correct answers in whatever form 

they are expressed. Assignments (page 171) 
Minimum: 1A-D, II-L. 
Average: 1-4. Maximum: 1-7. 


Workbook, page 54 
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PAGES 172-173 
Objective 

Given word problems which re- 
quire addition and subtraction of 
fractional numbers, the child will 
be able to solve the problems by 
applying the techniques studied 
in previous lessons. 


Preparation 

Review any techniques covered 
thus far in the chapter with which 
the children had difficulty. You 
might give children a brief review 
of regrouping fractional numbers 
for subtraction since a subtraction 
problem which requires this tech- 
nique reviews other related skills 
as well. 














172 





Short Stories 









1. Fish: First weighed 12 kg. 7. 
Second weighed 234 kg. 
a How much did they 
weigh together ?325 Kg 
B How much more did the 
second weigh than the first ?& Kg 


Grasshopper: 
a Jumped to 33. Then 
jumped to 63. How far 
was the second jump ?2-3 
sp Jumped to 43. Then 
jumped back to ~. How 
far was the second jump 238 





















2. Frog: Jumped 3% m. (Saxe 
Then jumped 23 m. 8. 
a How far in all ?G24m 
B How much farther was the 
first jump than the second 748 an 


Steak: T-bone, % kg. 
Rib, 2 kg. 
Sirloin, 14 kg. 

How much do they 

weigh together ? 

230 kg 





3. Driving: 573 km the first hour. 
49,5 km the second hour. 
How far in the two hours 71075Km g, Plane trip: Baggage allowance, 
20 kg. Mr. Lo’s suitcase 
weighed 29 kg. How 
much overweight was his bag ? 9 => 


4. Stars: Alpha Centauri is 44 
light years* away. Sirius is 
82 light years away. How 
much farther is Sirius than 10. 
Alpha Centauri 24a tt ye 





Tom: 1133 cm tall. 
Grew 11cm. 
Then grew 23, cm. 


- Al 
5. Rectangle: 45 cm by Hou talline iz a 


6% cm. Ant crawls from 

one corner to the opposite 11 

corner, moving along the sides 

of the rectangle. How far ? 

5 CM 

6. Lobster: 33 kg. 

Blue crab: 14 kg. 

How much more does 

the lobster weigh ? 


220 Kg 


. Reading: ? hour. 
Arithmetic: § hour. 
Writing: 4 hour. 


How long for allthree? #4 
WS hours Or hour 55 wns. 


12. Triangle’s sides: 34 cm, 
5 cm, 43 cm. 
What is the perimeter ? 133 cm 





13. Rectangle: 6% by 22. 
What is the perimeter ? | 9 


*A light year is the distance light travels in one year. 
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Discussion 

With most children, assign the 
problems on page 172 as indepen- 
dent work. When they are finished, 
check the answers and have them 
explain to each other how they 
found their solutions. 





Assignments (page 172) ———————_- j 
Minimum: 1-6. Average: 1-13. 
Maximum: 1-13. 





a Ne 








On January 1, 1958, Belgium, France, Italy, Luxembourg, West 
Germany, and the Netherlands signed a treaty establishing the European 
Economic Community. This is generally known as the Common Market. 
The United Kingdom, Denmark, and Ireland joined the Common Market 
on January 1, 1973, bringing the total membership to nine. 


1. What fraction of the total 
membership 
a were original members ?> 
B joined in 1973 ?> 


2. Denmark, the United Kingdom, 
the Netherlands, Belgium, and 
Luxembourg are monarchies 
(they have a king or queen). 
What fraction of the Common 
Market countries are not 
monarchies ?-3 


3. Twenty-four European countries 
are members of the United 
Nations. All the Common 


Market countries except West 
Germany are members of the 
United Nations. What fraction 
of the European UN members 
are not members of the 
Common Market ? or & 


4. The population of Europe is 


18 times as great as the 
population of the USSR. The 
population of Europe is 12 

times as great as the population 
of the Common Market countries. 
Are there more people in the 
USSR or in the Common Market 


countries ? By how much ? USSR, 76 
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Using the Exercises 


Before assigning page 173, give 
the children an opportunity to read “Yellow” Cake and “Cherry” 


tentional, although some children 
may think we intended to print 


and discuss the two recipes given _ Frosting.) 











at the top of the page. Some may 
want to use the recipes. They are 
tested recipes and, with reasonable 
care, should yield good results. 

Following a discussion of the 
recipes, have the children do the 
exercises. When they have finished, 
allow time for discussing the exer- 
cises and checking papers. Notice 
that exercise 5 is primarily for the 
faster children. They may need to 
be told that shortening is not con- 
sidered a “‘dry ingredient.” 

(Note: The recipe titles are in- 


Assignments (page 173) 
Minimum: 1-4, oral. Average: 1-4. 
Maximum: 1-5. 


Follow-up 
Giving a data sheet to more capa- 
ble children may stimulate them to 
write story problems. Encourage 
these children to use data from cur- 
rent newspapers and magazines as 
source material if they prefer. 
Direct the children to make up 
story problems by writing ques- 
tions for each set of facts, indicat- 
ing the set for which each question 
is intended. Ask them to write and 
solve an equation to answer each 
question if they can. 





Data Sheet 


Planes: Flying Time from New 
York to Paris 


Lindbergh 33% hours 
Commercial Jet 5+ hours 
B-58 Hustler 34 hours 


Large Gems: Weight 
Star of Africa 530-7, carats 
Diamond 
Blue Hope 
Diamond 
Star of India 56375 Carats 
Sapphire 
Devonshire 
Emerald 


44,5 carats 





1350 carats 





Satellites: Orbiting Time 


Explorer I 1144 minutes 
Echo I 1185 minutes 
Tiros 99,'55 minutes 
Midas II 94,4 minutes 
Telstar 158 minutes 


Resources for Active Learning 
Math Activity Cards, “Recipe,” 
D35, Macmillan. 
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PAGES 174-175 
Objective 

Given tables of data and word Track Records 
problems which require addition 
and subtraction of fractional num- 
bers, the child will be able to solve 


Running high jump | 22433 cm 
the problems. 





f Long jump 5m 
Preparation : 
To prepare for these pages of prob- Pole vault 52m 
lems, you might exhibit an addition Javelin 9075 m 
equation on the chalkboard, and ; = 
ask the children to write a word Discus throw 6465 M 
problem based on this equation. 100-metre run 93 sec 
Follow this by having several chil- 8 
dren read their word problems to 1. How much higher is the 200 DStiEauP Lain gec 
the class. Then, present a sub- pole-vault record than 800-metre run 1 min 443 sec 
traction equation on the chalkboard the high-jump record ? 


325.85em 1500-metre run 3 min 343 sec 
2. How much farther is the javelin 
record than the discus record ? 


and ask the children to write a word 
problem for this equation. Next, 


5000-metre run 13 min 26% sec 





have several other children present 257m 

their subtraction word problems 3. The Olympic women’s record for the long jump is 2084, 

to the class. cm shorter than the men’s record. What is this record ? 6.8m 
Alternatively, you might review ‘ te Wiese ‘ 

ridilemicedain additiontaimd autre. 4. The Olympic swimming record for the 100-metre freestyle is 

tion exercises, such as changing to 517 seconds. The same man holds the record for the 

lowest terms, or regrouping mixed 200-metre freestyle, 1 minute 52% seconds. If he could 

Perales swim the 200 metres at the same speed as the 100, how 


much time would be cut from the present record ? |\0 > sec. 


5. What is the difference between the time for the 5000-metre 
run and the time for the 1500-metre run ? 9min Bis sec. 


2 


a_ If the 800-metre runner could run at his record pace for 

1500 metres, how fast could he run the 1500 metres ?3min 23 S€C. | 
s What is the difference between this time and the record 
for the 1500-metre run ? Ma sec. 


“The records given on this page are Olympic track and field records for men including the 1972 games. 
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Discussion 

Give the children an opportunity to 
discuss the material at the top of 
page 174. Notice with them the 
chart which gives various world 
track records. You might have 
some of the children who know of 
more recent track records give 
these to the class. Another inter- 
esting activity would be to have 
those who are interested look up 
the latest world track records and 
compare them with the records 
given here. 


— a 


Assignments (page 174) 
Minimum: 1-7, oral. Average: 1-7. 
Maximum: 1-7. 
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Follow-up 
Suggest that the children who are 
interested in racing records use an 
almanac to find the recent times 
and speeds for the Indianapolis 500 
A ae and the Grand Prix d’Endurance at 
Re Le Mans, France. Some children 
: may be interested in the wheeled 
land-speed records made at the 
Bonneville Salt Flats in Utah. 
These records are constantly being 
broken by jet cars. 

Encourage other children to 
make a new pictograph including 
current production of automobiles 
Or some other product which is 
critical in the economy of their 
region. 


Automobiles 


Each symbol Me wes ly 000 000 cars. 
it Fide: bet P eo eerie 


‘ 
i 


BERD 
8 Divert 
BO. 


9909” 
ap B 








In the early 1900's, automobiles were referred to as ‘‘horseless 
carriages.’ Today the automobile plays a vital role in all our lives. 


1. How many more cars were built 
B in 1950 than in 1930 ?3 878 407 


a in 1940 than in 1930? 929929 
c in 1970 than in 1900 ? 6,546 o11 


2. There are more than 280 O00 O00 people in North America. 
About what is the average number of people per car? oo5u4 2 


3. In 1925 a new car could be expected to last about 64 years. 
Today’s cars can be expected to last about 12} years. 
How much longer can cars be expected to last today than in 1925? 5S yr 


4. Acar travelling 80 km/h travels 163 metres between the 
time a driver decides to stop and the time he applies the brakes. 
It travels another 57 metres after he applies the brakes. What is 


the total stopping distance from the time the driver decides to stop ? 
3 
5. In 1911 the winner of the Indianapolis ‘‘500°’ auto race i 
averaged 12034 km/h. In 1972 the winner averaged 262% km/h. 
How much faster was the average speed in 1972 than in 1911 ? 
14286 Ken/n 
1D 





More practice, page A-13, Set 25 





Using the Exercises 

You might want to introduce page 
175 before assigning page 174 as 
independent work. Be sure to em- 
phasize how to interpret a picto- 
graph, such as the one shown here. 
Point out that each symbol of a 
small car stands for | 000 000 cars 
produced in a certain year. Point 
out also that in the year 1900 only 
4192 cars were built, and therefore, 
we show only a tiny portion of the 
car that stands for | 000 000 cars. 
Observe that 181 000 cars were 
built in 1910. This is a little less 
than 4 of 1 000 000 or of one car 
symbol, and therefore, we again 
show only a small portion of the 


symbol. In 1920, however, nearly 
2 000 000 cars were built, so we 
show two cars. 8 

The children might also enjoy 
discussing the pictures on the left, 
which show representative cars for 
various years. 

After introducing these pages, 
have the children do the exercises. 
When they finish, allow time for 
further discussion and checking 
papers. 


Assignments (page 175) 
Minimum: 1|-5, oral. Average: I-S. 
Maximum: I-S. 
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PAGES 176-177 
Objective 
Given an improper fraction, the 


® Let's explore mixed numerals 
and improper fractions again. 


child will be able to write it as a 
mixed numeral by dividing the de- 
nominator into the numerator and 
writing the remainder as a fraction. 


Preparation 
Materials 
colored strips (optional) 

To prepare for this lesson, you 
might review mixed numerals and 
improper fractions. For example, 
write a list of each and have chil- 
dren match equivalent expressions: 


ee: 
avian 


Miia eis 
ba a Whe toles oa olde 
i 
FS) [rs || woo 


13 
4 


W W— PhP 


| 


Investigation 

If you think the children need the 
experience of actually using the 
strips, have them work in groups 
combining sets of strips in order to 
make the trains. Many children will 
not need to use the actual strips; 
they will be able to picture the situ- 
ation sufficiently well from the 
presentation in the text. In either 
case, suggest that they try to give 
a mixed numeral for each of the 
other strips. For instance, you 
might ask, ““Can you give a mixed 
numeral for the number of purple 
strips it takes to match the 85 white 
strips?” Remind them to record 
their findings carefully. You might 
suggest a format similar to the fol- 
lowing completed table. 














White Matching Mixed 
Strips Strips Numeral 
(unit) 
85 red 425 
85 light green 285 
85 purple Da 
85 yeliow iN 
85 dark green 14% 
85 black 127 
85 brown 103 
85 blue 95 
85 orange 835 = 84 
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Investigating the Ideas 


Suppose you have a train made of 85 white strips. 


}__——_—_——_——— 85 white strips 


SEESSSEER. WE 
[fie Sie Dis ha ORT 


It takes 423 red strips to match the white strips. 


Can you give a mixed numeral for the number of light 
ps ?285 


green strips itt takes to match the 85 white stri 


e Investigation. 


Discussing the Ideas 


1. If the red strip is the unit, can you find two ways 
: ; 1 
to express the length of the white train above 2, 422 


. A Ifthe light green strip is the unit, what improper 


fraction gives the length of the white train? = 
B What mixed numeral gives the length of the train ?284 


8 


. Think of the purple strip as the unit. 


a Give an improper fraction for the length of the white train. 


B Give a mixed numeral forn. 8 = n2iz 


4. Solve: ®=n!7 


Explain these examples. They show how you can use division 
to write i a lessee sy yar an RUSTE fraction.See Discussion. 


Discussion 
Before children respond to discus- 
sion exercise 1, you might have 
them compare their results for the 
investigation. Then, as you discuss 
exercise 1, help them see that if the 
red strip is the unit, each white 
strip is 5, so 85 white strips is *. 
The second way to express this 
was given in the investigation: 
ADS. 

~ Similarly, if the light green strip 
is the unit, each white strip is 3, SO 
85 white strips is "?. From their in- 
vestigation ee children should 
supply the equation *y = 284. Work 
through each of the strips in this 
manner until you have the follow- 





ing equations on the chalkboard 
(or overhead projector). 








= 42) BB = 124 

4B = 284 “P= 108 
=21b B= 94 

B= 17 $= 875 =83 
4 = 14 


Use exercises 4 and 5 to help chil- 
dren discover the procedure out- 
lined in exercise 5. They should 
understand that they can simply 
divide the numerator, 85, by the 
given denominator, which can then 
be used to express the remainder of 
this division as the fraction in the 
mixed numeral. Use this proced- 
ure with other examples as needed. 


Resources for Active Learning 


Using the Ideas | Discovery, Section II, Units 5/6, 
6/5, Encyclopaedia Britannica 
. Give the numerator for a and the whole number for b. Educational Corp. [Fraction 
34 I7 85 7 cross number puzzles ]. 
=$+35=b+ g=b+ 
Sl 17 42 
=8+i=pF} g Sh tic Duplicator Masters, page 33 
92 23 23 Workbook, page 55 


at a Doe be Ort 
738 ie) 33 





. Give the number for q (quotient) and the number for 


r (remainder). Then give a mixed numeral for m. 


_ 
aed x2 


2 2 
25 _qx4 
A a 

x 


22 
67 _qx3 
3 3 

4 

84 _qx5 
as 

93_gx6, 
Gist iG 
27 pk 2 
ie® 

ak ioe 


A E 


| 
3 
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Give the mixed numeral 
for each fraction. 
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More practice, page A-13, Set 26 





Using the Exercises page early should enjoy working 
Before assigning the exercises on the Think problem. 
page 177, point out that the letter 
b represents the quotient after 
they divide by the denominator and 
that the fraction shows the remain- 
der. Similarly, as you assign the 
exercises, note with the children 
inal in exercise 2, the letters, Fr, 
and m represent quotient, remain- 
der, and mixed numeral, respec- 
tively. This notation also illustrates 
the fact that the fractional part of 
a mixed numeral should be a proper 
fraction because the remainder 
should always be less than the Assignments (page 177)* 
divisor. Minimum: 1-3L. Average: 1-3. 
The children who complete the Maximum: 1-3. 





L77 


PAGES 178-179 
O bjective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 
Preparation a Write an addition equation for the black arrows. Ss 

: : Write a subtraction equation for the red arrows. 2 

Review any of the material from the Ca 


[aes 
2 2, 
4 
—-$=F or2 
chapter that caused particular diffi- ee eS $=F or 
culty. For example, work through a 0 1 2 ae Ss 4 
3 








few exercises like exercise 4 on 
page 178. Point out methods of 

















: 2. Find the sums i : 
finding a common denominator, ng 13 and SHU ’ A 5 
: lite ae TALapeb Li ODS Sey auliig (2s Cel Ie. 
regrouping when necessary, and AAT OR Beg eS ape Ss eg er D Int gate ean Ree te slic ae 
writing lowest-terms fractions when : 3 , : ; 3 ‘ 4 
possible. ee ae ay Ae inwiay PS HI a 
+6 10 +4 +5 Pas =a +146 =—5 
23. Ae av (z af <s 33. x 
24 , Lod 10 ZO 20 30 30 
3. Solve the equations. 
Zi os 2 
Attn=}for78 2-n=htorgc n+4=3, pd Ztn=145 


4. Find the sums and differences. 
a 174 Bw 424% c 65} 

















+163 +313 — 233 

332 745 42% 

co 565 u 81} 1 323 

—192 —783 —194 

ue Ed ats 

5. Givethe missing api sal mee 

Function Rule Function Rule 

n+ 23 n— 4 





Discussion 

Select and assign several of the 
exercises according to the need 
and ability of the children. Notice 
the Think problem on page 178. 
You might suggest to the children 
that they try it when they have 
completed the assigned exercises 
on pages 178 and 179. When they 
have finished, help them check the 
answers and discuss any points 
which need clarification. Have chil- 
dren explain their solutions to the 
short story word problems, includ- 
ing the steps they took in the algo- 
rithm they used. 


+ 
‘ 
> 

f 

a 
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Follow-up 

Children might enjoy working a 
magic square with fractions. The 
following are suitable. (Spaces with 
shading should be left blank.) 



















6. Give a whole number for each improper fraction. 
aA2 pS c+ ps £ #8 - BiI2 « 226 wy B15 


7. Give an improper fraction for each number. 


3 eye J 15 i 33 39 
. a3> 8 332 ¢ 383 v 334 « Sha e 62S a 7¢ Sw 153, 153 


ow 


8. Give a mixed numeral for each improper fraction. 
fe z L il l i 
aA 72 Bp YSS c H$20gn BBS c UYSSIzF 282 32G6 386 Tien 483482 


9. Find the sums. Use lowest-terms fractions for all answers. 
a 33 B 2} c 9 pd 142 —e 325 rF 493 














gi 9} 63 163 614, 672 
+63 ie +54 +183 aalos +94; 
lak 19 2\5 49 108s Zion 
a 
¢ 73+ 83+ 654+ 729% Her i2e 4939) 7p) Zig 


Workbook, page 56 








Short Stories \c ay 


1. First jump: 123 m. First suitcase: 16% kg. 
Second jump: 117m. ¢g Second suitcase: 25} kg. 
How much farther was the How much do they 
first jump than the second?2\n | weigh together? 4\z5 Kg 


2. Jim: 161; cm tall. 
Joe: 1595 cm tall. 
How much taller 
is Jim than Joe ?\2cm 


5. 63 litres of gasoline in the 
tank. Put in 8,5 litres more. 


a How much gasoline is in 
the tank now? \5% litres 





3. Runner: 82% m/s. 
Snake: 4 m/s. 
How much faster does 
the runner 90 ? Jevppenerre SD? 


is 
Sico Mes 






litres, how much more 
could be put in ? |zo litres 


LA 


Cmtemare Amit = 
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PAGES 180-181 
Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

To prepare for these pages, you 
might use a ““What’s My Rule” 
game or some mental chain games 
to stress speed in basic facts. Or, 
you might prefer to use the prep- 
aration period to introduce page 
181. 


180 





1. Find the sums, differences, products, and quotients. 






c 72641 — 13 782 58 859 F 28 x 5264\47302 1 





2. Give improper fractions to name the fractional numbers for the points 


over letters a through e. 
0 1 Be a 3 4 5 


A2 6B Cea u 
2 eS 2 =z iz. 





3. Change each fraction to a lowest-terms fraction. 


Be (ees ce Pie et Bike oie 
or \3) it 
4. Bo eine equations. Cr \3) 
ga 2xn=16 48 (2xnm)+n=12 71 18=(3xn)-3 





yc (2 Xin) =—6=16 6 18 =Sx n 
BD 2oon = 12 5H 18=(3xn)+3 


5. Give the correct sign (< or >) for each |p. 
adit? 8 SUZ cc She > Bibs oc Ss 


6. a Give the degree measure of this angle. acceptable answers: 
Bs Suppose we invent a new unit that is only Zo, 24 or 20) 
4 of a degree. What is the measure of the 
angle when we use this new unit ?46°48° or 50° 
c_ If we invent and use a unit that 
is 3 degrees, what is the measure of the angle ? avout 8? 
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Discussion 
The exercises on page 180 are in- 
tended for independent work. 

You might point out, before the 
children begin working the exer- 
cises on this page, that they might 
simply try to solve the equations in 
exercise 4 by trial and error. By all 
means, avoid giving the children 
any rules for solving these equa- 
tions. ' 





a 28 + 375 + 89+ 6 + 3953! 52006 — 41 839°'d 387 522 = Geag 
p 3278 + 9654 + 3612 i¢544 © 7 x 326 8947285258, 2072 = 7429 
28 784 = 74112 


5B (2xn)+6=163F (2x n)+ (2x nm) =1285 24=nins+n 
ak 24=(2xn)+n 
et 24=(2xn)-8 


r Sie 















PREHISTORIC ANIMALS 


The time before man learned to write and record 

the events and facts that make up history is 

called the prehistoric period. During the 

millions of years of prehistoric time, 

some animals looked like those of today. 

But many prehistoric creatures, like Dinosaur 
those pictured, looked quite 
different from any 
animal alive today. 














Dimetrodon __ 


1. Dinosaurs, such as the one pictured above, grew as tall as five 
2-metre men, standing as in the picture. How many centimetres 
tall were these dinosaurs ? \OOO cm 


2. Some dinosaurs attained lengths nearly three times the height 
described above. How many metres long were they ? 30 m 


3. The dimetrodon grew to a length of only about 280 centimetres. 
About how many times shorter than the dinosaur in number two? || 


4. The dinosaur era (called Mesozoic) began about 200 000 000 
years ago and lasted about 140 OOO OOO years. About how 


long ago did the Mesozoic era end ? 
Abvout ©0000 000 years ago 


5. Some dinosaurs weighed as much as eighty 570-kilogram cows. 
a How many kilograms is this ?45 600kg 8 How many tonnes ? 45.6 


6. Whales, the largest living animals of today, attain weights of as 
much as 120 tonnes. How many more kilograms is this weight 
than the weight of the dinosaur ? 74 400 
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Using the Exercises 

Before assigning page 181, give 
the children an opportunity to read 
and discuss the introductory para- 
graph; then have them do the exer- 
cises. When they have finished, 
allow time for further discussion 
and checking papers. 
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CHAPTER 9 


Multiplication and Division 


of Fractional Numbers 


Pages 182-223 


General Objectives 

To introduce multiplication and 
division of fractional numbers 

To work with strips, regions, and 
number lines as models for illus- 
trating the product of fractional 
numbers 

To establish the basic principles 
for multiplication of fractional 
numbers 

To provide a logical development 
of the usual rule for finding the 
product of any two fractional 
numbers 

To focus attention on the inverse 
relation between multiplication 
and division of fractional num- 
bers 

To provide a discovery-type de- 
velopment of the usual rule for 
division of fractional numbers 

To. develop skills in multiplying 
and dividing with fractional num- 
bers 

To relate whole-number division to 
fractional-number concepts 

To provide work with functions 
whose input and output numbers 
are fractional numbers 

To provide appropriate work with 
estimation and fractional num- 
bers 

To provide experiences with word 
problems requiring all four oper- 
ations with fractional numbers 


The beginning pages of Chapter 9 
are designed to give the children 
experiences that will help them 
develop an intuitive feeling for 
finding the product of two frac- 
tional numbers denoted by unit 
fractions (3, 3, 4, etc.) or the prod- 
uct of a whole number and a frac- 
tional number expressed as a unit 
fraction. This objective is accom- 
plished by using strips, regions, and 
the number line as well as physical 


examples. 
With this background estab- 
lished, the basic principles for 
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multiplication of fractional num- 
bers are then assumed to hold. The 
basic algorithm for finding the prod- 
uct of any two fractional numbers 
given in fractional form is devel- 
oped (1) by using these basic prin- 
ciples and the ability to find the 
product of two fractional numbers 
expressed as unit fractions and (2) 
by using the product of a whole 
number and a fractional number 
represented as a unit fraction. 

Following this, special attention 
is devoted to the concept of the 
reciprocal of a fractional number. 
Then, material is provided to help 
the children learn various short- 
cuts, including what is traditionally 
known as cancellation, though we 
do not use this term in the text. 

The next material is designed to 
help the children develop skills in 
finding the product of two frac- 
tional numbers. Appropriate sets 
of word problems are interspersed 
throughout, not only to assist in 
the development of skills, but to 
stimulate interest and maintain 
problem-solving techniques. 

Following a lesson that reviews 
concepts and skills developed ear- 
lier, the work on division of 
fractional numbers is_ initiated. 
Essentially, we approach division 
of fractional numbers through work 
with missing factors and recipro- 
cals. Drawing on this background, 
the children are led to discover that 
dividing by a fractional number is 
the same as multiplying by its re- 
ciprocal. After the usual division 
algorithm has been developed, ap- 
propriate sets of word problems 
are provided so that the children 
will gain experience in actual situ- 
ations that require the division 
operation for solutions. 

The concluding lessons in the 
chapter offer a variety of activities, 
such as working with functions and 
estimation. 


Mathematics 


There are many ways to approach 
the standard definition for the prod- 
uct of any two fractional numbers, 


a c 
such as — and —. 





b d 
a C axXc 
Bo ied 


The approach shown below paral- 
lels the development in the chil- 
dren’s text. 
(1) Establish 
facts: 


the following two 


l 


>< | 
axhb 





l 
a 


a 

and a X aes 

(2) Assume the commutative and 
associative principles for multi- 
plication of fractional numbers. 

(3) Use the principles to arrive at 
the desired result for the prod- 
uct of any two fractional num- 








bers. 

hee 6 dt pred 

§xS=(axz)x(cx5) 
oo maa Did. 
ie: l 
= (ax) x (555) 
axe 
bxd 


The two facts in part | are pre- 
sented in the children’s text by 
using physical models (strips, re- 
gions, and number lines) to make 
them plausible. The basic principles 
for multiplication of fractional num- 
bers are then presented as a paral- 
lel to the principles for addition of 
fractional numbers, and, finally, the 
steps outlined in part 3 are devel- 
oped carefully through exercise 
sets. 

The shortcut rule (division algo- 
rithm) for division of fractional 











numbers can be shown as follows. 


a,c laxd 


bd bxe 





To develop the familiar division 
algorithm for fractional numbers, 
we rely heavily on the inverse rela- 
tion between multiplication and 
division. Thus, the children are led 
to understand that, since 3 xX #= 


+3, then $9 + 2 = 2. Since the rule 


for multiplication of fractional num- 
bers is quite simple (multiply nu- 
merators and multiply denomina- 
tors) such examples may lead chil- 
dren to generalize that, to divide 
fractional numbers, one divides 
numerator by numerator and de- 
nominator by denominator. This 
works nicely in the example above: 


UB G eee S54 MD! 
pf Hep 24 = 7 0B 





However, an example like } + 4 
presents difficulties. The numerator 
2 is not divisible by 4 and the de- 
nominator 3 is not divisible by 5. 
However, by choosing the appro- 
priate fraction equivalent to 3, the 
difficulty can be overcome. The 


eee 4 x5 
necessary fraction is ay be- 
DRA 2 OAS OAR DX 5 
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by dividing numerator by numera- 
tor and denominator by denomina- 





: DAS ASAE DNS SP 
tor. Since 5-4 = 3 X @ this shows 
h he CN ED Sa This | h 
Aes. A: is lays the 


groundwork for the familiar algo- 
rithm, that is, the method of mul- 
tiplying the dividend by the re- 
ciprocal of the divisor to find the 
quotient. 

Sufficient practice sets are pro- 
vided for children to develop under- 
standing and efficiency in dividing 
with fractional numbers. 


Teaching the Chapter 


Materials 


Colored strips 
Crayons or colored pencils 


Demonstration number line 

Flannelboard 

Overhead projector (if available) 
and transparencies 

Ruler, centimetre 

Unit regions, felt, to show fraction- 
al parts 


Vocabulary 


reciprocal 

Although few materials are listed 
for this chapter, showing diagrams 
on the chalkboard or on the over- 
head projector will be quite helpful 
in presenting the early lessons in- 
volving strips, regions, and number- 
line illustrations. For example, you 
can illustrate 4 of $ for the children 
by showing a region of which ¢ is 
shaded and then erasing all but 3 of 
this shading. 





Demonstrating number-line ideas 
on the chalkboard or on a demon- 
stration number line will also be 
helpful for some children. 

Note that reciprocal is the only 
word in the vocabulary list. This 
simply indicates that most of the 
background work for the concepts 
in this chapter has been provided 
and that new concepts in this chap- 
ter are based on those introduced 
earlier. 


Lesson Schedule 


Plan to spend four to five weeks on 
this chapter, adjusting your time 
schedule according to the needs 
and abilities of your children. You 
should be aware that the chapter 
contains a considerable number of 


word-problem pages, and you will 
want to allow enough time for these 
to give the children an opportunity 
to discuss the ideas presented. 


Evaluation of Progress 


As you work with this chapter, 
note especially the way in which 
the ideas unfold and culminate in 
the development of general rules 
for finding the product and the quo- 
tient of two fractional numbers. 
You should evaluate the children’s 
achievement as you go through this 
sequential development. Some chil- 
dren will be able to determine quick 
solutions to routine problems once 
they find the rules for multiplica- 
tion and division. However, to 
evaluate the children’s understand- 
ing, you will want to take into con- 
sideration not only their skill with 
routine computation and with word 
problems, but also their daily par- 
ticipation in the activities using 
concepts developed in this chapter. 


Resources for Active Learning 
GENERAL ACTIVITIES 


It's a Tangram World, ‘‘Frac- 
tions,” pp. 56-61, Educational 
Science Consultants 

Mathex: Numeration No. 7, Activ- 
ities 3-5, pp. 46-47 (pupil pages 
47-51), Encyclopaedia Britan- 
nica Publications Ltd. 


MANIPULATIVE DEVICES 


Cuisenaire Cubes, Squares, and 
Rods (Cuisenaire Co.) 

Fraction Blocks (Creative Publi- 
cations) 

Map measurer and compass (Ed- 
mund Scientific; Math Media) 
Modulated Cutouts (Encyclopae- 

dia Britannica Publications Ltd.) 


COMMERCIAL GAMES 


Action Fraction Games (CCM 
School Materials; Lakeshore; 
Math Media) 


Spinner Number Games, Fractions 
(Heath) 
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PAGES 182-183 
Objective 

Given two fractional numbers 
expressed as unit fractions, the 
child will be able to find the prod- 
uct by relating the unit fractions to 
fractional parts of regions. 


Preparation 
Materials 
crayons or colored pencils; paper 

(1 sheet per child) 

To prepare for this lesson, you 
might exhibit fractional parts of 
rectangular and circular regions 
and review naming these parts with 
fractions. For example, draw a rec- 
tangle on the chalkboard and divide 
it into halves. Then divide it again, 
into fourths: then eighths. Each 
time, have children identify the 
divided parts. 

Since such a review treats con- 
cepts with which children should 
be very familiar, spend only two or 
three minutes with it. 


Investigation 

You might want to make sure that 
the children fold their paper cor- 
rectly, but then encourage them to 
do the investigation independently. 
However, caution them to carefully 
figure out what region they should 
color before they start to do any 
coloring. 

If some children finish very 
quickly and you think they are able, 
suggest that they also color these 
regions: 


> of % of the sheet black 
of 3 of the sheet orange 
of 7 of the sheet purple 


_ 


4 
BE 
8 
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| s) Multiplication and Division 
of Fractional Numbers 


® Let’s exp/ore multiplication using unit fractions. 


Investigating the Ideas 






















Fold a piece 
of notebook paper 
in half four times. 





> 
Ble Nir 


c } of RSFRRBIEHERE is green. 
> | of Jefe SRREEis brown, 


OF 19 





Discussing the Ideas 





1. What fraction of the sheet in the Investigation did you color 
a red? = B blue? iz ce green? 5 pb brown? iz 


2. In the Investigation, you colored } of the sheet red. 
We say, ‘’s of 3 of the sheet is 4 of the sheet.” 
Make statements like this one for parts B, c, and p above. 


. Give the missing fractions. 





We write this | 
multiplication — 
equation: 







1 1 ah 
3X 4= Illliz 


4. Can you explain how to find these products ? 


i, gle il ge TL Nx Gels 
Liebe woe 8 B4X258 Ces <2nG 
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Discussion 
Use exercises | and 2 as a basis 
for a discussion of the children’s 
investigation results. Write their 
responses on the chalkboard in the 
following form: 





of 3 is 4. 1 of tis 7. 
of + is $. 4 


Ni Ne 


As you work through each ex- 
ample, be sure that the children 
have correctly identified the first 
fractional part they are dealing with 
so that they can use it to find that 
fractional part of it which they 
colored. Point out that the product 
represents a fractional part of the 
whole sheet. 





One of the most important points 
to stress for the children in this 
lesson is that all of the fractions 
they are working with are wnit frac- 
tions, that is, their numerator is 
one. As you work through exercise 
3, display the final equation. 


bxdad 
You might then express the four 


statements from the investigation 
in equation form. 


xt 
xaos 


ej tole 
[oa Slo 


Avoid giving rules for finding 
such products; many children will 
discover on their own that they can 





Mathematics 
A unit fraction is any fraction 


Using the Ideas 
whose numerator is |. If a is a 


. Give the missing numbers. Then copy the equation with 
the correct product. 


somal SERS 


= | of the region Z lll of Ill is — jalllll of the region 
is shaded pink. 


l 
non-zero whole number, then — rep- 
a 


resents a unit fraction. In this les- 
son, children study one of the two 
facts basic to subsequent work in 
multiplication of fractional num- 
bers, namely, multiplication of unit 
fractions: 


shaded red. is shaded red. 


tl 
. Study the figures. Then give the product. Sos 7 


Gb bes ax b 
In the next lesson, a second basic 
fact pertaining to unit fractions will 
be presented. 


Follow-up 

To give children further practice 
with multiplication of unit frac- 
tions, you might provide exercises 


“ like those below. 
= 1. Construct a circle. Mark off 45° 
angles. 
. Write and solve a multiplication equation for each problem. Color + of = of the circle blue. 


of 3 

Color = of = of the circle red. 

Color Xai = of wthewcircle 

yellow. 

Color 4 of of the circle green. 
2. Draw a rectangle. Divide it into 

thirds. Then divide the thirds 

into halves, so that the rectangle 

is divided into sixths. 

Color = of ¥ purple. 


Color > of % green. 


a Joan found 3 of a pie in the 
refrigerator. She ate 4 of it. What 
fraction of the whole pie did she eat ? 
Gary painted } of the side of the 
garage. When he had repainted # of 
this part, what part of the side 
of the garage had he painted twice ? 
Ann cut a sheet of paper into 6 strips of the 
same size. Then she colored } of one of the 
strips and cut off the colored piece. What part 
of the whole sheet was this colored piece ?- 





You might suggest to more cap- 
able or more interested children 
that they find the area of + of 4 of 
their classroom floor. Or 4+ of 4+ of 
the floor. 
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find the product easily by multiply- 
ing the numerators together and 
the denominators together. Have 
them discuss this idea as they work 
through exercise 4. 


Using the Exercises 

Assign the exercises on page 183 
as independent work. With some 
children, you might want to use 
physical demonstrations similar to 
the one described in exercise 4C; 
or use colored strips of felt on the 
flannelboard for the same effect. 


Assignments (page 183) 
Minimum: 1-3. Average: 1-4. 
Maximum: 1-4. 


Resources for Active Learning 

Developmental Math Cards, ‘‘Peg- 
board Fraction's,” J+3, Addison- 
Wesley. 
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PAGES 184-185 
Objective 

Given a whole number and a unit 
fraction, the child will be able to 
find the product. 


Preparation 
Materials 
colored strips 
To prepare for this lesson, you 


might briefly review the principle 
studied in the previous lesson: 


fet l 


ab axb 





Use various pairs of unit fractions 
to have children find their products. 
Keep such a review brief and brisk. 


Investigation 

Before children begin to work, be 
sure they understand that the pur- 
ple strip is being considered as the 
unit strip. Thus, the red strip is + 
of the unit strip, and the white strip 
is 4 Of the unit strip. Remind the 


children to record their results. 


5 x4+=3o0r24 2x4+=o0rl1 
1X<4=F0r 12 9 x 4= tor 2+ 
3x ¢=4 


Notice that both the improper frac- 
tion and its equivalent mixed nu- 
meral are acceptable. One form or 
the other may be preferred accord- 
ing to the particular emphasis of 
study or clarity of the answer. 


184 











to show 4 x 4 








See above. 











A 





9 a 


40 4 














1 2 
8 8 





Discussion 

Discussion exercise | challenges 
the children to use other strips the 
way they used the strips called for 
in the investigation. Be sure they 
realize that, for exercise |, the blue 
strip should be considered to be 
the unit and the light green strip 
then represents 3. Suggest other 
exercises, such as using the brown 
strips and the red strips to show 
3 X 4(or 5 X 4), or using the orange 
strips and the yellow strips to show 
6 X 3 (or 4 X 3). For each exercise 
that you give them, have a child 
record the equation on the chalk- 
board. Have them relate these 
exercises and those they did in the 


Investigating the Ideas 


If the purple strip is the unit, this picture shows that: 


Can you find the products 
in the table by placing 
the correct strips along 


the unit strips ?2<< 


‘lavestigation. 


Discussing the Ideas 


1. How could you use the blue strips and the light green strips 
? See Discussion. 


0 —.,_ _-—— 


0 ee es eee 


Sax 





. Write each product in the Investigation as an improper fraction. 


. Study the number-line picture. Then solve the equation. 


ach 





= 
a: 


oxy 









ae 8 4 10 
as 








cols 


pate 


“coin 
DIO, 


investigation to the equation for 
each. Encourage them to start look- 
ing for a pattern which appears in 
all the equations. If they do find 
and explain it, use exercise 3 to 
develop it further. If they do not, 
continue with exercise 3 and some 
children will then discover the pat- 
tern of multiplying the whole num- 
ber times the numerator. As you 
discuss exercise 3, stress the point 
that multiplication of a whole num- 
ber by a fraction is like repeated 
addition; that is, 3 x 4 may be 
thought of as 4+4+4+4. Exercise 
3C extends the identity property 
of 0 in multiplication to multiplica- 
tion of a fractional number by 0. 





® Can you find the product of 
a whole number and a unit fraction? 













Ble 
$lw 





wor? 


Write and solve a multiplication equation for each problem. 


2: 


More practice, page A-14, Set 27 


. Study the examples. Then solve the equations. 


Axhta=t 4x hai 


7x4=% 6xt=§ 3xt=3 
aAQ9xhd=nde 9xi=n2x 

sp 4xt=nteixtaniir 

c 3xt=n3uhxhanz 
p8xt=ndi txd=nz 
e7xt=ntsixt=anno bx b= 


Andy ran 3 of the way to school. Sue ran } as far as Andy. 
What part of the way to school did Sue run? 2*x=5 


A bullfrog jumped 4 of the way across a stream. — 
A green frog jumped only 3 as far. What part of 3% 27> ¢ 
the way across the stream did the green frog jump ? 


. Dan's shoes were each } metre long. He used a shoe 
as a segment to measure the width of a room. 
How wide was the room if Dan counted x 20=22 


20 of his shoe lengths in walking across ? 


. A fast turtle can go #& km 
in an hour. At this rate, how 
far will he go in 24 hours ? 


. Acar needs 3 litre of 
gasoline to travel 5 km. 

How many litres will it 

need to travel 95 kilometres ? 


. The school track is 3 km around. 
Jack and Neil raced } of the way 
around. How far did they race ? 


4x 
, 


Hives. 


; See 
ol oe a 


Using the Exercises 
Assign the exercises on page 185 
as independent work. You may 
choose to have the children leave 
the answers which are improper 
fractions in that form or you may 
ask that they change them to mixed 
numerals. Either form is acceptable. 

When you discuss these exer- 
cises, bring out the significance of 
the boldface numerals at the be- 
ginning of exercise 1. These prob- 
lems review the generalization for 
finding products involving a whole 
number and a unit fraction and 
products involving two unit frac- 
tions. 

Have the children observe that 










Using the Ideas 


TV Sivas 


! 







es 


185 





the meaning of the exponent when 
used with a fraction is the same as 
for a whole number: the base num- 
ber (here, 75) is taken as a factor 
the number of times the exponent 
indicates (here, 3). You might have 
them notice the difference in value 
of 10° and (,'5)°. For example, they 
might compare $1000 to sooo of a 
dollar, which is only one tenth of a 
penny. 

Be sure to allow time for a dis- 
cussion of the word problems as 
well. 


Assignments (page 185) 
Minimum: 1. Average: 1-7. 
Maximum: 1-7. 


Mathematics 

The second basic fact for multipli- 
cation of fractional numbers is 
stressed in this lesson. The child 
discovers, through use of strips 
and the number line, how the prod- 
uct of a whole number and a frac- 
tional number expressed as a unit 
fraction may be found. The general 
statement is as follows: 


If a is any whole number, and ; 


is a unit fraction, then 


|e ei 


Resources for Active Learning 

A Cloudburst, Vol. 2, No. 3313, 
3323-4, 3333, Midwest Publica- 
tions. 


Workbook, page 57 
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PAGES 186-187 
Objective 

Given fractional-number prob- 
lems, the child will demonstrate his 
ability to apply the following basic 
principles: zero principle for addi- 
tion, commutative and associative 
principles, and the 1 principle for 
multiplication. 


Preparation 

Review the basic principles for 
addition of fractional numbers with 
the children. Be sure to call atten- 
tion to the fact that using the com- 
mutative and the associative prin- 
ciples together allows the rear- 
rangement of addends. 

After this review, display several 
simple mixed-numeral problems 
that exemplify the basic principles. 
Examples similar to the following 
will show the children how the 
basic principles are applied. 


2+ 54= 


Discussion 

Note that the introductory material 
at the top of page 186 speaks of 
“accepting” basic principles. At 
this point, the principles for multi- 
plication of fractional numbers are 
assumptions; we assume that multi- 
plication of fractional numbers is 
commutative and associative. Exer- 
cise careful judgment in deciding 
how much time to spend discussing 
this idea. 

You will probably find it more 
advantageous to spend this time 
discussing each principle and its 
examples specifically. The zero 
principle for addition of fractional 
numbers presents zero as the iden- 


186 


® Let’s exp/ore basic principles 
for fractional numbers. 


Discussing the Ideas 


Here are some basic principles that we accept for addition 
and multiplication of fractional numbers. 


pes 


1. Which principles can help you solve these equations ? 
3 a 2 anh 3 gine sir epee 
a 3x1 = nz B§+0=n% c 73x jp=n1300+3=n8 
} principle _ Zero principle | principle } Zero principle 
2 Which principles can help you solve these equations ? 
a 42+2=2+ 42 Bix dan x35 
Comm. principle Comm. principle 
3. a If4+ ($44) = 43 whatis 44+ 4) +4? 2 
; 2 3 ATS 120 2 3 4° 12 
p ifs x (x #) = &, whatis (4 x 3) x 3? 
c Which principles did you use in exercises 3a and 38 ? 
Assoc. principle 
4. Study the statement below. Then solve the equations. 


= 6,theng?+4+2+3=n¢6 
= 93, then5 x 3xjxjan& 


tity element, just as it is for addi- 
tion of whole numbers. However, 
the term identity element need not 
be used with the children. (Note 
that, even though zero times any 
fractional number is zero, this fact 
is not considered a basic principle 
but, rather, a special property of 
zero.) 

Although the children do not yet 
have the skills to find the product of 
any two fractional numbers, their 
understanding of the basic princi- 
ples should enable them to find the 
answers to exercises 2B and 3B. 
To try to verify these exercises by 
computation would only confuse 
the children. This is also true for 


exercise 4B. One of the most im- 
portant generalizations children 
should grasp from this discussion 
is Stated in exercise 4. 








we 





Give the number for a. Then give the number for b. 
Ai > x 


B 9x 


7) 
oo ee oak = 
3= a —>3x9=b2 dp 10x 


Solve the equations. 


\ l ' 
A §X1=ngse 1xt=ngZc 4x$=nF v Oxh=no £ 


Solve the equations. 


A (2x4) xi=2x(nx)h)s 


Bo mad x 7) 


Find the products. First find the product of the factors 


given in red. 
3 
A ox eX ioc 4 Xx 8X 
eet | el 
Ba x 145X 4 D ox 12 X 


Find the product for each 
exercise. First find the 
product of the factors 
given in heavy black. 
Then find the product of 
the factors given in red. 


A 


2 


x 


Sux 


0 0O© DO OD 


x 


ax4xjz=p 
xe 5 OC 4 = ss 
ex 4x5=p 24 
*x9xi= & 
to X 7 X ip = P Ze 
bx 3x 7 = p24 


Using the Exercises 

Since exercises 1, 2, and 3 on page 
187 involve only unit fractions and 
whole numbers, they are not a gen- 
eral verification of the principles 
applied. They are intended only to 
strengthen children’s understand- 
ing of these principles. Note that 
in exercise 4 the children begin by 
finding the product of two unit frac- 
tions, which is a unit fraction also. 
Then they find the product of this 
unit fraction and the whole number. 
This procedure involves work with 
familiar products. Hence, by using 
the grouping and order principles, 
the children can find the type of 
product given in exercise 4. 


1Oae501 mh 
a eo 


2. lng ogt * 10 


(kx nm) x73 04x (Lx 1 





Using the Ideas 


> 
cy) 


10 


=nx3xi)9 


1 
3)= (4x4) xnia 
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In exercise 5, by thinking about 
rearranging factors, the children 
can find the product of the whole 
numbers, the product of the two 
unit fractions, and finally, the prod- 
uct of the whole-number product 
and the unit-fraction product. Em- 
phasize that we are able to find 
such products because we are able 
to rearrange factors in any way 
that is convenient. 


Assignments (page 187)* 
Minimum: 1-3. Average: 1-S. 
Maximum: 1-5. 





Mathematics 
In the first two lessons, we pro- 
vided experiences to help the chil- 
dren find the product of two frac- 
tional numbers shown as unit frac- 
tions, and the product of a whole 
number and a fractional number 
represented by a unit fraction. 
The following outline details the 
three steps needed to make a gen- 
eralization about the product of any 
two fractional numbers: 


(1) Establish the generalizations 
concerning products of two unit 
fractions and products of a 
whole number and a unit frac- 
tion. 

(2) Assume that the basic princi- 
ples hold for fractional num- 
bers. 

(3) Use steps 1 and 2 to state a 
generalization for finding the 
product of any two fractional 
numbers. 


In other words, by using unit 
fractions and whole numbers, and 
the commutative and associative 
principles, we develop a way to 
find the product of any two frac- 
tional numbers represented by 
fractions. The third step above will 
be emphasized in the next lesson. 
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PAGES 188-189 
Objective 
Given any two fractional num- 


® Let’s explore multiplication 
of fractional numbers. 


bers, the child will be able to find 
the product by multiplying numera- 
tors together and multiplying de- 
nominators together. 

Preparation 

To prepare for this lesson, you 
might display equations based on 
the basic principles and ask chil- 
dren to supply the missing terms. 

$X$=7X3 

(3 2GaexXee Sah (ae?) 
6xX+x4x¢F 





a; SO? CKO 


Observe with the children that in 
this lesson they will learn how to 
do the actual multiplication in these 
equations. 


Investigation 

Encourage children to work inde- 
pendently on this investigation. 
They should try as many combi- 
nations as they can find. Some may 
use 3, or even all 4, factors in one 
equation. There are eleven differ- 
ent product possibilities. 


2x4=2 
ee EN) 
2Xe=% 
2X3 Xa= va 
2*%4x5=—2 
2x4x5=2 
2xixix5=7? 
bxXdaH 
Ex5=$3 
tO GE DS) Sar 
ExX5=4 


The children may need to be re- 
minded that they should carefully 
record their products in equation 
form. 


188 


Investigating the Ideas 


Factors 


How many different products can you find by using 


Products 


2 x 3 = ill 
2 x 5 = ilill 


the factors in the set ? See Investigation. 


Discussing the Ideas 


1. Give the number for n in each equation. 


A 2x d= 7110 


ere! 


¢ (2x 5) x Gx =nk 
2 5 10 
Fo3a Xx 5 — 124 


. The diagram below will help you review a way to find 
products such as 3 x 3. Give the missing product. 


3. Can you describe a shortcut for multiplying two fractional 


numbers ? Multiply numerator by numerator, and 
denominator by denominator. 


188 


Discussion 
Ask individual children to present 
their investigation results so that 
all 11 equations are displayed. 
Work through discussion exer- 
cise | with the children. Note the 
sequential development of parts A 
to F. In particular, help children 
relate part C to part F. Then, in 
exercise 2, develop the usual pro- 
cedure for multiplying fractions. Be 
sure the children understand that 
the # has been broken into 5 X 7, 
that $ has been broken into 3 X #, 
and that they should think about 
rearranging factors in order to find 
the product of 5 and 3 and the 
product of 7 and 4. The final prod- 






uct is the product of a whole num- 
ber and a unit fraction. 

Lead children to explain in their 
own words the shortcut rule for 
multiplying two fractional numbers. 
Help them to see how the pattern 
of multiplying numerator times 
numerator and denominator times 
denominator is simply a shortcut of 
the procedure shown in exercise 2. 
Summarize this discussion by pre- 
senting this shortcut flow chart: 


2 fractional Multiply Multiply 
numbers numerators denominators 








Using the Ideas 


%3=9xnw 
u $4 = 54 x Mico 
: Copy the gogctiens Give the number ingiead of n. 


e 2x} =nx}xt5 
F 4x4=}xnxd * 


. Solve the equation to find the product of the factors 
in the red screen. 


alaxd o 
3x}xi=n3 lx 3xd=ne 4x8xt=n & 
e/éxi sd xe 


2 18 54 
2xtxi=nze =nz= 6x9x#=N7O 


. Give the whole number for a. 
ae the fraction for 6. Then give the missing product. 


§= (3x 9) x (2x) = ax BE 
= (2d) x (5x a) =a x BE 
= (3x) x (3x) =ax BE 





. Copy each equation. Give =H pe OLN AY: LOT TPS eee 
the product instead of n. “The weight of an pices on the . 
- moonis Zits weight on Earth. 
Give the houllimnaoe weight” 
of these objects. (The Earth 
weights are given.) te = 7 /ghkg 








Boy: 42 kg/sHamburger: ; é Ks 
ais Cat: 3 kgaks Mouse: 4, kg, 


p3x5= sh 


More practice, page A-14, Set 28 


Using the Exercises 

Assign the exercises on page 189 
as independent work. Notice how 
they progress developmentally 
through the steps leading to multi- 
plication of two fractional numbers. 
For exercises | through 4, be sure 
the children notice how the factors 
are broken apart, even if they un- 
derstand the shortcut method of 
multiplying numerator by numera- 
tor and denominator by denomi- 
nator. 


Assignments (page 189) 


Minimum: 4-5. Average: 


Maximum: 1-5. 





1-5. 


Mathematics 

The example below illustrates and 
explains the various steps used to 
find the product of two fractional 
numbers. 


leo 
x 
colt 
I 
Ww 
x 
ae 
x 
iS) 
x 
w|— 


a 
Reason: —=a X-— 
b b 


(2) = (3X2) X 4X3) 


Reason: Commutative and 
associative principles 





(4) = 


pages 182 to 185, by using strips 
and number-line examples. In step 
2, the reason given (the commuta- 
tive and associative principles) is 
simply that our ability to change 
the order and the grouping allows 
us to rearrange factors in any way 
that is convenient. Obviously, there 
are several changes of order and 
grouping that explain the move 
from step | to step 2, which is why 
we feel it is important, at an early 
stage, to generalize the rearrange- 
ment principle. This principle is the 
result of both the commutative and 
the associative principles. In step 
3, notice that the reason given 





| l | : 
i: xXx-= is another result 
C beara 


derived from lessons on pages 182 
to 185, where the children were led 
(using regions, strips, and the num- 
ber line) to establish a generaliza- 
tion for finding products involving 
two fractional numbers expressed 
as unit fractions. Finally, in step 4, 
the reason is the same as for step 1. 
That is, it is based on the generali- 
zation for finding the product of a 
whole number and a fractional 
number denoted by a unit fraction. 


Duplicator Masters, page 34 
Workbook, page 58 
Skill Masters, page 34 
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PAGES 190-191 
Objective 

Given multiplication of fraction- 
al numbers in equations and in 
short story problems, the child will 
be able to find the products. 


Preparation 

A good way to prepare for this 
lesson is to be sure that the chil- 
dren fully understand that they can 
rearrange factors in multiplication 
of fractional numbers. Then, re- 
view the generalizations for finding 
products of two fractional num- 
bers. You might do this simply by 
asking children to find the product 
of several equations such as the 
following: 


wl olen 
I 
“2 


~~ 


x 
x 
x 


ujpe ape eles colt 
| 
oS) 


aj xls 


x ? 


It would also be helpful to point out 
that some of these answers may be 
simplified to lowest terms. 
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Multiplication Practice 


1. Find the products. 


a 2x?=(3x2)x @xP=ans a 3x fie x ox? 
pe ?x$=(3x5)xGx)ante B4xee Lo mx 
c2x2=(7x2)x@Gxd ants c $x $22 ma x 
péx8=(4x8)x GxbanZ po 4x 155 3x 
© 2x2=(3x2)x@xdanS e x32 0 8x 
Pex B=(2x9)x(hxdb)=nws  F 4x PBF Pr § x 
o4xB=(4x11)xGxDank G 30 x 2S%q 4 

w &x P= (6x 3)x @xd) ange wx $6R HX 
| ox & = (6x 4) x (do x hb) Hiss 1 Ox Bes x 
5 9x}=(0x3)x Gx =n0 s4xeer % 


























% 3. Give the symbol (<, >, =) 

for each |. 

a $x Silllh 8 + $< 
o dx 3 4h3< 

c 3x Aili? x 7= 
p § x 3illlh3 x 2> 
cE 3—Fiflh3 x 3= 
F 3x 2ilbh3 + 2< 
6 3x 4ill)$+4= 
Hex Silke +5= 
190 


Discussion 
Have the children do the exercises 
on page 190. In this lesson, you 
should ‘begin to ask the children to 
give answers in lowest-terms frac- 
tions or in mixed numerals. Only a 
minimum amount of attention has 
been given to this in prior lessons, 
since the chief stress was on under- 
standing the processes and on steps 
involved in arriving at the product 
of two fractional numbers. Now 
that these skills have been devel- 
oped and understood, begin to en- 
courage the children to change their 
answers to lowest-terms fractions 
and mixed numerals. ’ 
Notice that exercise 3 is particu- 






2. Find the products. 


larly challenging. Also, there is a 
stimulating Think problem for the 
children who are interested in try- 
ing to solve it. 


Assignments (page 190) 
Minimum: 1-2. Average: 1-2. 
Maximum: I-3. 





Short Stories 





Bowling ball: weighs 6 kg. Baseball: wolales ap aS Much. 


?£ ort 


What does the baseball weigh ? 75°" kg 


27 metre of ribbon. Cut off} of it. 
What part of a metre was cut off ? 


? kg of butter. Used § of it. 
Used what part of a pegaiann ? 


rere g 


5 


Long See 12 m. 
Long frog jump: 3 as far. 
How far? 4m 





An apron contains { of a square 
metre of cloth. 40 aprons. 
How many square metres ? 2.8 m* 


10 km. Walked 2 of the way. wy 


Walked how far 2 20. Borge Kirn 





Tit 
<e>) 






2 of the girls are blondes. 
20 girls. How many blondes ? 4 


1 Mm: yq00 Of a kilometre. 522 6+ Km Greihe 
1600 Ape ins 
500 m: what part ty 






ofa tiemene? 


Walk 3 kilometres per hour. 


Walk for 3 hour. How far ? 
IE or\% Kirn 





10 Running track: 75 km. 16 laps: how many aes ? 


Drive 45 minutes. 

2 km each minute. 

How many, km ? 
0-30 Km * 


i 


210 cubic metres, how many cubic 


14 


to 
AD 2 Left 4 of it at home. Spent of the 


3 


Television program: 








+ hour. 
Commercials: 4 of the time. How 
many minutes of commercials ? 


Sor 6s Kin 
| day: 4ofa weeks 
| Va 3 of a day: what 


part of a week? =. 


28 


Aste of it shows above the surface. If the iceberg is 


metres show on the surface ? 
Ee or 20% im? 





or 34min — 
rest. How much was spent ? > ei. 
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————————— 





Using the Exercises 

It would be helpful to discuss some 
of the short story problems on page 
191. For instance, you might work 
through problems | and 5, showing 
equations for each: 


ee x 6s? 
5. 500 X 00 = ? 


Encourage children to do the re- 
maining problems by writing and 
solving equations for each. Give 
directions such as this with discre- 
tion, however, because it is not 
necessary that all the children write 
an equation for every word prob- 
lem they work. 

Notice that exercise 15 is in- 


tended as a challenge primarily for 
the faster children. 

When the class has finished these 
exercises, allow time for further 
discussion and checking papers. 


Assignments (page 191) 
Minimum: 1-10. Average: 
Maximum: I-15. 


1-14. 


Follow-up 

Converting quantities of ingredi- 
ents from a recipe for a family to 
one for a large group provides a 
number of uses for multiplication. 


Resources for Active Learning 
A Cloudburst, Vol. 2, No. 3343, 
Midwest Publications. 
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PAGES 192-193 
Objective 

Given two fractional numbers 
expressed as mixed numerals, the 
child will be able to find their prod- 
uct. 


Preparation 

It would be helpful to review the 
distributive principle for whole 
numbers with the children. You 
might do this by illustrating the use 
of the distributive principle in find- 
ing the product 4 X 23. For such 
an example, exhibit the following 
equation on the chalkboard or on 
the overhead projector. 


4x (20+ 3) = (4x 20) + (4 x 3) 


This should prepare the children 
for the steps shown on page 192, 
where the product is found by us- 
ing mixed-numeral notation. 


192 


® Let’s use the distributive principle 
to multiply fractional numbers. 


Discussing the Ideas 


The examples that follow show how the distributive principle 


for fractional numbers can help you find products. 


1. Exp laD each step of this example. See Discussion. 


TU te 3 ee TS ee 
x 4h= 3x (449) = (3 x 


Multiply whole number by whole number. Multiply fraction by whole 
2. Explain each step of this shady number. Add partial products. 


TTT whole number by Fraction Multiply fi iaction by fpoation Sea Bat iol | 
3. The products found in exercises 1 and 2 will help you find the Predacts 


product below. EXE each step of this example. 


Sars nyyS PRY oe se Tre ET Pee ae 


Oe > 
NN/WOL 


How [nie ole 
oe ’ 


he 


3x 44=123 | ens awe PEE, 


pas 


Multiply whole number and eae oy eters eee Multiply me 


192 Number and fraction by fraction. Add partial products. 


Discussion 

Remind the children that the dis- 
tributive principle relates multipli- 
cation. to addition. As you work 
through the exercises and children 
explain them, call attention to the 
equation at the top of each box. 
Also, use the color coding in each 
problem to help you point out each 
step. Be sure the children see the 
relationship of exercises | and 2 
to exercise 3. 








a 





1. Solve the equations. 


a 5x3t=(5x3)+(5xn)z D 
Bp 6x24=(6xn)+(6x#) 2 E 


c 8x53=(nx5)+(8x4) 8 F 


2. Use the distributive principle to find the products. 
a 5 x 3} 


F 34 
x5 
153 


loxe 6 x 2) Ibe 8 x 5% 4520 


c 9 
x 


3h 


H 533 1 
x9 
48\% 


We Ale 


3. Find the products below by first replacing 
each mixed numeral with an improper 


fraction 
aA 13 x 
Bp 24 x 
Cans x 
Dp 34 x 


a) 
BIW — AIW 
Col 
x 


OO 
win 
Ne 


G x 


H 4 Saal 
Beene 


* 4. Ned dre 
for findi 


like those in 
exercise 3. 


Explain 


shortcut. 


IND 
a off 

: 

—_ 


as in the example. 

42 1 34x 298 
> 

13 23 oe 4i x 51S 


q 


1 29 


Az 
oO 4 

x 
Be 
+86 


NO Ne 
© As 
yw 


8 9g 
o 22 


2 
5 35 p 6 


ral equivalents aye 
also acceptable. ) 
w this shortcut 


ng products 


ae 
ae 


x3 3 


Ned’s 


See Using tne Exercises, 


More practice, page A-15, Set 29 


= 


Using the Exercises 

Encourage children to do most of 
the exercises on page 193 inde- 
pendently. Although exercise 4 is 
starred, it would be helpful to have 
someone show the shortcut on the 
chalkboard. 





45 

<< Stig 
12% = (3 x4)+ (3x4) 
270 = (2 X 3) + (2 X 4) 

1445 


Point out that Ned was able to do 
most of the multiplying mentally. 
You might present the same exam- 
ple in this manner: 


4ix3=(4xn)+(éx3) 3 
2X 37= (3x) + (3x4) 3 
2x 5§= (2x 5)+(2xn) 3 


x 3b1F & 2x 52 3% 





Using the Ideas 





33 X 45=n 


147 


Ol tras 1435 





5X Fb 


Explain to the children that in using 
this method they simply change 
each mixed numeral to an improper 
fraction and then follow the pro- 
cedure for multiplying fractional 
numbers. Work through other ex- 
amples according to the need of the 
children. 

The solution to the Think prob- 
lem depends upon the children’s 
recognizing the pattern: the sum of 
the first n odd integers is n°. 


Assignments (page 193) 
Minimum: 1-3L. Average: 1-3. 
Maximum: 1-4. 


Mathematics 

The distributive principle for mul- 
tiplication over addition for frac- 
tional numbers holds that: 


For all fractional numbers a, b, 
and c, 
%.(b atc) =a Xb) ee (a e)e 


The following example shows 
how the distributive principle may 
be used to find the product of two 
fractional numbers. 


3 x 44=3 x (44+4) 
= (3°%.4)) 4: (3 Xe) 


Follow-up 

Some children might be interested 
in improving their skills in multiply- 
ing whole numbers and mixed nu- 
merals. The distributive principle 
can be very helpful in finding cer- 
tain special products. For example: 


8 x 34= (8 X 3) + (8 x $) 
=24+4=28 
6 X 54= (6 X 5) + (6 X 4) 
= 30+ 2 = 32 


Obviously, success in working such 
problems mentally depends upon 
the child’s ability te find the prod- 
ucts 8 X 3 and 6 X 4 without pencil 
and paper. Here are some other 
sample problems the children could 
use for practice. 


1 10 45 8. 4x 7s 
2.9 x 24 9. 14 x 27 
3. 8x 74 10. 20 X 6$ 
CI lida a i IT. "16 X22 
5. 100 X 245 12. 9x 54 
Oy lo Ss Use Io. foe 
7, O as 14.°6°* 14 
Answers: 
1y42 8. 30 
2aczil 9: 30 
2ab8 10. 124 
4. 14 Llep34 
a 210 12. 46 
6. 153 13. 105 
ee 14. 10 


Duplicator Masters, pages 35, 36 
Workbook, page 59 
Skill Masters, pages 35, 36 
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PAGES 194-195 
Objective 

Given a fractional number other 
than zero, the child will be able to 
find its reciprocal. 


Investigating the Ideas 


For each input number the function machine finds the output 
Preparation number and records the input and output on cards like these. 
Review any of the skills children 
have had difficulty developing. You 
might want to have them practice 
changing fractions to lowest terms, 
or working some multiplication 
equations. If you feel such a review 
is not necessary, begin immediately 
with the investigation. 


Investigation 

Have the children observe that the 
function machine rule is not given 
and that they are to figure out what 
to do by studying the input-output 
cards printed by the machine. If 
they have trouble getting started, 
you might suggest several input 
numbers for which the children 
could try to give the appropriate 
outputs, such as: 2 


Can you give some more input-output numbers that this 


function machine might produce ? See Investigation. 


Discussing the Ideas 


1. Can you describe the rule the function machine is using ? 
See Discussion. 


. What is the product of each of the input-output pairs 
onthe cards? \ See Discussion. 





. When the product of two numbers 
is 1, we say that each of the 
numbers is a reciprocal of the 
other. Does the number 0 have 
a reciprocal ? Explain. 

No. See Discussion. 





. What is the reciprocal of each of these numbers ? 


3) Zs a3 
Asa BRT p77 





cue e 1) r i 
The children should have no diffi- 1S8S) : 
culty with the input numbers that 
are expressed as simple fractions. 


If any have difficulty when the in- 





put is a whole number, encourage 
them to study the input-output 
cards again until they can find a 
model to follow. Note that they are 
not asked in the investigation to 
state the rule, but only to follow a 
pattern and make other input-out- 
put cards. 
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Discussion 
Ask several children to give an 
example of one of the input-output 
cards which they made. When you 
ask them to respond to discussion 
exercise 1, accept any answer 
which yields the correct result. For 
instance, if some children respond 
that the rule is to turn the input 
number “upside down” accept this 
even though the word choice is 
awkward. Actually, the rule is 
“give the reciprocal of the input 
number,” but for now you might 
speak of exchanging the positions 
of the numerator and denominator. 
Have children multiply each pair 
of numbers shown on the cards. 


They should discover that all have 
the same product, |. Stress this as 
the characteristic of these pairs, 
emphasizing the statement and ex- 
amples given in exercise 3. Also 
emphasize that a reciprocal ex- 
presses a relationship between two 
factors: each factor is said to be 
a reciprocal of the other. We say 
that ‘3 is the reciprocal of $,” and 
“4 is the reciprocal of }.” Zero has 
no reciprocal because there is no 
number by which zero can be mul- 
tiplied to give the product 1. 

For exercise 4D, be sure children 
understand that since 7 may be 
thought of as 7, the reciprocal of 7 
is 7. 


. Give the reciprocal of each number. 


. The missing factor is the reciprocal of the factor given. 


Find the missing factor. 


A 9x§=1 
2 


. Give the number for the |||. Then give the product n. 
Aer 


B 
c 


D 


A 


B 
c 
D 


bi m 


x= @ 


a 


15 x 
40 x 
20 x 


. Give the number for a. 
Then give the number for b. 


5xt=a—>10xh=b2 
Tx}=a>14xd=b2 
3xl=a>9xi=b? 
6xi=a—>24xl=pb+ 
9x}=a—>9x3=b 2 
10x$=a 10x Z=b2 
4xi=a>4x3=b cs 
5x?=a >10x2=b 
7x$aa'>14x4=b ® 
5x3=a>20x?=b 2 
10x 4=a->30x G=b 2! 


Nir 


nxi=1 Sxn=1 
B fx c A D 


gai 


$= lx (4,x3)=9 © 18x} 
$= 5x (lil x4) =, & 27x43 
to = 4,% (ill x 7) = 7 56 x} 
= ex (S064) =n H 72x 4 


Using the Exercises 
Exercises 1, 2, and 3 on page 195 
emphasize the basic meaning of the 
reciprocal relationship. In exercise 
4, children must recognize that the 
whole number has been broken 
apart into two factors, one of which 
is the reciprocal of the original frac- 
tional factor: 12 x += (3 x 4) Xf= 
3. Some children may discover that 
the final product is the same as the 
missing factor of the whole number. 
In exercise 5, note that the chil- 
dren must do some reasoning in- 
volving products of reciprocals. In 


exercise 5A, the children first find’ 


that 5 x 4 is 1, and should reason 
from this that 10 x 4 is 2 because 


x 


5 & alls + Ke) 

A 2S eceip te vc Ge pee a eied)! F2;9 «@ 9 
. Find the products. 

a 3x2! Bae el ec SxGsl, op 4 x 1! Ex 8! 





n=1 E Sie 9 


Using the Ideas 


6 3 
3 x (Ill x 4) =n 
iil x (3.x 3) =n” 
8 x (ill x 3) = © 
ill x (9 x 8) =n® 


195 








10 is 2 x 5. This type of thinking 
is necessary throughout the exer- 
cise set. Encourage the children to 
discuss their reasoning in finding 
product b in each case. 

The Think problem will probably 
be solved by trial and error even by 
more capable children, but most of 
the children will understand an ex- 
planation of the solution. 


Assignments (page 195) 
Minimum: 1-3. Average: 1-5. 
Maximum: 1I-S. 


Mathematics 

; a Cc 
Two fractional numbers b and 7 are 
reciprocals of one another, if, and 
only if, 


ox f= 1 

bra : 

Another name that is sometimes 
used instead of reciprocal is multi- 
plicative inverse. 

The fact that each non-zero frac- 
tional number has a unique multi- 
plicative inverse, or reciprocal, is 
an important feature which distin- 
guishes the set of whole numbers 
from the set of fractional numbers. 
The quotient of two whole numbers 
is not necessarily a whole number. 
For example, 2 + 3 is not a whole 
number. But, applying the known 
fact that every fractional number 
other than zero has a reciprocal, we 
can show that the quotient of two 
fractional numbers is also a frac- 
tional number. In other words, the 
set of fractional numbers is closed 
with respect to division, while the 
set of whole numbers is not. 


Workbook, page 60 
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PAGES 196-197 
Objective 

Given fractional numbers to mul- 
tiply, the child will first divide out 
any factors common to the numera- 
tors and denominators and then 
find the product. 


Preparation 

To prepare for this lesson, you 
might simply review multiplication 
with proper fractions. For example, 
write the following equations on 
the chalkboard and ask children to 
find the products. 


S. (She os i (oe) 
2 DS eX 
colo coe 
te lt 

~~ S) 5) 
Nile Nile NS 
M K XK 
wir aloo ole 
| 
~ 


tole 
x 
ree 
| 
~~ 
ars 
x 
ae 
I 
~~ 
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® Let's explore a shortcut for multiplying. 


Discussing the Ideas 


1. Can you explain why the products 


in both examples a and B are the 


same ? What are the products ? 
20 | 
i120 OTe 


. Jody said that example a 


above would be easier if 
the fractions were simplified 
before multiplying. Give the 
lowest-terms fractions for 

a and b and the product c. 


Brian said, “| can do 
example s by simplifying 
before | multiply.” Can you 


explain Brian’s method ? 
See exercise 4. 


[>] 











Ae es 

3 We 
pwegeEaxb=ce 
ray: 
B = 
LE 


2 Sil 
A3ZX4z 
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Discussion 

Allow children an opportunity to 
figure out examples A and B in dis- 
cussion exercise |. During their 
discussion, you might write the 
products in the following manner. 








chanel go babe 
TO oe l= ene 
wigs a mene! 

Be OS meee Ts 


Ask children to point out the differ- 
ence between the denominators and 
ask if they can explain why 8 X I5 
is the same as 15 X 8 (Commutative 
principle). As you work through 
exercises 2 and 3, stress that in 
exercise 2, we can think of $ and 75 


4. Study the flow chart to understand Brian's shortcut. 





Try the shortcut for these problems. 


1 
4 zB 1 
GS B, Bs 2X 
p1i2x38¢ c & x 


5. Can the shortcut be used to find the product § x 3? No 
What is the product? 1° 


and simplify the fractions accord- 
ingly. Be sure children see that the 
problem then becomes 3 X 3 =¢-.- 

As you ask children to explain 
each step of the flow chart in exer- 
cise 4, be sure they realize that 
both numerator and denominator 
were divided by 5 because 5 is a 
common factor of 5 and 15, and 
by 4 because 4 is a common factor 
of 4 and 8. Present other examples 
and have children work through 
several of them as needed. 

During the development of this 
lesson, we urge you to avoid using 
the traditional term “‘cancellation.” 
Instead, say, “divide out common 
factors.” 


Slo 
all 


Di 








1. Find the products. You can use the shortcut discussed on 
the previous page to make your work easier. 


ewe UX HA ow Bx $3 
BX be Fax BS IRXHS nex ige 
c $x ig Sx Bs oc hx HR ox BR 
Dgx§S on gxfe csx¥R Rx Na 
2. Find the products. Use the easiest possible method. 
w 24x25 c 100 x 73,3 £ 10x woe 24% $20, 2x 22 
B 10 x 33, 100 x 330r 3x Bbu ae i, x Yo e 
Complete the following function tables. 
SS. Function Rule 4. Function Rule 5. Function Rule 
xn 3i xn 














‘How far 





he picture shows the sizes of 
he jumps as a grasshopper and a 
ricket jump along a number line. — 
=: Grasshopper: 7 jumps. 


apart are they ? 


























Cricket: 11 jumps. 





More practice, page A-15, Set 30 


Using the Exercises 

Encourage the children to use the 
shortcut method as they work the 
exercises on page 197. Point out 
that, if they do not divide out a 
factor before they multiply, they 
will have to do so in expressing the 
product in lowest terms. The short- 
cut enables them to simplify before 
they multiply. 

Although exercises 3, 4, and 5 
are presented as function tables, 
they provide further opportunity to 
use the same shortcut in multi- 


plying. 


Using the Ideas 





Can you find 3 different 

points on which both 

insects will land ? 
ve: page |o7. 




















A 

B 

: 
5 2 
—E ili 











non 





Solution, Think, page 197 


Grasshopper jumps 7: 7 X 24= 154 
Cricket jumps 11: 11 xX Is = 163 
Difference: 163 — 153 = 3 


Points each will land on: 

Grasshopper: 24, 43, 63, 9, 114, 134 

Cricket: 13, 3, 44, 6. 7s, 9, 104,12, 
134 

Points both will land on: 45, 9, 133 








Assignments (page 197)* 
Minimum: |. Average: 
Maximum: I-5. 


1-5. 


Mathematics 
In this lesson, a topic traditionally 
known in elementary arithmetic as 
“cancellation” is developed through 
use of an interesting theorem, 
stated as follows: 

Qn eee 


a me ans 





If, in working with products of 
fractional numbers, we note that 
the denominators are interchange- 
able, we can develop the idea that 
cancellation means simply that if 
the numerator of one fraction and 
the denominator of the other frac- 
tion have a common factor, we can 
divide out this common factor by 
simply thinking of the denomina- 
tors as being reversed. The exam- 
ples on page 196 illustrate this idea. 
For instance, in considering the 
fractions 2 and ;%5, note that we 
have a factor of 5 in the numerator 
of the first fraction and in the de- 
nominator of the second fraction. 
So, by using the theorem just 
stated, we are able to think of this 
product as 75 X % rather than as 
2 &< 7. When we think about the 
product in this new way, we can 
simplify the fractions 7s and % so 
that they are in lowest terms. To 
shorten this involved process, we 
can use the steps in exercise 4 to 
“divide out” the common factor, 
5, from the numerator of the first 
fraction and the denominator of the 
second fraction. In the same way, 
the common factor 4 can be divided 
out. 


Duplicator Masters, page 37 
Workbook, page 61 
Skill Masters, page 37 
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PAGES 198-199 
Objective 

Given a scale, related informa- 
tion with fractional numbers, and 
word problems, the child will be 
able to solve the word problems by 
applying his skills in working with 
fractions and his understanding of 
scale measurements. 


Preparation 

To prepare for this lesson, you 
might conduct a short practice ses- 
sion to review multiplication with 
mixed numerals. You might also 
give children some oral problems 
such as, “If Tim has 6 dollars and 
Sadie has 23 times as much, how 
much money does Sadie have?” 
(23 X 6=$15) Or, “If Ted hiked 
4 km and Jim hiked 14 times as 
far, how far did Jim hike?” (4 X 
14 = 54). A few problems of this 
kind should help the children inter- 
pret the chart on page 198. 
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OUR SOLAR SYSTEM 


Mercury 





Venus 


tke Fz 


To give an idea of the size of our solar system, we will let one metre 
(100 cm) represent the distance from Earth to the sun. 
Scale: 1 metre = 150 million kilometres 
or 1cm = 1.5 million kilometres 
On this scale the sun would be about the size shown above. [Viercury, 
the closest planet, would be a speck about 44 centimetres away from 
the sun. The table below gives the distances of the planets from the sun. 


Mercury 
Venus 
Earth 


Mars 
Jupiter 
Saturn 
Uranus 
Neptune 
Pluto 
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Discussion 

This lesson might be handled in a 
variety of ways. Since it is a prob- 
lem set with much material for dis- 
cussion, you might have children 
work in groups of three, four, or 
five. Suggest that they carefully 
study the material on page 198, and 
then share their ideas on how to 
solve the problems on page 199. 
Finally, they might work the prob- 
lems independently, but check with 
each other to see if they are pro- 
ceeding correctly. When they have 
worked for a considerable amount 
of time, check answers and dis- 
cuss any points with which chil- 
dren had difficulty. 





66 000 000 
108 000 000 
150 000 000 
228 000 000 
778 000 000 

1 427 000 000 
2 870 000 000 
4 500 000 000 
5 909 000 000 


If you prefer, use page 198 asa 
basis for class discussion. The chil- 
dren should already have some 
ideas about scale drawings and 
should be able to understand the 
given scale. Point out that Earth 
is 150 000 000 km from the sun and 
that this is indicated by showing, 
in perspective, a metrestick between ~ 
the sun and Earth. 





} 


. Venus is about the same size as Earth. Mars is 4 as large 


wy FOS 
. Saturn is 730 times as large as Earth. YAN 





1. Use the scale and the table on WwW 


page 198 for these exercises. 

a_ ls Earth closer to Venus or 
to Mars ? How much closer ? Venus;36 000 000 ~=7 

s Onascale where 1 centimetre = 1 500 000 km, about how many 
centimetres should Venus be shown from the sun ? about 72cm 

c Which planet would be nearly 10 metres from the sun? 92turn 
How many times as far from the sun is the planet Pluto 
than Earth ? About 40 times as for 

e Using the scale on page 198, how many 
kilometres would Pluto be from the sun ? .04 orzs% 


r How much farther is Uranus from Neptune than from Saturn ? 
187 OOO COO 





(in volume) as Earth. Mercury is 34 as large as Mars. 
What fraction of Earth’s size is Mercury? 1 









i> 
xP 


\ 
\\ 
Uh 


wr 
t) 
ZF 


7 


L) 










Neptune is about 5 as large as Saturn. 


About how many times as large as Earth is Neptune ? About 6| times 
as large 


Ww SATURN 


< 





4. Some astronomers believe there 
is a tenth planet, Planet X, as 
yet undiscovered. In the scale 
drawing on page 198, this planet 
would be about 60 metres from 
the sun. About how many kilometres 


Y is Planet X from the sun ? 
About 9000 000 000 km 
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Using the Exercises 

As suggested in the discussion sec- 
tion, encourage children to work 
these problems together in groups. 
Some of these questions simply re- 
quire straightforward use of the 
basic operations; others require 
understanding of scales. For ex- 
ample, questions such as B, C, and 
E of exercise 1 might require fur- 
ther discussion of the scale shown 
on page 198. 


Assignments (page 199) 


Minimum: 1-4, oral. Average: 1-4. 


Maximum: 1-4. 





Follow-up 
Let the class work on a map like 
that below to provide drill on addi- 
tion, subtraction, and multiplication 
of fractional numbers as well as 
review the use of scale in drawing. 
More capable children may wish 
to draw this map to a larger scale 
or make one of their own neighbor- 
hood and create original problems 
about it. 


Jackie's Jim’s 


Walter's 


House House House 
e 


Scale: | cm = 1 km 

1. Helen asked Jackie over to lis- 
ten to records after school. How 
far will Jackie have to walk 
home from Helen’s house? 

. Walter rode his bike to the 
library and back. How far did he 
ride? 

. If Walter stopped off to see 
Jackie’s brother on the way 
home from the library, would he 
ride farther than if he came 
home past the school? 

4. Jim’s father is a volunteer fire- 

man. How far does he have to 
go to reach the fire station? 


N 


Ww 


Resources for Active Learning 

Applied Mathematics Cards, 
Group 2/25; Group 3/6, 24-25, 
Schofield and Sims. (Available 
from Mafex Associates) 

Developmental Math Cards, J+8, 
K37, K?17, Addison-Wesley. 

Math Activity Cards, D10-11; E9, 
Macmillan. 

Mathex: Graphing and Probability 
No. 6, p. 7 (pupil pages 15-22), 
Encyclopaedia Britannica Pub- 
lications Ltd. 

Measure and Find Out, Book 3, 
“Some Earth Science,” pp. 5- 
36, Scott Foresman. (Available 
from Gage Educational Publish- 
ing) 
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PAGES 200-201 


Objectives TRACK RECORDS iN SPACE??? 


Given word problems concern- 
ing a chart of information, the child 
will be able to solve the problems 
by applying his skills and under- ce 
standing of fractional numbers. ry, High jump 

The child will demonstrate his Running broad jump 
ability to work with the concepts Pole vault 
indicated for cumulative review. 

















Preparation 
You may find it helpful to provide eT 
the children with a short practice Each planet in our solar ann A person's jump on 
Eeccim one hen Anolis Glenn pulls objects toward it with a Pati aly eee e 
gorithms ; 6 times as high on the moon 
for fractional-number computation different amount of force. In most 22 times as high on Mercury 
covered so far. Follow this by re- cases, the smaller the planet, the 2} times as high on Mars 
viewing any of the topics in the text smaller this force and the easier 14 times as high on Venus 
that the children have found par- it would be to jump away from 2 times as high on Neptune 
ticularly difficult. You might relate the surface of the planet. 72 times as high on Jupiter 
this review work to the exercises 1. If the holder of the pole-vault record were on the moon, 


on page 201. If you feel that sucha 
practice session is unnecessary, 
have children begin immediately 2. The largest planet is Jupiter. What would be a near-record 
with the text material. pole vault on Jupiter ? 27, 


about how high could he vault? 33,,, 


3. If the pole-vault record holder were on each of the other ee 


listed i ws the table, about | how high could he vault ? Mercury 14755 Mars 13%. 
Venus Neptune 
4. About ey far could i tonesuin record holder jump on each 


of the planets listed in the table ? oon 524; Mercury2222; Mare 22; 
Venus lO#; Neptune 74 ; Jupiter 3 * 2 35 os 
5. About ho ‘high could one high-jump record holder jump on each 


of the panes listed in the table ? yoont3$ ; Mercurus4% ; Mars ; 
Venus 2+ ; Neptune IZ; Jup iter 3s © 5 A 63 be 
% 6. If you could pole vault 8 metres on Mars, how high could you 


pole vault on Earth ? 32 


*For the purpose of these exercises, we assume that the multiples given in the table can be applied 
to the given Earth jumps. 
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Discussion that the figures used are conjec- 
Page 200 may be treated in a vari- tural, and it is highly improbable 
ety of ways: by small groups work- _ that the multiple is exactly six. 

ing and discussing together; as When the children have finished, 
independent work; or throughclass allow time for further explanation 
discussion. In any case, you might of specific concepts or skills. 

want to emphasize some significant 

points. For example, be sure chil- 

dren interpret the chart correctly. 

It gives information on other plan- 

ets compared to Earth. Thus, a per- 

son would weigh only ¢ as much on 

the moon as he does on Earth; 

hence, we are assuming that he 

could jump six times as high on the 

moon as he can jump on Earth. Of Assignments (page 200) 

course, you should point out dur- Minimum: 1-5, oral. Average: 1-5. 
ing your discussion of these ideas Maximum: 1-6. 
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. Find the sums and differe 





2. Find the sums and differe 






. Find the sums. 














Using the Exerc 


nces. 


100 


nces. Give your answers in lowest terms. 





ises 








4. Write an improper fraction in place of each mixed numeral. 
a 25 8 32 c 44% v beet c O55 c 129% 6 BU 15 


5. Write a mixed numeral in place of each improper fraction. 


3 2 
A 34a 8 Bas c 4d vp SOR & Binge 12 0S 6 


242 DASH 


6. Write and solve an equation for each problem. 
A’ Jack: 873 kilograms. 
Jim: 96? kilograms. 

On the scales together. 


How many kilograms ? 
87e +902 = 1845 


p Gasoline tank holds 1 73 litres. 
Takes 8% litres to fill it. 
How many litres were 
already in the tank? \7z-8%= 8% 


Page 201 reviews fractional num- 
ber concepts and skills introduced 


in previous chapters. 


You will 


probably want to have the children 
work through the exercises inde- 
pendently, but reserve ample time 
for questions and discussions after 
the children have completed their 


work. 


m 32} — 83 232 


3 3 
a3+i6 65 §+2! C10 1- bee 2+ 0% 14 P20 5- 144 


Aeemcecte cep way ek r 9 a 18h un AS 

> ee LES all 4 aa! Pia at 

ato 49 +5e72 +85 jot pace] Aio43 +23 fn +19 3232 
at 


a 44 8 Sib c 892 ov Sih + 8h Stor 53+ 9)+ 73204 

3} 84 957  &§ 138% + S74iie 73 + 8h+ 32 19% 
+6} +9} +67 3 
13z 235 25275 








Follow-up 

Encourage interested children to 
do research on the recent records 
for the high jump, the running broad 
jump, and the pole vault. Some may 
make assignment cards using the 
new records and the information 
given in the chart comparing planet 
jumps with Earth jumps. 

You might spark the interest of 
some children by relating the story 
of Astronaut Alan B. Shepard, who 
attempted to see how far he could 
hit a golf ball on the surface of 
the moon. Shepard was one of the 
astronauts of the Apollo 14 mission 
(January 31—February 9, 1971). 


Duplicator Masters, page 38 
Workbook, page 62 
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PAGES 202-203 
Objective 

Given division equations and re- 
lated multiplication equations with 
fractional numbers, the child will 
be able to find the missing factor 
by applying his understanding of 
the inverse relation between multi- 
plication and division. 


Preparation 

To prepare for this lesson, it would 
be helpful to give children practice 
with missing factors in equations 
with whole numbers. For example, 
ask them to explain the relationship 
between the following equations: 


42+-7=n 
nx7=42 


Be sure it is clear to the children 
that both problems may be thought 
of as finding a missing factor. 


Investigation 

You might want children to work 
in small groups for this investiga- 
tion, although some might benefit 
more from independent work. With 
children who have had difficulty 
grasping the _ fractional-number 
skills, you might read through the 
three examples together, asking 
them to describe each one. Note 
that in the missing-factor method, 
the first choice of a missing factor 
might not be the correct one. If 
they use this method, they may 
have to make several attempts be- 
fore the missing factor is found. 
Suggest that those who finish quick- 
ly try one of the other methods to 
see if they can get the same answer. 
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@ Do you understand division of fractional numbers? 


Investigating the Ideas 


Here are three ways that some students used to find 
how many times 3 is contained in 23. 


\ 
Jumps ona numoel 


som “A ™ 


=} Sty tal 
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Can you use one of these methods to find 


how many times 2 is contained in 23? 4 


See 


Discussing the Ideas 


1. ?is contained 3 times in 24 
division equation 2; + ? = 3. What division equation 


. You can think of division 


as finding a missing 
factor. Explain how you 
can find the number for 


nin the example. : 
Think: Whot number times 4 gives 8 ?Whot number times 5 gives |5? 


. Jane showed how she solved this division problem. 
a Do you think Jane’s method ; 


yes 





is correct ? How can you check ? 


B Would this method work for 3 ~ 2? Explain. 


No, because 2and5 are not factors of 3 and 8.See Discussion. © 
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Discussion 
As you discuss exercise 1, it would 
be helpful to have children show 
their methods on the chalkboard. 
Be sure children relate their meth- 
ods to the division equation 24 + 4. 
Although it is important for chil- 
dren to see the validity of each 
method suggested in the investiga- 
tion, the main emphasis of this 
lesson is on the inverse relation 
between multiplication and divi- 
sion, that is, on the missing factor 
method. This should be emphasized 
in discussing exercise 2. 

Exercise 3 is designed to foster 
discussion concerning a particular 
type of division problem in which 


the quotient can be found by “‘di- 
viding numerator by numerator and 
dividing denominator by denomina- 
tor.” Although part B shows that 
this method does not appear feasi- 
ble in all cases, the following lesson 
will show a way to adapt the meth- 
od so that it will apply to any divi- 
sion problem. 


¥ “ # F e 
ng rn 


Investigation. 


. You can write this fact as the 





a Mee iain 


. For each multiplication equation, write two division equations. 
Example: § x 4 


A 


. In each exercise, when you find the missing factor in the 
first equation, you will have found the quotient in the 
second equation. Write the second equation with the correct 
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quotient. 
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. Find each quotient. 
Check your work 
by multiplying. 


A 
B 
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Follow-up 

To give children more practice in 
recognizing and finding reciprocals, 
give them worksheets similar to the 
ones below. 


Using the Ideas 





1 15 
3. yd = 3925-3.8, 3 ot cl Bah a ye BAO ils 2p <6 
4% 2= Ba°24)g7e*z B 4X 4 = teeta =$i2+2-1¢ 3.x wr ae 
me eer : Be : pots 555 =3 Find the missing fractional numbers. 
sx.5= 1 z-3? $= E g X 5 = 357525 57> sp heo Aye) = 1G 
a: “4-1 Ane: 
523167275 






















































































Resources for Active Learning 
Franklin Series: Making and Using 


Graphs and Nomographs, “No- 
mographs: Multiplication and 
Division with Fractions,” pp. 
87-88, Lyons and Carnahan. (Avail- 
able from McGraw-Hill Ryerson) 
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Workbook, page 63 





Using the Exercises 
With most groups of children, you 
will want to assign the exercises on 
page 203 as independent work. Call 
attention to the fact that several of 
the exercises involve work with re- 
ciprocals. However, point out that 
the method discussed in exercise 3 
on page 202 may be applied to the 
problems in exercise 3 on page 203. 
When children finish and you 
help them check their work, con- 
tinue to emphasize that they can 
find quotients by thinking about 
missing factors. 





Solutions, Think, page 203 
Some of the possible solutions are: 


(9+7)+(3+1)=4 
(9-7) + (3x 1) =5 
(9-7) x (3X 1) =6 

3x (9-7) +1=7 
(9-7) x (341) =8 


197 3.) = 9 
(Si) So 10) 


Assignments (page 203) 
Minimum: 1, 2. Average: 
Maximum: 1-3. 


1-3. 
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PAGES 204-205 
Objective 

Given division problems with 
fractional numbers, the child will 
be able to find the correct quotient 
by using the basic division algo- 
rithm for fractional numbers. 


Preparation 

To prepare for this lesson, again 
review the reciprocal relationship 
of appropriate pairs of numbers. 
Also, use examples in which this 
relationship is expressed in division 
equations with 1: 


1+ f= 


a 


| 
ONO) G32) GSS) OSS) USGS) ~ 2) 
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@ /s there a shortcut for 
dividing fractional numbers? 






















Discussing the Ideas 
1. Answer the questions about the division problem § ~ 3. 
a Can 2 be divided exactlyby5?No 4+9 
sp Can 2 x 5 be divided by 5? Yes 3 = 3% 
Is 3 x 5divisible by 7? No 
c Is2 x 5 x 7 divisible by 5 ? 
Is3 x 5 x 7 divisible by 7? y.> 


p Explain how you can use 







the inverse relation of 
division and multiplication 
to check this division problem. 


E Explain these equations. 














. Patty said that she saw a shortcut 
for dividing. Can you use Patty's 4+4=3x $= Illll a 
method to find the quotient and [eae | 
then check your work ? Reciprocals 





. Follow the steps in the flow chart. Then give the quotient. 





15 
3+ 2 The reciprocal ES Ill “es 


2: 
of € is 2 


4. Explain how you can use the flow chart in exercise 3 to find 


these quotients. 
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Discussion ercise 1 with those children who 


Work carefully through each sec- 
tion of discussion exercise 1. In 
parts B and C, be sure children 
2065 
tx) 





realize that the expressions 


2c <7 

3x SOS 7 
equivalents for 3. Also, point out 
that 5 and 7 were chosen to be used 
as factors of the numerator and de- 
nominator because the divisor of 
the problem is 7. Some children will 
benefit more than others from this 
presentation of the logical develop- 
ment which leads to the shortcut 
shown in discussion exercise 3. Do 
not overemphasize the steps in ex- 


and are simply fractional 


have difficulty grasping this de- 
velopment. These children might 
be helped by the explanation given 
in “Using the Exercises.” 


1. Solve the equations. 


3 

a 6+2=nx 26 p 2+4=nx 25 

| 

B12+->%=nmx#l2 e€ 4+}4=nx 45 
2 DD 

¢ 5+5=0x35 pF 2+3=2xn$¥ 


2. Complete this sentence: 


the _ 
reciproca\ 


3. Write each division problem as a multiplication problem. 


Then find the number for n. 


Example: 4+ 3= 2 Solution: n = 4 x 3 
ads f= naxd-3 0 f+ f= ngxt-d 
p3+2=n3x$-9 © $+h=n$x3-4 
c 8+ 3=mex$=33 r §+8=n5xd-2 


4. Find the quotients. Answers may be given in higher- terms equivalents, 
6 7+42| 1 3+ 1014 


30a a> hy Eee 
A 3-374 OS hae am =} E6+39 
: 2 : an é 2 : le 
Bi+3¢3 pd #=8 14 Fi +b F Hh 7+33 





More practice, page A-16, Set 31 


Using the Exercises 

If children have understood the de- 
velopment on page 204, encourage 
them simply to apply the shortcut 
rule of discussion exercise 3. How- 
ever, some might benefit from the 
following kind of explanation for 
the first exercise on page 205. 

We know, from our study of re- 
aprocals, that 1 +3= 1 xX? since 
3x 2= 1. Since we know that 
1+%= 1 xX 2, it is easy to see that 

+3=6x #2. 

Similarly, in part Bs since we 
know that 1+3=1 X 4, then we 
know that 12 +3= 12 x 4. 

Exercise 2 summarizes the rule 
for division with fractional num- 


To divide a first number by a second 
number, multiply the first number by 
? __ of the second number. 


Using the Ideas 


go #+5=¢x ns 
Tiga AS WET, 5 
Hi Ata igteeanen UNA 
Bit 2 
1 3+3=3x nd 


8 
15 
G &+4=ngx3-2 
Hote = nbxb=5 
at ee 


Jia bronl02 
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and 4 assume that 


bers. Exercises 3 
children have developed such an 
understanding of the rule that they 
can apply it without more specific 
directions. 


Assignments (page 205) 
Minimum: 1-4. Average: 
Maximum: 1-4. 


1-4. 


Mathematics 

The method of dividing fractional 
numbers illustrated in discussion 
exercise | was presented in the 
mathematics section at the begin- 
ning of Chapter 9. Although the 
method is quite general, it is not 
intended that the children master 
the technique and use it extensive- 
ly. Instead, it is meant to be a 
power-skill method for finding quo- 
tients which will help the children 
understand the usual shortcut algo- 
rithm given in the flow chart of 
discussion exercise 3. 


a 
T — + 

he quotient fous 
find if c is a factor of a and disa 
factor of b, for then the quotient is 


is easy to 


. Ce : 

simply peer But, in general we 
aa 

are not likely to be so fortunate in 

the matter of factors. However, we 

can always choose a fraction equiv- 
a hoo 

alent to 8° that the division pro- 

cess will work nicely. The choice 
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The final result shows the famil- 
iar rule for dividing fractional num- 


CeO pes se ee 
bers: To divide ; by 7 multiply j 


by the reciprocal of a 
Solution, Think, page 205 

The Think problem may develop 
into an interesting extension prob- 
lem. There are 13 different paths 
from A to G. To discover this, 
children might count the number of 
points: to 1sto: Cy 2 to D3 
to E, 5; to F, 8; toG, 13. The num- 
ber of paths forms the beginning of 
the pattern known as the Fibonacci 
sequence. 


Duplicator Masters, page 39 
Workbook, page 64 
Skill Masters, page 39 
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PAGES 206-207 
Objective 

Given division exercises which 
involve mixed numerals and whole 
numbers, the child will be able to 
find the quotients. 


Preparation 

It would be helpful to review the 
method for expressing mixed nu- 
merals as improper fractions. For 
example, write the following mixed 
numerals on the chalkboard and 
ask children to give the improper 
fraction for each and explain their 
method. 





3% (4B) Cae 
reeled) 9% (GH) 
Ried Si gut eae 
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@ How are other numerals used to 
divide fractional numbers? 


Discussing the Ideas 


1. Explain the steps used 


to find the quotient. 
See Discussion. 


. The fractional number #% is the quotient for 3 + 10. 
Since it will be helpful in later work with fractional 
numbers, we shall define expressions such as 


4 
5 A a 
=; to mean 5 =~ 10: 
(o) 


ra 







You can think of # as the numerator and 75 as the denominator 
of this ‘fraction.’ These more complicated ‘‘fractions” have 
the same properties as the fractions with whole-number 
numerators and denominators. 


Explain how you can use division to “simplify” this fraction: 
See Discussion. 


aicnosiro 






For any division problem you choose (other than division by 0), 
there is always a fractional-number quotient. The example 
below shows that the quotient for 29 ~ 3 is the fractional 


number 22, [2OMB- 29 xi -2 













Quotients like 22 are usually 
represented by a mixed numeral. 
You can use the division process 
shown in example a to represent 2 as 
the mixed numeral You can complete 
all this work and find the fractional- 
number quotient more easily by arranging 
your work as in example s. Explain how to find L 
fractional-number quotients for each of the following. 
A 12=5 B 38 = 7 c 93 = 8 pd 77=9 €&£ 237 + 10 
25 OF 66 8 23%0 
206 












Discussion 


exercise 2 with the children, point 
Each of the three discussion exer- out that the expression 
cises treats an important, distinct 
but related concept. In exercise 1, 
the method of division with mixed 
numerals is studied. If children re- 
call the procedure for changing 
from mixed numerals to improper 
fractions, they should not have 
much difficulty with this exercise. 


You might stress to the children 


jn | we 


_ 
i=) 


is read “‘four fifths divided by seven 
tenths.” Help children realize that 
the division bar may be read 
“divided by” no matter what type 
of numerals are in the numerator 
and denominator. Thus, when frac- 


the importance of changing -the 
mixed numeral before thinking 
about solving the division equation. 
Then they can simply apply the 
rule that they learned in the previ- 
ous lesson. 

As you work through discussion 


tional numbers are expressed as 
one of these complex fractions, 
they can easily be changed to the 
more familiar form: 


alu 


ee Pe 
=$- 
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Using the Ideas 





. Find the ALPES 
a’ ats sey Sh 
B 24+ lls D 24 


Wh hs 
Sh 0 


is 
32 









. Simplify each expression. 










25 »v & 


= Cc On Gn Am & 
= 3003 ¢ 


14* 100 <7 xn 


3 
xX $=M5 
6 
4. Find the quotients. Check your work. 
a 54-75 ¢ 168= 9. 495-86 569= 115%, 467-23 
B 72= 5 p 3576~ 5. sF 347 = 3 53h 2372 — 25,22 896 — 139% 
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BILL 
2564 hot dogs My: 
720 steaks ill 
182 kg potatoes HU 
54 bottles ketchup iii 
Total iil 
Potatoes 15¢ kg 
Ketchup $1.50 





Hot dogs 25¢ 
] Steaks $1.60 


More practice, page A-16, Set 32 
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Similarly, when whole numbers are 
expressed as a quotient, they may 
be changed into the form of a frac- 
tional-number quotient: 


29 = = 28 


But since an improper fraction is 
usually expressed as a mixed nu- 
meral, we write 


pA es 2 
“5 = 95. 


Emphasize that, to find 29 + 3, the 
children can use the dividing pro- 
cess and the remainder, arriving 
immediately at the correct mixed- 
numeral quotient. Work through as 
many examples as necessary to 
help children clarify these ideas. 


Using the Exercises 

Assign the exercises on page 207 
as independent work. However, 
continue to help any children who 
have difficulty with these expres- 
sions. According to the children’s 
need, have various examples pre- 
sented at the chalkboard. 


Assignments (page 207) 
Minimum: 1-2. Average: 1-4. 
Maximum: 1-4. 


Duplicator Masters, page 40 
Workbook, page 65 
Skill Masters, page 40 
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PAGES 208-209 
Objective 

Given word problems requiring 
division with fractional numbers, 
the child will show his understand- 
ing of division by solving the prob- 
lems. 


Preparation 
Since the children have just com- 
pleted a rather intensive study of 
finding the quotient of two frac- 
tional numbers, it might help, as 
preparation for this lesson, to re- 
view these skills and techniques 
briefly. 

You might use several of these 
types of problems: 


S=2=—? (or 63) 
$23=? (7) 
29+6=? (43) 
3+3=? (8) 
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Using division to solve problems 


Each problem below can be solved by division of fractional numbers. 
For each problem, first use any method you wish to find the solution. 
Then choose the division equation that you can use to solve the problem. 


The solution to the division equation should 
agree with your solution to the problem. 


1. How many }-hour periods are there in 8 hours ? 32 
ai+8=q (8)8+1=q c 8+4=q 


2. How many pieces of red paper 3 as i 
large as the square does it take i atthe 
to cover } of the square ? 2 large square 
()t+k=q eh+}=q ¢4+8=q 


3. How many cups of peanuts, each 
weighing + kg, are ina pile 
of peanuts weighing 2 kg ? 6 
a2+10=qehri=q(c)i+h=9 
2 
3 


1km 3 3 


4. Joe walks at a rate of 4 
km/h. How long does it 
take him to walk 1 km ? Shr 


a1l+3=q p§+1=q ©)l+j=q 


This far in 1 hour 


5. 32 candy bars. Same amount to 
each of 5 children. How many 
candy bars does each child get? 62 
A 5+ 32=q (8)32+5=qe 32+t=q 


6. Jan walks ? km each hour. 
How many hours will it take 
her togo3km? 3% 

(A)3+i=q 83+3=q © 
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Discussion 

It would be helpful to have children 

discuss the problems on page 208, 

either ‘with the entire class or in 

small groups. Keep in mind, as you 

work through these exercises with 

the children, that the most impor- 

tant purpose of this page is to help 

the children see a variety of situ- 

ations which require division of 

fractional numbers. 

The answers from your class 

might be similar to those shown in 

the right-hand column on T.E. 

page 209. 
Assignments (page 208) 
Minimum: 1-4, oral. Average: 1-6. 
Maximum: 1-6. 
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What part of an hour to go this far ? 
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Solving Short Stories 


Write and solve a division equation to answer each exercise. 


1. 5 hours. How many: 
a 43-hour periods 
B 43-hour periods 


c 4-hour periods 
See Answers at right. 
2. }hour. How many: 


a }-hour periods 





7. 


A strange coincidence. 
Six hens, each the same weight. 

Total weight, 35 kilograms. 35. ¢- 58 
What does each hen weigh ? 





. 2km to school and back. [5+ 4 (93 


8 
Me ; 
5-hour periods 8 How many trips to go: a 15 km 
See Answers ot right. ee af 24 km rc. 1 km-Mp © uy 
3. Square piece of paper. 2424230 |zt=—)t 5. he 12 
a 16 


Red piece is 3 as large as 
the square. How many red 
pieces are needed to cover: 








a }of the square 9. Rope: 5; metres long. How many 
e 3of the square | #-metre pieces can Be cut from it ? 
| oe 3 7 
2 are ei grit 
5 oe he it 10. Running track: 7 km. 
> x6 Of the square How many laps in: 
See Answers at right - A km, 10 km 
4. Nuts. A cup weighs 4; kg. (24224 rae 4 95 
How many cups of nuts are . cae 
in a pile weighing: 11. Area of rectangle: io square 
centimetre. Width: 2 cm. 
a 1kg B 2kg c 10kg ® 
? 
>» 100kg © akg pi ikg cu at a CRea ate 
See Answers at right. : 3 
5. 2kg of nuts in each bag. 12. Takes 1? minutes to make 
How many bags of nuts from: a gadget. How many gadgets 
ml kg e 30kg c 1ikg can be made in 14 minutes? |4.\2-¢ 
\=#=2 O+8=75 lez%=3 
6. Walk 1 12 kilometres. 13. Total weight of 9 children: 


How long does it take going: 
a3km/h 8 4km/h 


¢c 5km/h 


329 kg. What is the average 


weight of the children ? 
329=9 = 365 


Answers, exercises 1-4, page 209 


1. 5+ 


A 
Buy Se> 
C 5+ 
2,A ¢#= 
B 3+ 
3,A $= 
B $= 
Cagle 
D +6 
4,A 1+ 
B 2+ 
C 10 
D100 
E i+ 
F {3 


Resources for Active Learning 
A Cloudburst, Vol. 2 
Midwest Publications. 


Dl Of Sof nS cape cole pol 


1 
S 


\2+$=8 


\I22$=57 12+5=2% 


Using the Exercises 

The problems on page 209 are in- 
tended to be worked independently 
following the discussion of prob- 
lems on page 208. Since it is the 
first real opportunity the children 
will have had to apply their experi- 
ences with the dividing process to 
word problems on an independent 
basis, you will want to be sure to 
allow plenty of time for discussion, 
including explanations by the chil- 
dren of how they were able to ar- 
rive at solutions. 
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Assignments (page 209) 


Minimum: 
Maximum: 


1-6. Average: 


1-13. 


1-13. 





= 10 
= 15 
pa25 
=3 
=|3 
A 
=6 
= 16 
il 
Bae 
CP ll 
10 ae 
4— 5 
nee 5) 
10 = 
aa 
10 — 
4 5) 
10 od 
= 3 
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PAGES 210-211 


Objectives 

Given word problems involving 
division with fractional numbers, 
the child will solve the problems by 
applying his skill with operations 
involving fractions. 

Given a line graph, the child will 
be able to solve related problems 
by interpreting the data given by 
the line graph. 


Preparation 

To prepare for this lesson, you 
might review skills and techniques 
in dividing with fractions, giving 
children practice with a variety of 
division situations. You might pre- 
fer to begin immediately with the 
introductory material at the top of 
page 210. 
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What part of a gram is this ? - 


. The largest blue diamond in the world is the Hope diamond, which 


weighs 442 carats. Another famous diamond was the Timken stone, 
which weighed 283 carats. How much more than the Timken stone 
does the Hope diamond weigh? !5 20 C®rats 


. The Cullinan crystal, the world’s largest, weighed about 585 grams. 


How many carats did it weigh ?29 2.5 carats 


4. The world’s largest cut diamond, the Star of South Africa, was cut 


from the Cullinan crystal. The Star weighed about 530 carats. 
Did the Star of South Africa weigh closer to 4kg, akg, 


or 3kg ?i6 Kq 


5. Diamonds, which are pure carbon, are the hardest natural substance. 


If measured for hardness, a fingernail might get a rating of 24; 
a copper coin, 23; a window glass, 53; and a diamond, 10. 
Since 53 + 23 = 2, we could say that glass is twice as hard 
as a copper coin. Diamonds are how many times as hard as 


a your fingernail? 4 2 
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Discussion 

You might treat these pages in a 
variety of ways. For example, you 
might have children work on one of 
them in small groups and then give 
explanations to the class. Or you 
might use parts of them as a basis 
for a teacher-led discussion and 
assign remaining parts as indepen- 
dent work. 

For page 210, be sure the chil- 
dren understand the equivalents 
between gram and carat. Stress 
with them that a carat is a unit of 
weight equivalent to one fifth of a 
gram. Also, help them see that a 
weight of one gram is the weight of 
one cubic centimetre of water. Help 


B acopper coin? 32 ¢ glass ? 


3 
1 Ny 


them think through any problems 
which cause difficulty. 


Assignments (page 210) 
Minimum: 1-5, oral. Average: 1-5. 
Maximum: 1-5. 


6055 








25°C 


20°C 


15°C 


10°C 


oe 


Key a= =NEW ORLEANS 


(South) 


SAN FRANCISCO 
(West Coast) 

PHILADELPHIA 
(East Coast) 


ee SOU AV 
(North) 








JAN. FEB. MAR. APRIL MAY JUNE JULY AUG. SEPT. OCT. NOV. DEC. 


1. Give the normal July temperature for each city.N.0.262; SF lex; Phil 23; 


Sttawa "aye 


2. How much higher is the July temperature in New Orleans than in: 


a Ottawa5+° 


B San Francisco |0° 


3. Give the average summer (June, July, August) temperature for: 


a San panciseo, B Philadelphia, c Sa dee 
\ 


\ 


pv New Orleans. . 
262 


4. How much greater is the ae summer temperature 
in Ottawa than San Francisco ?37 


5. Give the average winter (December, January, February) 


temperature for each of the four cities.N.0.132 3 S-E10°} Phil. | 
Ottewa— Tt 
6. How much greater is the average eine temperature 


in San Francisco than in Ottawa ? |73" 


7. Give the average yearly temperature for San Francisco. | 34 


More practice, page A-17, Set 33 
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Using the Exercises 
With many groups of children, you 
will want to study the line graph on 
page 211 asaclass activity. Choose 
one of the graphs and ask children 
to make several readings from it. 
For example, you might choose the 
one that represents Philadelphia 
and have the children make various 
readings from this line graph for 
specific months. You might also 
have them find the average temper- 
ature of Philadelphia for 3 or 4 
given months. 

When children have finished 
these exercises, allow time to check 


their answers and discuss those 


that caused difficulty. 


Assignments (page 211) 
Minimum: 1-3. Average: 
Maximum: 1-7. 


1-7. 


Follow-up 

As an extension of problem 5 on 
page 210, you might gather sample 
materials and have children test the 
hardness of them. If a first object 
can make a scratch mark on a sec- 
ond, then the first object is harder 
than the second. The fingernail, 
penny, and a piece of glass (not 
sharp-edged) can be used to mea- 
sure the hardness of various ob- 
jects, particularly other coins, 
metals, and rocks. Children might 
categorize and chart their findings. 
(Numerical values can be assigned 
to items according to a scale of 
hardness, such as: fingernail —1; 
penny—3; glass—5.) The more 
capable children might then make 
up problems concerning the rela- 
tive hardness of the items. 

The use of line graphs also pro- 
vides many possibilities for activ- 
ity. For example, children might 
devise line graphs for the tempera- 
ture, rainfall, or hours of sunshine 
for a given week. Other graphs 
could be made from data on popula- 
tion, exports, imports, industrial or 
food production, space probes, ed- 
ucational costs, growth of your 
local community, sports records, 
or similar topics of current interest 
to the children. 


Resources for Active Learning 

Measure and Find Out, Book 2, 
“The High for Today,” Activity 
3/3, Scott Foresman. [See “Re- 
sources for Active Learning,” on 
page 99 for other temperature 
activities.] (Available from Gage 
Educational Publishing Ltd.) 

Developmental Math Cards, K?10, 
Addison-Wesley. [Using line 
graphs | 


Duplicator Masters, page 41 
Workbook, page 66 
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PAGES 212-213 
Objectives 

Given a drawing of an animal 
and the scale of the drawing, the 
child will be able to find the actual 
length of the animal. 


Preparation 
Materials 
colored strips 

If you want to give the childrena 
brief practice on fractional-number 
division skills, you might review 
equations with a missing factor. 


Cet) ee 
i= T=3 
2 (eae 
oe a 
7+2?=6 


Review with the children the idea 
that these equations are the same 
as these: 


~— 


A 


A 


tol colbo 


=—n=6 


Ne up 


They know how to solve the sec- 
ond group by multiplying the divi- 
dend by the reciprocal of the 
divisor. 

If you prefer, you might replace 
such a review with an introductory 
discussion regarding some of the 
animals pictured on these pages. 


Investigation 

Most children would benefit from 
doing this investigation in small 
groups. The main activity involved 
is lining up the strips called for in 
the text; this gives concrete rein- 
forcement to the idea of scale. Re- 
mind children to carefully record 
the results. Help those who have 
difficulty by discussing the exam- 
ple of the armadillo. If one light 
green Strip is 7g of the actual length, 
then 16 light green strips will rep- 
resent the actual length. If we recall 
that a light green strip is 3 centi- 
metres, then we can figure that 16 
light green strips is 3 times 16, or 
48 centimetres. This can be ex- 
pressed as 


7s X actual length = 3. 
Thus: 


3 + 7s = actual length 
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® Can you find actual lengths 
from scale drawings? 





Investigating the Ideas 





The picture of each creature has been reduced until 
it is just as long as the light green strip. 









8 em C2§ strips) 
Record the number 
of strips you used 
for each part. 





48cm 2lom 
Cie strips) C7 6trips) 


Can you lay down strips to show the 


actual length of each creature ? 
See above and Investigation. 
















Discussing the Ideas 


1. When objects are drawn to scale, 
you can find their actual lengths 
by division. For example, the 
picture of the blue crab is 7 the 
width of a real crab. You can write 
the multiplication equation 

bx w= 3. 
aA Explain how to find the missing 


factor. See Discussion. 
B What is the actual width of a blue crab ? 


Blue crab 





35 X actual width 


Flea 





133 crm Yer 
2. a Isa flea larger or smaller than ‘but ha. 
the picture? smaller 
B Explain how to find the actual fees eh 
length of a flea. 3; cm 8x actuallength 


Die 








Discussion 

Ask children to explain their find- 
ings from the investigation. Relate 
the discussion to equations for each 
problem and stress the relation- 
ships between the different ways of 
expressing the same problem. Use 
exercise | as a basis for discussion. 
In particular, show that 


qs Xw=14¢ 
is related to 
1 


=- 


: 1 
a 6 atsS 


| 


and 
14 x 12=w. 


Note that in exercise 2, since the 
scale drawing of the flea is larger 
than the actual length of the flea, 


the actual length may be found by 
dividing by 8. Again show the rela- 
tionship of the equations: 


8 X actual length = = 
*—+ 8 = actual length 


2X 4= actual length 


Throughout this discussion, stress 
that the indicated multiples or frac- 
tions refer to lengths or widths of 
the animals and not to volume or 
overall size. 


Follow-up 

To extend the work on these pages, 
you might suggest that the children 
examine dictionaries or encyclo- 
paedias for information concerning 
the sizes of other animals that inter- 
est them. Dictionaries sometimes 
show small pictures of animals and 
give the relationship of the picture 
to the actual size of the animal. 
Scientific books and drawings may 
also be helpful in this respect. En- 
courage them to report their find- 
ings to the class. Some might make 


Using the Ideas 


ANIMAL LENGTHS 





1. -How tali is a penguin 3. One of the longest elephant h paws pag; f 
a incentimetres ? 8 inmetres ? tusks is about 42 times as ne ae iS ceased tcvamens Seis awe 
9Oem 0.9m long as the antelope’s horn the animals and recording the scale 
; used and the actual size of each. 
2. Find the length of an How long is the See 


antelope’s horns 


a incentimetres. 8 inmetres. 4. Find the length of a lizard. 
GOcm O-6m 19em 





5. How long is a frog's body fe 8. If a frog can jump 173 times 


sem 


6. How long is the swordfish ? ELEN UII eK ADE 
280cm body, how many metres can 


7. How long is the house fly ? he jump ? 22 
cm 


% 9. The lizard’s tail is 3 the length of his body. 
How long is the lizard’s tail ?\42 em 
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Using the Exercises 

Encourage the children to write 
equations for each of the exercises 
on page 213. Some may choose the 
division expression and others may 
interpret the scale drawings in terms 
of multiplication. When children 
have finished, allow time to check 
their solutions and ask children to 
explain how they found their an- 
swers. Again, show the relation- 
ships between the appropriate mul- 
tiplication and division equations. 


Assignments (page 213) 
Minimum: 1-4. Average: 1-8. 
Maximum: 1-9. 
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PAGES 214-215 
Objective 

Given products and quotients in- 
volving fractional numbers, the 
child will compare them to I and 
indicate the relationships by using 
the inequality and equality symbols. 


Preparation 

According to the need of the chil- 
dren, review some of the skills used 
in the multiplication and division 
of fractional numbers. In particular, 
you might review the use of the 
terms product and quotient. In a 
pair of related equations, the prod- 
uct and the number being divided 
are the same. 


me] 


ol 


x 


4 
15 


oe 
i) 


la =| 


eae 
1é 


we 


uy 
3 


n 


i) 


In some equations, as with equa- 
tions involving missing factors, the 
number being divided may be re- 
ferred to as the product. 


Investigation 

If some children conclude that in 
order to answer the investigation 
question they must find the prod- 
uct and quotient of every pair in 
the set, point out that they will have 
a great many to find. Encourage 
them to think first about the two 
numbers they choose to try for 
each question, and to figure what 
the two numbers are for each ques- 
tion before multiplying. For ex- 
ample, since multiplication is 
repeated addition, the largest prod- 
uct will clearly be the product of 
the two largest numbers. Suggest 
that they record not just the two 
numbers they use for each ques- 
tion, but that they describe these 
two numbers as “‘the two largest 
numbers,” or “the two smallest,” 
or ‘“‘the smallest and the largest,” 
and so on. 


A 8 X 10 = 80 (two largest 


numbers) 
B 5 X += (two smallest 

numbers) 
C 10+ %= 20 (largest number 


divided by the smallest) 
D += 10= <5 (smallest number 
divided by the largest) 
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Discussion 

For discussion exercises | and 2, 
have children explain their answers 
to the questions in the investiga- 
tion. As they respond to exercise 3, 
help them recall that division may 
be thought of as a subtractive pro- 
cess; it would take more steps to 
get to 0 by subtracting + from 2 
than by subtracting + from 2. 

One of the main points in this 
lesson is to help children compare 
the products of whole numbers 
with the products involving frac- 
tional numbers. For example, chil- 
dren should realize that the product 
of two whole numbers, each greater 
than |, is greater than either factor. 


Can you find the two different numbers in the set 


a the largest product ? 
B the smallest product ? 


Discussing the Ideas 


® Let’s compare products and 7. 


Investigating the Ideas 


Use only the numbers in this set. 


ae 


a APUG a at REDE: 
» a ty, 







SB 8 
a, 4 00 


BA 
2500 SAPO eS 


See Investigation. 


1. Explain how you found the largest product. 
Multiply tne tio largest nue P 


. How can you find the smallest product ? 
Multiply the Two smallest numbers. 


2 
3. Which quotient is larger, 2 + 4 or 2 + 4? 
4 


. Which phrase (greater than, less than, or equal to) would 

you choose to complete each sentence ? 

a The product of two fractional numbers (each less than 1) 

is__ ? __ either of the factors. !ess than 

B The product of two fractional numbers (each greater than 1) 
is__ ? __ either of the factors. greater than 

c When dividing by a fractional number less than 1, 

the missing factor is ___ ? __ the product. greater than 

p When dividing by a fractional number greater than 1, 

the missing factor is __ ? __ the product. !ess than 


However, as stated in exercise 4A, 
the product of two fractional num- 
bers, each less than 1, is less than 
either factor. Stress this and the 
statements in parts B, C, and D. If 
further explanation is needed, pro- 
vide additional examples to illus- 
trate the ideas underlying each 
statement. 


c the largest quotient ? 
p the smallest quotient ? 















These exercises will help you compare fractional-number 


products and factors. 


4c 


Give the symbol (<, =, >) for each ill. 














a 8x Billi 8 7 H 4 x Bilis 7 
B 8 x 4| 18> 13x Ais 7 
c 8x 28 7 ey X 2 | 3 7 
pd 8x iif 8 = « 3x 1h 3= 
Ee 8 xl 8 < 1 3xif pas 
F 8x ji i8< m3 xX aif 3 < 
« 8 x4 i8< wn 3x gilih< 









































. Give the symbol (<, >, =) for each ll. 


A 24 =~ 4 24 < H 6 + 12 ill 6 < 
Bp 24 ~ 3iiflllh 24 < 1 6 = Gill, 6 < 
c 24=2\ \24< y 6= 3 6 < 
p 24 ~ 1 24 = k 6 = 1 (iii) 6 = 


e 24~+3'\{lh 24 7 1. 6=3iHe 7 
F 24 =4{li) 24 7 m 6 = 2if{iill 6 7 
« 24 = 324 7 n6+7 I 6 7 


. Give the symbol (<, >, =) for each |i. 
Do as little computing as possible. 





















































a 128 + 4il)128+2< vo Bx 3ilbe< 


B 128 = 2 ill 128 =1< 
c 128 + 1 ip 128 + 3< 


a If, inthe equation a x b = 1, the number for a is less than 1, 
what do you know about the number for 6 ? | 's greater than}. 
sp Can the numbers for both a and b be less than 1 ?No 


x 3 i3< 


+4 17 
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Using the Exercises 

Before children begin the exer- 
cises on page 215, suggest that they 
look for a pattern in each column of 
éxercises« lmands»2.9Beé sure. they 
realize that these exercises, as im- 
plied in the directions for exercise 
3, are not intended simply as prac- 
tice in computation. By studying 
the patterns in exercises | and 2 
and reasoning through exercises 3 
and 4, children should have a better 
understanding of multiplication and 
division involving fractional num- 
bers. For example, children often 
mistake 24+ 4 for the multiplica- 
tion problem 24 x 4; this exercise 
set is designed to help children 


o 5 x 1000 ih 5 > 


» 5 x 100 (hp 5 > 
ao 5 x 10 | il 57 
5x1 if 5= 
s 5yx toll h5< 

T Ox Too || lh 5< 
v 5 x sdb 5 < 


o 1 + 1000 HA 1< 


t 1+ qo 17 


Using the Ideas 

















p 1 + 100 lll 1< 
a 1 = 10'flIh 1 < 
ne 1+ 1 (fh 1= 
s 1 = will h17 




















uv 1 = yob0'\lh 17 


o 24 = Zi) 24< 


Hs S fll 3 + = 
1 Ex Gills x 3= 





o's reciprocal. 
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gain a feeling for the fact that 
245-15, ereaterthane24, 


Assignments (page 215)* 
Minimum: 1-2. Average: 1-4. 
Maximum: 1-4. 
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PAGES 216-217 
Objective 

Given a fractional number, the 
child will be able to give the whole 
number nearest that fractional 
number. 


Preparation 

To prepare for this lesson, you 
might provide a review of the func- 
tion rule. For example, exhibit the 
following tables and ask children 
to see whether they can figure out 
your rule and supply the missing 
numbers. 























(add 3) 


(subtract +) 


Investigation 

For this investigation, many chil- 
dren would benefit from working in 
groups and sharing their ideas 
about the rule they are to find. You 
might want to read the introductory 
material with all the children be- 
fore they form groups. Observe 
with the children that, previously, a 
function rule told them what to do 
with a given number, n. That is, if 
they had a function rule n+ 5, or 
f(n) =n+5, for a given number 
n, they would add five to the num- 
ber in order fo find f(n). Explain to 
the children that, now, they must 
find out what this double-arrow 
function does to the number n. 
Then, encourage them to study the 
tables and see if they can figure out 
Tim’s rule. Since the rule is basi- 
cally a simple one (though difficult 
to discover, perhaps), children 
should be able to make several 
function tables once they have dis- 
covered that the rule is to give the 
whole number that.is nearest to the 
fractional-number input. Do not 
tell them the rule, but if necessary, 
show other sample tables. 
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® Let’s explore a special function. | 


Investigating the Ideas 


Tim thought of a special function. 
Since he could not use addition, 
subtraction, multiplication, or 
division to describe the function 
rule, Tim used the symbol #7. 
Study the tables below to 
understand Tim's function. 


[a] Function Rule 








Function Rule [c] Function Rule 





IS ]Bie |rIN |i] 3 






Can you discover Tim’s function rule and 
use the rule to make a table of your own ? 


See Investigation. 
and Discussion. 










Discussing the Ideas 


. Describe Tim’s rule in your own words. Sée Discussion. 


2. Explain how to find the missing numbers. 


a 3= lis 5 3h= ills ¢ 3$= i 4 0 33= ll 4e 4 


‘| 


= Il 4 
3. Explain how to find the sums. See Discussion. 
————— —_—_ SS 
a 144 24 = [la B 23+ 34 = ill7 
<_<. <_— <—— 


4. Can you explain why the two sums below are not the same ? 
=> —s _=——> a 


a 53+ 43 = 
ae 





Discussion 

Encourage children to show ex- 
amples from the function tables 
they made and to explain what they 
think Tim’s rule is. The function 
rule rounds each input number to 
the nearest whole number. Be sure 
children understand the agreement 
that, if the input number is halfway 
between two whole numbers, then 
we round up to the next larger 
whole number. Thus, an input of 
> results in an output of 3. Note 
the differences between exercises 
3A and 3B and between 4A and 
4B. When the line of the symbol 
extends unbroken over and under 
both addends, the rounding rule is 


p 53+ 42=10 see Discussion. 
<——$—$$—__—_— 





to be applied after the sum is found. 
When the symbol appears over and 
under each addend separately, the 
rule is to be applied to each addend 
separately before they are added. 
Thus: 


Ree Ae 

524 42=54+4=9 
<— <— 

§24+42= 98 =10 
<a —- 


Provide other examples of this 
kind, as needed, to help children 
discover and understand this dif- 
ference. 


Using the Ideas 


Complete the function tables in exercises 1 through 3. 


a 


moo 8 > 


Function Rule 


IM 2. 
i 2 
I 4. 
Ill 3 


nD 
IR }rvieo | roi 





7a 


mo oo ww .-> 




















Give the missing numbers. 


> 


a 








9 

2 = Ilihs 
<_ 

re 

g = ill) 

<> 

7 

1 = Ilil7 
<_ 


F 


o>) 
NO 
i> 


B| fs 


| 
[e} 
(o) 


fas| 


| 


























Function Rule oe 
=> 

32. «GG 2 = [lls 
SS 

5 H 183 = Ill 19 
— 

l4o 1 3398 = Ill 
<— 





Function Rule 


5 fo B p> 


m 


























t ‘too = lleg 


Give the missing numbers. Do as little computing as possible. 





—> —_= 
23+ 35=Ill7 F 583+ 69% = Illlizex 9 x 73= Illee 
< <— eS SSS a i 
——— — > —_ __ 
23 + 34 = Illle e 93 x 63 = Ill oo 1 324 — 193 = ili 
—_ > _—_ ead — 
75 + 68 = Illa = 128 x 123 = Illl\oe m 583 — 84 = ills 
ea <— << <— —————— 
re —_ _—_ —_> > 
7% + 63 = Illi4 1-358; x 7% = lllagon 24 + J = Illa 
—_— << <— <— < 
= —> ——_—_> —_—_ —> 
683 + 99:4 = Illlio7 » 42x 3=llli4 0 354+ 73= Ills 
<— << <_< << << 

2a) 








| 
| 


Using the Exercises 


Assign the exercises on page 217. 
When the children have finished, 
allow time for checking papers and 
discussion. It will help to have sev- 
eral parts of each table presented 
and explained to the class. For ex- 
ample, ask the children to explain 
how they got the number 5 for ex- 
ercise 2D or the number 9 for ex- 


ercise 2E. 


For an exercise such as 2E, the 
children should observe that & is 
92, and # is less than 4; hence, 9 is 


the output number for *. 


Note that in exercise 5, children 
must again distinguish between 
applying the function rule before 


or after performing the operation. 
The arrows over the combined ex- 
pression mean compute first and 
then find the nearest whole num- 
ber; the individual arrows mean 
find the nearest whole number first 
and then compute. Ideally, exer- 
cises 4 and 5 should be done by 
mental calculation only. Encourage 
as many of your children as you 
think can do so to complete these 
exercises without using pencil and 
paper except to write their answers. 


Assignments (page 217)* 
Minimum: 1-4. Average: 1-5. 
Maximum: 1-S. 
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PAGES 218-219 
Objective 

Given short story problems 
which involve fractional numbers, 
the child will be able to estimate 
answers to the problems. 


Preparation 

To prepare for this lesson, it would 
be helpful to show products and 
sums of fractions and ask children 
to tell whether they are equal to, 


greater than, or less than |. For 
example: 

og el) oe lel) 
$+3 (=1) ao te C= 1) 
Soe ek za ls (sf) 


You might also review estimation 
with whole numbers and with mixed 
numbers. For example, point out 
how the rule “find the nearest 
whole number” would help chil- 
dren make the estimates below. 


Problem Estimate 
54 X 63 5D 
9 x 7% 63 
Soc aes 47 
ees = 


218 






Short Stories [ESTIMATION 

For each exercise the answer given may or may not be correct. You are to: 
a Choose whole numbers nearest to the numbers in the problem 
and estimate the answer. 8B Then tell whether or not the given answer 

is correct. Use your estimate to determine this if possible. SAY 
Exercise 1 is completed correctly. 













10 x 4, 





Packet costs 36 


2 
is 





long. Other piece, 


6+8 















slept each night ? (63 


218 





Discussion 

Pages 218 and 219 may be treated 
in a variety of ways. You might 
use page 218 as a group activity to 
review estimation and then assign 
page 219. Alternatively, page 219 
might be used for group work or a 
discussion, after children have 
worked the problems on page 218 
independently. 

Notesin.,ekercises 2a@pagéend 19, 
that the difference in the two given 
temperatures is 15°. The children 
will probably see that, since ls di- 
visions on the gauge represents 
15°, 1 division must represent 10°. 
Then they can reason that the higher 
temperature must be 85°. 


33¢ for each gram. 10 grams. Costs how much ? (42:¢) 
a Estimate: 


Contains 53; grams. 
How much per gram ? (43¢) 


/| Man weighs 933 kg. Another weighs 69; kg. 
= } What is the difference of their SETS ? (13 kg 


Cut a board. One piece, 53 m 


long. How long before cut ? 


=|4 correct ~ 


Sleep: Monday, 63 hours. 

Tuesday, 73. Wednesday, 82. 
Thursday, 108. Friday, 83. 
Saturday, 9%. Sunday, 7@. 
is the average number of hours 


6+74+9+\|I+9+\0+8=60 
60+7 6s Not correct 


1 Walk 3 km in an a: 
Walked 20} km. How many 
hours ?(11h) 55+9=10 
not correct 


or 40¢ B The answer is not correct. S 


¢, 36+6=6 
not correct 






wo Drove 165 km. 
3? hours. Speed ? (38 km/h) 


165+4=41 
not correct 








-70=23 Ko 
Ribbon, 3 metre se, =5=4 
Cut into 5 equal pieces. not correct 


8im 
How long is each piece ? (} m) 







Length of field, 392 metres. 

Width of field, 75 metres, 4 x7 
What is the area of the 30 
field ? (2955 square metrés)' “© 










9 
What 39 km to school. ieee 
To school and back for not correc 


30 days. How far ? (314 km) 





h) 





* - Satellite: Around ; 


| Earth in 1% hours. : 
~ How many trips 
in one week ? (165) ; 


{oS}~+\=\638 | 
not Correct ° 





When you discuss these problems, 
keep in mind that one of the im- 
portant features of an exercise set 
on estimation is the opportunity it 
gives the children to put into words 
how they thought about rounding 
in order to arrive at their estimates. 


Assignments (page 218) 
Minimum: 1-6. Average: 1-10. 
Maximum: I-11. 
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TIMATION FOR FUNG 


The gasoline gauge on a car looked like this when 
there were 2 litres of gasoline in the tank. 6X 
Estimate the number of litres of gasoline 


in the tank for each gauge-reading below. 


Leap 
























































When the temperature gauge on the car 

looked like this, the temperature was 60°C. —> 
When the gauge looked like this, the 
temperature was 75°C. 
What was the temperature when 
the gauge looked like pe 2 












The thickest book in a set of encyclopedias 
is 43 cm. The thinnest book is 13 cm. 
Estimate the length of shelf needed to 
hold the complete set of 20 books. 65<m 


cle lejolo] eum sfelejelo tele lejefefojel eo} 
Te | 


The small can holds 193 grams. Estimate 
the number of grams the large can holds. ©°9 


a lf it has taken 13 hours for the sand 
shown to go into the bottom part 
of the time glass, about how much 
longer will it take for all the sand 
to go down? Si hr. 

Bs Suppose it takes only 1 hour for all the 
sand to go down. Estimate the number of 

minutes that have passed when the sand 

has reached the point midway between 2 

and 3 on the ruler. 3574 jin 





Assignments (page 219) 
Minimum: 1|-5, oral. Average: I-5. 
Maximum: 1-5. 


Follow-up 
To follow up these pages, urge chil- 
dren to make up some estimation 
problems on their own. They might 
estimate the number of children in 
the class, the number of classrooms 
in the entire school, and then the 
total number of children in the 
school. Or, you might have them 
count the number of cars that pass 
in front of the school in a five-min- 
ute period, and then estimate the 
number that pass in an hour or dur- 
ing the entire school day. 

A variety of estimation problems 
like these should give added stimu- 
lus to the lesson. 


Duplicator Masters, page 42 
Workbook, page 67 
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PAGES 220-221 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

Review any of the material from 
the chapter with which the children 
have had particular difficulty. Since 
much of the chapter is devoted to 
developing skills in multiplication 
and division of fractional numbers 
and to applications of those skills 
you will want to devote most of 
your time to reviewing these areas. 


220 





1. Find the products. 


a9xhiIs chxitt ee 3x¢% o 4x 33 15 1 58x Bh 18% 

aihx4e ofxh23 &£3xhd wn 5x 63 335 5 7} x BL 598 
2. Find the quotients. 

A 1 aoe c 5 +3 6% e674 oc $+2 4 |: eames 

81235 08+323 chsh $ whesd 4 3$= 1% 2% 
3. Match each quotient with a 4. Simplify each expression. 

product that is equal to it. 

agsi2  Glixe ip SNR an Te EVE 2 

oe eg 2] xs “ “= a 

$8 lied Bt aes ebogt gop Sidon Whe 

o§-83 [sxs diocd wedgeniaberttonls §> 00.2% 
5. Find the quotients. Write them as mixed numerals. 

a 49— 7.4 8.85—3  "eulO4= 9 fp) 2763 5) he, 59634124 

7 285 2 555 24834 

6. Give the symbol (<, >, =) foreach lll. 

aA5+2 ill +4< 


7. Suppose a can contains 


673 grams of nuts. 


a How many grams of nuts 
are in 5 such cans ? 337% 9 
s How many grams in } can ?33%4 
c How many 63-gram paper 
cups can you fill from 


1 can of nuts ? !O 
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Discussion 

You might want to work through 
several exercises on these pages 
with the children as a review, or 
you might assign the pages as inde- 
pendent work and use the results to 
evaluate their understanding of 
the concepts treated. 

In either case, remind the chil- 
dren to examine each answer and 
ask themselves if it seems reason- 
able. Here, the estimating skills 
they have just studied will prove 
very helpful. Work through prob- 
lems in any area which children 
found difficult. Some children will 
need two days if you want them to 
do all the exercises and problems. 


"8 A@bahs 








Encourage children to share ex- 
planations for their solutions. 

A tabular form is a convenient 
way to record the children’s guesses 
for the Think problem. Such a table 
may help clarify the explanations 
for those who could not solve the 
problem. For example: 


If —Twinkles Then — Taffy 





4 of 2 or 14 3 
2 of 6 or 4 6 
2 of 9 or 6 9 


2of 12 0r 8 ies 


Since 12 — 8 = 4, Twinkles is 8 
and Taffy is 12. 







c+ 9(bisi> 














8. The graph gives the time 
it took each boy to run 
the 50-metre dash. Give 
the average (arithmetic 
mean) of these times. 8 


10. 


Write and solve an equation to answer each question. 


A 





Seconds 








An average walker can cover 1 kilometre 
in about 4 hours. How long would it 
take him to reach Geneva ?!% hours 


A cubic centimetre of gold weighs 22 as 
much as a cubic centimetre of iron, which 
weighs about 48 g. What is the | tz 9 
weight of a cubic centimetre of gold ? 

A 334-rpm (revolutions per minute) phonograph 
record turns around 333 times each minute. 

If it takes 21 minutes to play the record, 

how many times does it turn around ?700 


Each ; on a map represents 1 km on land. 

The distance between two cities on the map is 24, cm. 

How many kilometres apart are these cities ? S 

On a scale drawing, a room is 9 cm long. If 2 cm represents 

1 metre, how long is the room ?224m 

A diamond about this size QR: weighs 3 carat. 

An object that weighs 2500 carats weighs 500 g. How many 
diamonds of the size shown does it take to make 1 kilogram ?\5000 


Estimate the number of 4;5-metre pieces of rope you can cut 
from a piece of rope 893, metres long. \9 
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Workbook, page 68 


ea 


Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Since a large portion of this lesson 
is devoted to units of measure, it 
should be helpful to review these 
by presenting exercises similar to 
exercises 4 and 5 on the chalk- 
board. You may need to list some 
of the equivalents on the chalk- 
board, or have the children look 
them up in their Tables of Mea- 
sures at the back of the book. 
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1. Solve the equations. 





a9xn=5665e8 27+n=347 c 48+n=68 v 98—-29=na9 


2. Solve the equations. 


A (9 x 6) +n= 606 


products, and quotients. 


aA 9672 B 
+4865 

esuee, 
x 63 

37,674 

Ee 9)6347 F 
TO5 R2 


ec (4x 8)+t= 364 «€ (3xn)+5=298 


7004 
—879 


438 


x 304 








4. Find the totals. Change each 
answer so that you have the 


greatest number of the larger unit. 
a6h54min Bs 6 min 30 sec ec 8yr7mo- 012 wk 2 days 
8h 10min 9 min 40 sec 23 yr 9 mo 9 wk 6 days 
15 he 4 min lomin 10 sec 32 ur4mo 22 wks | day 
5. Find the differences. 

a 15 wk 4 days Bb 5h1 min c 24min17sec. v39yr7mo 

6 wk 5 days 3h 2 min 15 min 35 sec 19 yr 10 mo 

8 min 42 sec \9yr Imo 


B8wK Gdays 





Discussion 

If children need quite a bit of 
review for exercises 4 and 5 on 
page 222, you might plan to have 
children spend two math periods 
on these pages. When they have 
finished with the exercises on page 
222, have them explain their solu- 
tions to those exercises which 
caused the most difficulty. 

On page 223, use the illustrations 
of devices for measuring time as a 
basis for discussion. Explain to the 
children that the device illustrated 
beneath exercise 13 is a sun dial. 

You will probably find that all 
children will enjoy participating in 
the activity suggested by the Think 


Lhe 59min 














problem on page 222, even though 
some may not be able to do all the 
arithmetic needed to determine 
which answer is correct. 








Short Stories 


2044 seconds. 


©p 9 hours. 
©.» How many minutes ? 540 


H) 1 week. How many minutes ? 
| 10 080 









| 





DME 
is [re [17 [18] 9] 





TIME 
2 hour. How many seconds ? !800 


5} days. 
How many hours ? !26 






gn 3 
© 331 2 minutes. How many days ? 216 
11 years old. How old 9¢ 360 
A indays ?40l5 g in hours? 


324 months. 
How many years ? 27 
c inminutes? pb inseconds? 


5781 600 346 896 000 
g Semimonthly means twice a month. Meet a friend 
100 years: 1 century. 


9 





semimonthly for 12 years. How many meetings ? 288 





10 years: 1 decade. 
How many decades of the 
20th century have passed ? 7 





















How many full centuries have 11 
passed since the year 1 A.D. ? |9 


Bimonthly means once very 2 months. Play golf 
bimonthly for 12 years. How many games? 72 


How long is twice as long as: 
3 weeks, 4 days, 8 hours, 35 1000 years: 1 millenium. 
minutes, 40 seconds ? Use the 14 Write a mixed numeral 

that describes the milleniums 
that have passed since the 


smallest number of each unit. 
9%% 
year1AD. | i600 


7 wk, 1 doy ,\7 hr, \lmin 
> (*digits depend on Current year ) 


20 sec 
The Great Sphinx in Egypt 
was built in 2900 B.c. 
How many years ago ? 
2900 +\9% %& 
(¥digits depend 
on Current ueor 







1 millenium, 9 centuries, 
7 decades, 6 years, and 


8 months. How many years ? 
i976 8 


223 





Follow-up 

If some children found page 223 
difficult, you might have them do 
research on various time measuring 
devices, or on how clocks are 
made. If possible, show the film 
““About Time,” produced by Bell 
System Science Series. (Contact 
your local phone company to find 
out about your nearest Telephone 
Film Library.) 
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CHAPTER 10 Decimals 


Pages 224-257 


General Objectives 


To introduce decimal notation 

To provide additional experience 
with fractional numbers 

To extend concepts of place value 
to include tenths, hundredths, 
thousandths, and so on 

To introduce addition and subtrac- 
tion of fractional numbers using 
decimal notation 

To introduce multiplication and di- 
vision of fractional numbers us- 
ing decimal notation 

To relate notation for money to 
decimal notation 

To provide a variety of word prob- 
lems using decimal notation 

To introduce scientific notation 

To relate concepts of decimals, 
fractional numbers, and the long- 
division process 

To introduce repeating decimals 

To provide estimation experiences 
using decimals 


The opening pages of this chapter 
explain what decimal notation 
means and how numerals are writ- 
ten and read in this notation. Fol- 
lowing this, the use of decimals to 
label points on the number line is 
described, and inequalities using 
decimal notation are introduced. 

Then, addition and subtraction 
using decimal notation are pre- 
sented, and a variety of word prob- 
lems follow: Before the children 
are introduced to multiplication and 
division of decimals, they round 
numbers represented by decimals 
and approximate products in deci- 
mal notation to strengthen their 
understanding of decimals. The 
children are then introduced to 
multiplication of decimals, includ- 
ing a variety of multiplication activ- 
ities, which leads to the shortcut for 
placing decimal points. After this, 
the process of dividing, using deci- 
mal notation, is introduced and 
developed. More word problems 
follow. 


w223A 


Toward the end of the chapter, 
the children learn how to use the 
dividing process to arrive at a deci- 
mal quotient. This kind of work 
also establishes the relationship be- 
tween fractional numbers repre- 
sented as fractions and fractional 
numbers represented as decimals. 
Further, it helps the children under- 
stand how to use the dividing pro- 
cess to find the decimal representa- 
tion of a fraction. Next, repeating 
decimals are introduced, and final- 
ly, the children are exposed to sev- 
eral applications of decimals, in- 
cluding scientific notation. 


Mathematics 


The following equation illustrates a 
specific example of the general defi- 
nition of decimal notation. 





3.6/2 > 3 ee 


In order to read 3.672 as three and 
six hundred seventy-two thou- 
sandths, we must show that, given 
the basic definition of 3.672 above, 


6 7 2 ss 672 
3 mi 10 as 100 5 £000 @ 37000: 





The proof is simple; nevertheless, 
it is an important step and should 
not be omitted: 


6 @ 2 = 
3.5 Too + 1000 ~~ 
= 600 70 2 
oe 3 Am 1000 ag 1000 ne 1000 
— 672 
> ~ 1000 











The mathematics section for this 
chapter may seem oversimplified 
for the amount of work provided. 
However, decimal notation for 
fractional numbers constitutes the 
only new material. The mathema- 
tical concepts associated with frac- 
tional numbers and the various 
operations are the same. 

Some fractional numbers cannot 
be represented by fractions having 
denominators of 10, 100, 1000, and 
so on. These fractional numbers 
can, however, be expressed as re- 
peating decimals. Some of the most 
obvious examples are the decimal 


representatronsmao! 4% (0,333... 2, 
3 (0.666...), ¢(0.1666...), and so 
on. Admittedly, we could also con- 
sider a decimal such as 0.5000. . . 
as a repeating decimal because it 
repeats zeros, but it is usually 
thought of as a terminating decimal 
and is simply written as 0.5. 

We emphasize again that the 
mathematics for this chapter is 
the same as that for previous chap- 
ters on fractional numbers; only the 
notation is different. 


Teaching the Chapter 


Materials 


Colored strips 

Container for water and oil, such 
as a glass beaker or a glass gradu- 
ate 

Graph paper, I-cm grid or larger 

Metre stick 

Metric weights, assorted, gram to 
kilogram 

Oil, vegetable or light motor oil 
(about 3-5 cu cm) 

Overhead projector (if available) 
and transparencies 

Pails for water, 3 litre and 8 litre 

Ruler, centimetre 

Scales, balance type (if available) 

Scissors 

Slips of paper, 2-cm square 

Two cubes of different density 
(metal or wood, and styrofoam) 

Water 


Vocabulary 

decimal millionth 

decimal point repeating decimal 

gram scientific notation 

hundredth tenth 

hundred ten thousandth 
thousandth thousandth 

metre 


Although the children have been 
introduced to words such as tenth, 
hundredth, and thousandth prior to 
this chapter, these words are listed 
as new vocabulary because of the 
context in which they are used. In 














this chapter, these words refer to 
notation using decimals. Point out 
that the difference between tenths 
written as a fraction and tenths 
written as a decimal is simply a 
matter of notation. Explain to the 
children that tenths are not really 
new to them, because they have 
worked with fractions including 
tenths for a long time. This chap- 
ter simply shows a new way to 
write fractions for tenths, hun- 
dredths, thousandths, and so on— 
as decimals. 


Lesson Schedule 


Plan to spend about three and a 
half to four weeks on this chapter, 
adjusting your schedule to the spe- 
cial needs and abilities of your chil- 
dren and to the amount of time left 
in the school year. All the material 
from Chapter 10 through the end of 
the book is covered thoroughly 
again in the seventh-, eighth-, and 
ninth-grade programs. Therefore, 
you may wish to be selective in 
your use of the remaining topics in 
the text, depending on how much 
time remains in the school year. 


Evaluation of Progress 


In this chapter, evaluation presents 
a special problem. One of the pri- 
mary objectives is to help the chil- 
dren understand decimal notation; 


therefore, your evaluation should 
center on the degree to which they 
have attained such an understand- 
ing. However, it is not easy to de- 
termine whether children grasp 
decimal concepts, because much 
of the work with decimals involves 
computing that is based on the 
techniques learned for whole num- 
bers. For example, in decimal mul- 
tiplication, the children eventually 
are led to the algorithm for multi- 
plying with decimals: they simply 
multiply asif they were using whole 
numbers and then determine the 
location of the decimal point for 
the final product. Naturally, a great 
deal of work is provided to show 
why the decimal point is located in 
a certain place. Therefore, you will 
need to evaluate the children’s 
daily participation and understand- 
ing, as well as their ability to work 
with the final algorithm. 

In studying this material, one 
goal should be to convince children 
that they are working with exactly 


“the same fractional numbers that 


they have worked with all along 
and that the difference is only in 
the way they represent these num- 
bers on their papers. Once you 
have convinced them of this, it 
should be a simple matter to point 
out the convenience of working 
with decimals. This convenience Is 
especially obvious in working with 


addition and subtraction, where the 
decimal points are lined up to 
assure Computing with common-de- 
nominator fractions. In multiplica- 
tion and division, the convenience 
of working with decimals also be- 
comes apparent, for calculating 
with fractional numbers is no more 
difficult than calculating with whole 
numbers. 

The ideas that form the nucleus 
of this chapter are reviewed on 
pages 254 and 255. A cumulative 
review is supplied on pages 256 
and 257. 


Resources for Active Learning 


GENERAL ACTIVITIES 


Mathex: Numeration No. 7, **Deci- 
mals,” pp. 47-48 (pupil pages 
52-60), Encyclopaedia Britan- 
nica Publications Ltd. 

Nuffield Project: Computation and 
Structure do". ag Place Values: 
pp. 1-12, Wiley 


MANIPULATIVE DEVICES 


Centimetre Decimal Set (Math 
Media) 

Decimal Abacus Board (Selective 
Educational Equipment) 

Metre Stick (Geyer Instructional 
Aids) 

Metric Measure Set (Gamco) 

Metric System Materials (Metric 
Association) 
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PAGES 224-225 
Objectives 
Given fractions with denomina- 
tors which are hundreds or thou- 
sands, the child will be able to 
write decimals for the fractions. 
Given a decimal, the child will be 
able to give the name of each place 
of the decimal. 


Preparation 

Materials 

graph paper, I-cm grid or larger 
(Duplicator Masters, page 62); 
SCISSOrS 


In order for children to benefit 
from this investigation, it is im- 
portant that they understand that 
units are arbitrary and may be 
chosen for a particular need or con- 
venience. For example, you might 
have them recall how different 
strips were used as the unit strip 
when they studied fractional num- 
bers. Then show them samples of 
the unit used in this lesson. Since 
children will be cutting out and 
using the small squares of graph 
paper for the hundredths, you might 
duplicate grids that are at least 1 
square cm. The children will also be 
working with 10-by-10 squares (unit) 
and 10-by-1 strips (tenths). 


Investigation 

Once children understand how the 
units, tenths, and hundredths are 
to be represented with the graph 
paper, encourage them to work on 
the investigation independently or 
with a classmate. It is intended that 
the children first cut out the graph 
paper and then use various pieces 
to make an interesting region. 
Direct them to trace around the 
pieces they have chosen in order to 
show the region. They should then 
try to figure out how to represent 
its area as a decimal. As the chil- 
dren work, move around the room 
and ask occasional questions to 
direct their attention to the rela- 
tionships between units, tenths, and 
hundredths, such as, “Which is 
greater, 4 hundredths or 4 tenths?” 
They should be able to see that 4 
l-by-1 squares (hundredths) are 
clearly fewer than 4 strips (tenths). 
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10 Decimals 


@ /-et’s explore decimal names for fractional numbers. 


Investigating the Ideas 


The pieces below will just cover this region. 
We can show the pee area as a adie at all 





Can you cut from graph paper some pieces like those 
above, put them together to form an interesting region, 


: ae wt vay ae 
and give the region’s area as a decimal ! Tnvestigation. 





AAU: 


fe 
vo apa 
hepa ee = 


Decimal 





Discussing the Ideas 


1. The decimal 2.34 is another way of writing 2 + 3 + a5 


What decimal would you write for 3 + 3 + 345? 3.57 
Fd 


. Study the diagram. Give the missing fractions. 
For the sum 2753 + 3 + 760 + ido, We write: 


Thousands 


Hundreds 


Tens Ones’ Tenths WHundredths 


Pe bh © 0c 8 bel 


a The 5in the tenths’ place means __ ? _. 
B The 7 inthe hundredths’ place means __ 
c The 2 in the thousandths’ place means __ 


Discussion 

Before beginning the discussion ex- 
ercises in the text, it would be 
helpful to have several children 
show their regions; tell how many 
units, tenths, and hundredths they 
used; and write the decimal for 
their region’s area. 

During the discussion, there are 
two important points to stress and 
explain. Be sure children realize 
that a decimal is simply another 
way of writing a fractional number. 
Explain that whenever a fractional 
number can be written as a fraction 
with 10, 100, 1000, and so on, as 
the denominator, it is often con- 
venient to use a decimal to name 





this number. Provide examples of 
fractional numbers represented first 
by fractions or mixed numerals and 
then by decimals. 


ts = 0.6 0424.5 
z30 = 0.09 36130 = 36.07 
t59 = 0.007 56r650 = 56.002 





Also, as you work through exer- 
cise 2, emphasize the place value 
of each digit. Again, provide other 
examples. Note that the example 
in the book shows how the ones’ 
place may be thought of as the cen- 
tral digit and that the digits to its 
right (and to the right of the decimal 
point) follow a pattern similar to 
the digits on the left. A chart such 








Using the Ideas 


. Copy the sentence. Give the missing word and number. 


A 537.29: The 3 inthe _ ? __ place means |||. tens, 30 

p 537.29: The 2 in the _?__ place means lll. tenths, % 

ec 537.29: The 5inthe _ ?__ place means lll. hundreds, 500 

p 537.29: The 9 in the __ ? __ place means |llll. hundredths, 2, 

E 8462.157: The 8inthe _? _ place means ||. thousands, 8000 
F 8462.157: The 7 in the _? __ place means lll. tnousandths, ass 
¢ 8462.157: The 5inthe _ ?__ place means lll. hundredths, arya 


. Write each fractional number as in the example. See Answers, 


Follow-up 

To provide extra practice, you 
might prepare a worksheet like 
this. 





Write the decimal for each of the 
following. 





1. 87 and 59 hundredths ____ 
2. 3 and 958 thousandths ____ 
3. 601 and 7 hundredths ____ 
4. 4 and 37 thousandths ____ 
5. 23 and 211 thousandths ____ 
6. 376 and 9 tenths —___ 


. Use what you know about place 


54.21=544+2+7 


T.E. page 225. 
Write each decimal as a sum of 











A 356.3 p 89.05 c 836.4 s 0.999 m 5.490 fractions. 
B 49.86 E 3.008 pSo.64. Ke S364" YN TS.603 es 
c 2.475 F 50.7 1 5607 1 0.836 o 29.07 eae 


. Write the correct decimal for each sum. 


aA9+p 94 
89+4+ 1% 9.43 


F 5+ 8 5.6 





9437 
at ny 5 + 7355.03 


e 50+ 4+ 55072 » 5+ 140 5.007 


p 50+ 4507 





value to answer questions about 
the decimal 5 496 000.007281 
Give the number of: 
a thousands és thousandths 7 

c ten thousands 9 

p ten thousandths 2 

—e hundred thousands 4 

Fe hundred thousandths 8 
cg millionss un millionths | 


as the following might help children 
with this: 










1000 10 1 A 
1 1 10 1000 





«¢ 5+ 2 + 785.06 


4 3 Z 0 0 6 8 
¢ 9+ 36+ i0+ woo 4H O+ t+ 100 + 10 mM 80+ ip808 
5.000 


think 
Give the missing numbers 


so this will be a magic 
square. ee 


0.701 
2.16= 














AV et eseet LS Nee 
NWN 
ox 
ae We) 
— OO 
= 
p 
We 


K 8 + 3 + 70 8.309 


4 6 
tL 17 + 75 + i900 
17.046 











Answers, exercise 2, page 225 
PAGS 5015990 ty 
B 49.86 = 49 + + + ito 
C2.475 =2 1 yo + 160 + 1000 
D 89.05 = 89 + ie 
E 3.008 = 3 + iso 
F 50.7=50+ 7% 
G 836.4 = 836 + 75 
H 83.64 = 83 4+ 35 + i60 
I 5.607 = 5+ + qe00 
J 0.999 = 15 a 130 at 500 
K 8.364 = 8 + #5 + 300 + wo 
L 0.836 = % + 30 + abo 
M 5.490 = 5 + 35 + x85 
N 8.603 = 8 + 3 + ie00 
O 29.07 = 29 + iam 
Resources for Active Learning 
Experiences in Mathematics Ideas, 
Volume 1, ““Physical Models for 
Decimals,” pp.168-197, NCTM. 


Nn 600 + 785600.06 
GROOU0g = auars” 
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Using the Exercises 
You may need to provide a special 
discussion of exercise 3, parts I 
through O, before having the chil- 
dren attempt the exercises. A 
thorough discussion of the chil- 
dren’s work is important as prepa- 
ration for the next lesson, so allow 
time for checking answers. 
Children who finish quickly may 
wish to try to solve the Think prob- 
lem. Some of them may need to be 
reminded that the magic sum holds 
for each column, row, and diagonal. 


Workbook, page 69 


_ Assignments (page 225) 


Minimum: 1-3. Average: 1-3. 
Maximum: 1-4. 
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PAGES 226-227 
Objectives 

Given a decimal using tenths, 
hundredths, or thousandths, the 
child will be able to read it. 

Given a fraction with a denomi- 
nator of 10, 100, or 1000, the child 
will be able to write it as a decimal. 


Preparation 

To prepare for this lesson, you 
might give children practice in 
identifying the place value of digits 
in a decimal. For example, present 
several decimals on the chalkboard 
or overhead projector and ask chil- 
dren to give the place value of 
specific digits you name. 


226 
























Discussing the Ideas 


1. Jack ran a kilometre in 2.54 minutes. 


ibe 50 gn On 5a 
100 = 2 + qo + 100 = 2100 





2.54=2+ 5+ 
For 2.54 we read “two and fifty-four hundredths. ” 
a Give the missing numerators. 

8.34 = 8 + % + 100 = 8 + 105 + 150 = 8 + 100 
sB How would you read the decimal in part a ? 


. Tony's batting average is 0.355 
0.355 = 3 + a5 + w0 





34 


355 















a Ee ee 
1000 1000 1000 1000 
For 0.355 we read ‘‘three hundred 
fifty-five thousandths.”’ 


a Give the missing numerators. 





to) ‘ 3I7 








a Micrometer 





Diameter of rod: 


c Barometer 





Q 


\\ FF 76.13 cm y 
Seventy ~six and th: rteen hundredths 
4. Read these decimals. 


Sets) Aa es is = 
0.31 ri we 40) ig 100 aL OOO Ra 1000 ia 1000 ot 1000 ~ 1000 
sp How would you read the decimal in part a ? 









e24icm 
“One andtwo hundred forty-one thousandths” 


oy) Air pressure: 


B Odometer 


p Racing car 


Speedway record: 
257.735 km/h 





Discussion 

The main purpose of this discus- 
sion section is to enable children 
to read decimals. Exercises 1 and 
2 help to show why we read deci- 
mals as we do. Some children may 
find this difficult, so do not seek 
mastery or spend too much time on 
this explanation. As you discuss 
exercise 1, point out that 35° is the 
sum of #5 and 74> and that 3 had to 
be changed to 795 in order to add it 
to zé5. Similarly, in exercise 2, 75 
and 75 were changed to 70> and 
1305 before finding the sum 7o%v. 
Children who understand these ex- 
ercises will have a clearer concept 
of why decimals such as 6.369 can 








be read as ‘‘six and three hundred 
sixty-nine thousandths.”’ 

Use exercises 3 and 4 to help all 
children learn to read decimals, 
especially those who found exer- 
cises | and 2 difficult. Provide other 
examples as needed. 


@ How are decimals read? 


Distance: 34.5 kilometres 
“ Thirty-four and five tenths” 


“Tye hundred ficty seven an 2 
hundred thirty fwe thousandths 


3. The examples show some uses of decimals. Read each decimal. 


seven 























VOY Ae 1 407 125.7 a 7.08 u 0.007 @ 

p 876 19.56 4 0.36 w» 32.09 er 0.023 v 0.654 @ 

c 5.123 « 35.872 « 0.743 o 4.008 s 008 w0.054 | 

po 4364 un 2.654 1. 96.04 p 16.017 1+ 3.64 x 0.09 © 
Follow patterns of exercise 3. : 

226 | 
= 


. Give the correct number for n 


. Write adecimal foreach 





Using the Ideas 


. Copy each exercise and give the missing numerator 
or denominator. 


A 57=5ih | ce 9,06=9f:00 1 0.407 7=1y m 5.060=5$f1000 
B 6.54=Gr§5 F 30.43=30rfy » 0.560= shy Nate 
o 


¢ 837=8Y00 « 8.276= ths 0.560=78, 0 3,004=3¢1000 
p 6.50= 6° H 3.495=34tmoa 0.078=4f00o p 14.07=147 100 


. Find the correct decimal. 


A v0 = Il Mil 0-13 D x50 = MMMM O07 ¢ 138 = WM 5 
B 3 = Il. till O-63 e 625 = ll. 625 ww i= Wm 15 
c io = lM O572 =f 856 — Wm 8-56 1 425 — iil M25 
. Copy and complete each exercise. 
ie TA Tato 2.5 875 1 ci” 

AS = a = WOR =& g= 7g = WM we = hy = MM OO-25 
8s = 75 = W.mmoi2 - 4 Pa Ill. 0-8 1 3 cool = (Il. Iil st ll 
cs = “ls = = i. Wilo40e = ue = ii. MMO34 9 2 =F = il il ie 

pd 3 a jooo = WNW MON25 


an thousandths=1 hundredth 
s ‘nm hundredths=1 tenth 
c i” tenths=1 


number. 
a 8% S7 a 49:86 49 076 





B 53Y60 5327 1 y 0.35 
c i 075 ' 018 
D 54:50054.35745 2% 0.24 
E 76:6576.07 K 8 0.6 

F 873330 L 35 0.6Q 


873.00 
hand Dodd 


Using the Exercises 
Before assigning the exercises on cise. 
page 227, you might want to work 

parts of exercise 3 with the chil- 

dren. Point out how each of the 
fractions can be written first as an 
equivalent fraction with a denomi- 

nator of 10, 100, or 1000, and then 

as a decimal. It is hoped that after 
children work exercise 3, they will 

be able to apply their understand- 

ing to exercises 5H through 5L. 

You might want to use these as 
discussion exercises for some 
children. 


When children have finished, al- Assignments (page 227) 
Minimum: 1-3. Average: 


low time for checking their work, 


encouraging them to give explana- Maximum: I-5S. 





tions for some parts of each exer- 


1-5. 


Follow-up 
A worthwhile follow-up activity for 
a lesson such as this is simply to 
provide more practice in reading 
decimals. 

Exhibit a variety of decimals on 
the chalkboard or overhead projec- 
tor, and give the children an oppor- 
tunity to read them. As they say 
these decimals aloud, review with 
them why they can read a decimal 
such as 5.249 as five and two 
hundred forty-nine thousandths. 
Emphasize, especially, why 700 = 
100 7 to = 0.2; why 7000 =100= 0.36; 
and so on. 


Workbook, page 70 
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PAGES 228-229 
Objective 

Given two fractional numbers in 
decimal notation, the child will be 
able to compare them and indicate 
the greater of the two by writing an 
inequality. 


Preparation 

Materials 

slips of paper, about 2 cm square, 
(4 per child) 


According to the need of the chil- 
dren, list several decimals for a 
review of reading decimals. You 
might also review equivalences of 
fractions with denominators of 10, 
100, and 1000. For example, have 
children match equivalent fractions 
you have written in two lists. 


le 


70 











10% 1000 
SS 

ee aes \ 28 

100 x 100 

80 * 800 

100 \ 1000 

\ 

sede \_60 

10 100 

80 70 

1000 100 
Investigation 


Stress with the children how impor- 
tant it is for them to record their 
investigation results. Encourage 
them to use the space provided in 
the text and place their pieces of 
paper where they would put the 
digits. The possible true inequali- 
ties are as follows: 


6.52 > 0.256 6.02 = 2556 
> 0.265 265 
> 0.526 5226 
= 002 5-62 
> 0.625 SS 
> 


0.652 


228 


like these. 


228 





Discussion 

Ask several children to give one of 
the inequalities they found in the 
investigation and explain why each 
is true. In particular, stress that 
6.52 > 6.25 because #2 > 4; 
6.52>0.652 because 0.652 is less 
than I. 

As you work through discussion 
exercise 1, it would be helpful to 
have some children write inequali- 
ties with mixed numerals as well: 


TAS2 S72 T3825 762 
183 < 8 fi > 7% 


Continue to stress place-value con- 
cepts and the relationship of deci- 
mals to fractional numerals. 


Make 4 slips of paper 


® How can decimals be compared? 


Investigating the Ideas 





Record 


How many ways can you place all your slips 


on the spaces so that the inequality is true ? 
See Investigation. 





Example: 6.5274 SIL. 


Discussing the Ideas 


1. Explain how to tell if each inequality below is true. 
One of them is false. 
Auld OleK<nOul Lobel Olea OL C 1:62. > O.one 





For exercises 2 and 3, it is essen- 
tial that children realize what part 
of a number line they are studying. 
For example, be sure they realize 
that point B in number line 2A is 
the whole number I, labelled as 2. 

For number line B, focus atten- 
tion primarily on the labels between 
+o and 75. Help the children see that 
they can think of this as a magni- 
fied portion of the part of number 
line A between 0 and 75. It would 
also be helpful to relate the hun- 
dredths on number line B to those 
on number line A by writing in- 
equalities. For example, ask chil- 
dren to compare point E with 75 
(400 < 70)- 


your 
results. 





False 
pe/2G2e—22/.8 


2. Give decimals for points a through bp in number line a below. 





A B Cc D 
[A] 0 0.102030405060.70.8 y0% Wo Wa viz 
10 1,48 MiO G101 1D  iteatd, tae SOMO 16 16 
ee ey 
Nae 
A Cc D E F G H I J K L 
0.5 YOON EY! 6¥_* SvetNGOVaD’) — BVaaiyaeny, 
oy ie ec 0.03 0.04 0.05 0.06 0.07 0.08 6.09 oi oT] O12 
ASo WO; dM o4 


3. Number line 8 shows part of number line a magnified 10 times. 
a Give fractions with denominator 100 that could be used 

to label the points at O and 3. 725 and {2 

B Give a decimal for each point in number line 8. See above. 


























Using the Ideas 






. Give the correct sign (<, =, or >) for each |}. 
























a 0.5 Mlk O.3>  — & 28.9; 29.1< x 0.004 if 0.04< 
B 18.7 i{\18.9<  ¢ 36.08) 36.80< 1 0.680) 0.68= 
c 47.6 ill) 46.6> 4 0.3 ih0.30=  m0.080 ql) 0.08 = 
p 0.28 {ll} 0.38< 1 0.30\H)0.300=  w 1.010 iff 0.999> 
E 12.54 ih 12.45> 4 0.4illlh0.04> — 0 4.009 if) 4.090 < 



































2. Give the number that is one tenth more than: 


a 0.394 80.910 61.516 p0.38048 — 0.004 F 5.95 
0.\04 6.05 


3. Give the number that is one hundredth more than: 


a0.05 80.09 c0.29 00.037 £06 £0.99 699.99 
0.06 O10 0.30 0.047 0O.6l |-00 100.00 


4. Give the number that is one thousandth more than: 


10.003 + 9.009 20,569 00.8, £038 + 0.099 «0,998 


5. Give the correct sign 
(<, =, >) for each ||). 
54.237 if) 54+ 34135410 
B 3.058’ 3+ 3+785 
c 9.7042 ill 9+ 54 rho + 10300 
p 61.359 lll) 60 +434 385+ 10 
< € 5.070'lll) 50+ 523 
<5 
G 
H 


N 
> 


N 


7.008 |b 7 +385 
5.280 iii} 5+ -4+785 
8.064 | 8+ 385 











> 

>1 4.000: h34+34+235+130 
<s 7.999 |i 8 

> 6.204 || MM 6+ 499 


























= 1 5,832 ll 5 + 299, + 73% 





A 9876.543 
C 999.999 


Pa, 





Using the Exercises 
On page 229, suggest to the chil- 
dren that if they are in doubt about 
any part of exercises | through 4, 
they should write the decimal as a 
fraction and then make the com- 
parison. You might want to use 
several of these as discussion mate- 
rial with some children. 
You can use the Think problem 
at the bottom of the page for those 
who complete their work quickly. 
In this problem, it may help to ob- 
serve that zero cannot be the digit 
in either the thousands’ place or the 
thousandths’ place. The children Assignments (page 229) 
should also notice that part CC does Minimum: |. Average: 1-4. 
not limit them to unlike digits. Maximum: 1-5. 


Follow-up/Hi-Lo 

To provide practice in reading and 
comparing decimals, suggest to the 
children that they play a game like 
the following. 

Direct all players to print the 
numerals 0 through 9 on appropri- 
ate playing cards. They should also 
draw some picture on one unnum- 
bered card; this will be the ‘‘joker.”’ 
In this game of “Hi-Lo,” the joker 
will represent a decimal point. Each 
player keeps one joker throughout 
the game. 

Four players should combine 
their numeral cards to make a 40- 
card deck. The dealer shuffles and 
deals four cards face down to each 
player, and cals ior io.” 
Each player places his joker among 
these and rearranges his five cards 
as he wishes while they are still 
face down. Then the dealer asks 
the players to show their cards, 
reminding them whether he called 
“Hi” or “Lo.” Each player turns 
over his cards as they are sitting 
before him and reads off his num- 
ber. The player with the highest 
(or lowest) number gets a point. 
The player with the most points 
after a predetermined number of 
rounds wins. 


Duplicator Masters, page 43 
Workbook, page 71 
Skill Masters, page 43 
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PAGES 230-231 
Objective 

Given decimals in addition and 
subtraction exercises which require 
regrouping, the child will be able 
to find the sums and differences. 


Preparation 

According to the need of the chil- 
dren and your method of class 
organization, provide the children 
with a chalkboard practice session 
on adding and subtracting 3- and 4- 
digit numbers. You might give sev- 
eral children an opportunity to 
explain the algorithm to the class. 
Be sure that proper emphasis is 
placed on the regrouping required 
in each exercise. Probably the most 
important objective of such prac- 
tice is to ensure that the children 
are quite skillful at this whole-num- 
ber algorithm before they begin 
their work on decimals, so that full 
attention can be focussed on the 
decimal concepts. 


Investigation 

Encourage children to work inde- 
pendently on this investigation. Re- 
mind them to express the sums and 
differences of the first set as frac- 
tions or mixed numerals. Although 
it would be better if they did not 
change fractions to lowest terms, it 
would be better if they changed 
improper fractions to mixed nu- 
merals. Guide them accordingly, as 
the need arises. Note that some of 
the examples treat regrouping skills. 
If you notice which children seem 
to understand these examples in- 
volving regrouping, you might ask 
them to give explanations of their 
procedures. 


230 



















Find these sums and differences. 


Can you use the problems above to help you 
find the sums and differences below ? 


Discussing the Ideas 
Explain the steps in the two examples. See Discussion. 


® /et’s add and subtract using decimals. 


Investigating the Ideas 






0.18 
+0.270.45 


4.6 
—1.729 





Adding hundredths 





0.563 
+0.749 
12 












Subtracting 






Discussion 

Use the exercises in the investiga- 
tion side by side to show and ex- 
plain the procedures involved. If 
possible, have children give expla- 
nations for each. Be sure children 
realize in the last example that 2.9 
is the same as 2.90 so 2.9 + 5.17 
may be thought of as 2.90 + 5.17, 
though in addition it is not nec- 
essary to write the zero. 

Work through example A, call- 
ing attention to the equation as well 
as the algorithm for each. 

For the first step in the addition 
algorithm shown here, you might 
observe with the children that, 
when they add zoo and yoo and get 






thou andths 


Subtracting 

h undredths 
O.X34 
—-0.578 

56 


zoo0, they may think of this as 735 





and iooo, Since 7530 = 100 + Too0- 
This idea explains why we are able 
to regroup the “1” to the hun- 
dredths’ column and then add this 
along with 76> and 7é>. Work 
through other examples with the 
children relating the procedures to 
addition and subtraction using frac- 
tions. For example: 


An drat nae Bast aan 
0.5550.7.=.n OS Oa ay7 

C fo-to=n Dotan 
0935 =087 =n 0.18+0.27 =n 

Evert oe bed Fistor. wO8 
+35 0.3 — 2% 0.5 



















Adding tenths 












Follow-up 
Worksheets similar to those below 


Using the Ideas 
might be of help to some children. 


1. Find the sums and differences. 
RoawOsGD.- es. 5.67 c 0.68 p 29.6 E 29.37 





Study the examples. Change each 


























+0.86 +8.4 —0.23 +8.93 —5.62 fractional sum to a single decimal. 
51 14.07 0-45 38.53 23.75 

r 537 co 3496 wn 8.763 1 17.078 5 2064 10 + x00 + tooo + 
-1.28 +5945  -0.045 +6974 53.32 eigen ige > Srueceidk naie andi 
4.09 94.41 8.116 24.052 153.08 la dette as “i at 

K 0.067 E 57.38 M 102.35 N 0.876 oO 700.3 io ats Too Ar 1000 
+0.836 +94.073 —41.17 —0.199 — 267.5 7 + ” ee 
0.903 151.453 61.18 0.677 432.8 

pmo 004e0 43:142" RnR 80.637 —s90.054 7 55:62 acne Fe hs 
BP tao nnttey 425 YC)? 109.85) lee 0.0262, 7.99 Study the examples. Try to change 
acti 10210 190407 O088 —a7Ge Seles 


decimals. 


vu 0.34+05+0.9+0.6+0.83. x 0.521 + 0.467 + 0.816.804 
vee.0+ 7.425934 6.9 322 y 4.37.4. 8.56 + 7.38 20.31 


w 0.34+0.63+0.79+ 0.644:*% 5.6 + 3.48 + 29.6 + 0.387 
39.067 





2. Find the missing amounts. 
a Since 9.67 + 5.38 = 15.05, we know that $9.67 and $5.38 is ||lll. 

B Since 20.00 — 7.35 = 12.65, we know that $20.00 $15.05 

less $7.35 is |[lll. $12.65 





Resources for Active Learning 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
““Nomographs: Addition with 
Decimals,” pp. 37-38, Lyons 
and Carnahan. (Available from 
McGraw-Hill Ryerson) 


3. Solve each money problem. 
a Find the total cost of the items 
shown in this budget book. $40.2! 
B Tom bought a pair of gym shoes 
for $6.98. How much change did 
he get back from a $20 bill ?¢13.02 
c Jan received a check for $10.55. She spent $4.98 for a 
record and $2.75 for a book. How much did she have left ? $2.82 
p Mr. Smith bought two adult tickets and one child's ticket 
for a play. He paid $3.25. Mr. Jones bought two adult 
tickets and two children’s tickets. He paid $4.00. 
What is the price of an adult ticket ? $!.25 





Duplicator Masters, page 44 
Workbook, page 72 
Skill Masters, page 44 


More practice, page A-17, Set 34 231 





Using the Exercises 

When you assign the exercises on 

page 231, be aware that parts such 

as 1J may require special attention. 

Sometimes you will want to point 

out such a problem after children 

have tried it on their own. With 

children who have little self-con- 

fidence, you might discuss it before 

they begin; such children need as 

many experiences of success as 

possible. Exercises 1U-1Z should 

be treated similarly; when the ad- 

dends are changed to column form, 

all digits representing the same 

place value should be in the same Assignments (page 231) 

column. Minimum: 1A-T. Average: 1-3. 
Maximum: 1-3. 
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PAGES 232-233 
Objective 

Given word problems requiring 
the use of decimals, the child will 
be able to solve the problem by 
adding or subtracting decimals. 


Preparation 

To stimulate interest in pages 232 
and 233, use demonstration materi- 
als to give examples involving the 
concept of density. For example, 
pour some oil into a graduated 
cylinder that has been partially 
filled with water. Encourage the 
children to discuss the fact that the 
oil rises above the water. Use this 
demonstration to introduce the text 


pages. 


232 


Short Stories 


al | April: 4.7 cm of rain. May: 3.9 cm of rain. How much rain ? ec 


2 Travel. Monday: 238.4 kilometres 
Tuesday: 467.5 kilometres. Wednesday: 
537.8 kilometres. How far ? 1243.7 
100-metre dash. Tom: 12.6 
seconds. Joe: 10.9 seconds. 





18.7 km per litre. 

“KT 2 litres. Howmanykm? 37.4 

24. Average depth of river: 15.9 m. 

Average depth of lake: 24.3 m. 
How much deeper is the lake ? 
8Am 


6 Pour in 25.35 cubic centimetres. Then pour in 


37.68 cubic centimetres more. How much liguid ? | 


T Expenses. Monday: $3.95. Tuesday: $6.23. Wednesday: $5.67. 
Thursday: $3.94. Friday: $4.58. Total ? $24:37 





Micrometer reading: 1.53 centimetres. Polishing removes 
0.67 centimetres. What does the micrometer read now ?0.26cm 


Normal body temperature: 37 °C. 
High fever: 2.7C° higher. 
How many degrees ?39 7° 





New record: 


257.735 km/h. 
How much greater is the new record ? 


0.868 k; h 1.4 : ae 
ah ay Magic square. Row, column, 


and diagonal sums the same. 
Give the missing numbers. 





42 Highest recorded temperature: 58.2°C. Lowest recorded 
temperature: 118.3C° below zero. Find the change in 
degrees from one temperature to the other.:76.5° 
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How much longer did it take Tom ? 
.7Sec 


Discussion 

Since an important purpose of 
word-problem sets is to stimulate 
the children’s imagination and to 
create additional interest in arith- 
metic, encourage discussion of 
topics suggested by problems on 
both pages according to the interest 
of the children. For example, the 
suggested preparation introducing 
density should give rise to discus- 
sion. You might include in the dis- 
cussion of density the old question 
of which weighs more, a kilogram 
of feathers or a kilogram of gold. 
Of course, they weigh the same, 
but ask children to imagine the vol- 
ume of gold that is needed compared 


to the volume of feathers needed to 
make a kilogram. Relate this idea to 
the fact that the density of the feath- 
ers is less than the density of the 
gold. Let each child examine the 
container of water and oil you used 
in the demonstration. Point out that 
the density of oil is less than the 
density of water, and relate this to 
their weights given in the table on 
page 233. 

As children work on these prob- 
lems, try to have available two 
blocks of equal volume and obvi- 
ously different weights, such as 
metal and styrofoam, or wood and 
styrofoam, for children to examine. 

When the children have finished 








DENSITY 





This famous airship rose 
above the ground because 
it contained hydrogen gas. 
We say the density of 
hydrogen gas is less than 
the density of air. 


A cubic metre of balsa wood Since oil rises to the top 
weighs much less than a cubic when mixed with water, it 
metre of copper. We say that the must be lighter. We say the 
density of copper is greater density of oil is less than 
than the density of balsa wood. the density of water. 


How much more does a litre of sea water 
weigh than a litre of pure water ?2.5.6 


Add to find the weight of 5 litres of See 
-5 
Which weighs more, 2 millilitres of acid 
or 3 millilitres of oil 2 How much more ? 
0.396 g (Aad) 
Find the difference in the weights of a litre 


of mercury and a litre of kerosene.i2. 725.5 


. Which is heavier, a cubic metre of cork or 


a cubic metre of glass ? How much heavier ? 


How much more or less does a cubic centi- 


metre of gold weigh than a cubic centimetre 
of iron and a cubic centimetre of lead % 162 


Estimate: 

A The number of litres of water 
in a cubic metre of water. ;o00 

B The number of litres of water 
needed to weigh about the same as 
a cubic decimetre of gold.\9.3 





Water 
Gasoline 
Kerosene 
Mercury 

Oil 

Sulfuric acid 
Sea water 


Water 
Balsa wood 
Copper 


Cork 
Glass 
Gold 
lron 
Lead 











1000.0 


681.7 
820.7 
13 546.2 
1082.41 
1821.13 
1025.6 
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the problems on both pages, allow 
time for further discussion and 
checking papers. Discuss in par- 
ticular any problems which seemed 
to cause difficulty. Notice that exer- 
cise 7 on page 233 is intended for 
more capable children. If they think 
of the whole-number values given 
in both charts, they should be able 
to relate the two sets of information. 


Assignments (page 232) 
Minimum: 1-6. Average: 1-12. 
Maximum: 1-12. 


Assignments (page 233) 
Minimum: 1-6, oral. Average: 1-6. 
Maximum: 1-7. 


Resources for Active Learning 

Developmental Math — Cards, 
Weight’ and... Water, .*L«13, 
Addison-Wesley. 

Freedom to Learn ‘‘Weight and 
Density,” pp. 143-147, Addison- 
Wesley. 

Measure and Find Out, Book 2, 
““How dense are you?” Activity 
2/8, Scott Foresman. (Available 
from Gage Education Publishing 
Ltd.) 


Duplicator Masters, page 45 
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PAGES 234-235 
Objective 

Given a decimal, the child will 
be able to round it to a specified 
decimal place. 


Preparation 
Materials 


centimetre rulers 

To prepare for this lesson, it 
would be helpful to review round- 
ing of whole numbers. For exam- 
ple, list several numerals on the 
chalkboard and ask children to 
round them to the nearest ten, the 
nearest hundred, or the nearest 
thousand. 


243 128 054 785 612 987 
496 701 985 648 793 299 
820 511 538 312 495 564 
522 346 109 598 300 726 


Remind children of the agreement 
that 5 is rounded to the greater ten, 
50 is rounded to the greater hun- 
dred, and so on. 


Investigation 

Since centimetres are not divided 
into tenths, hundredths, and thou- 
sandths, this investigation requires 
that children figure out the value 
of each decimal as related to the 
ordinary marks on a centimetre 
ruler. Due to the values of the deci- 
mals that are given, children must 
estimate or round these decimals to 
draw the correct line segments. Do 
not give any direction regarding 
how to round the decimals. If chil- 
dren have difficulty, encourage 
them to think of the ruler as a num- 
ber line or actually draw a number 
line in order.to place each decimal 
correctly. 
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@ How are decimals rounded? | 


Investigating the Ideas 






Can you draw line segments 
that are very close to 
4.52 centimetres long ? 
6.017 centimetres long ? 


5.249 centimetres long ? 
See Investigation. 


Discussing the Ideas 






1. Explain how you thought about each decimal before you 
drew your segment. See Discussion. 











2. The chart shows place-value names 
through millionths. Give each of 
these decimals rounded to the 
nearest hundredth. 

a 0.5372 «& 0.2886 S ; 

Answer: 0.54 F 0.2549 ~'x 7.826576 
2 0.6211, 0.2550 1 17.9650175% 
c 0.7849 “'n 0.6247" mw 38.009536.0, 
2 0.6954 "1 0.62476 y 99.9999 0. 5 7 8 6 9 3 


9.62 100.00 
3. The rules you learned for rounding whole numbers are also 


used for rounding decimals. Give each decimal above rounded 
to the nearest: See Answers, TE. page 235. 
a tenth Bs thousandth 


4. Study each example. Then read the decimals in exercise 2. 
a For 0.5786, we read ‘five thousand seven hundred 
eighty-six ten thousandths.” 
B For 0.57869, we read ‘fifty-seven thousand eight hundred 
sixty-nine hundred thousandths.” ‘ 
c For 0.578693, we read ‘five hundred seventy-eight thousand, 
six hundred ninety-three millionths.”’ 





















Discussion 

As children discuss how they 
thought about each decimal in the 
investigation, help them see that 
4.52 1s close, to, 4.50 or 4.55.80 
the first line segment should be 43 
cm. 6.017 is close to 6.02. which is 
closer to 6.0 cm than to 61 or 6% 
cm; and 5.249 is close to 5.25 which 
some may realize is halfway between 
5% (5.50) and 5 (5.0), so this line 
segment should be about 54 cm. 
Stress the usefulness of being able 
to round decimals. Use exercise 2 
to stress that the rule for rounding 
whole numbers also apply to deci- 
mals. Explain that when 4.52 is 
rounded, we write 4.5 and say “4.52 


rounded to the nearest tenth is 4.5.” 
You might use several examples 
from exercise 2 to explain how 
decimals are rounded to a nearest 
place just as whole numbers are. 
Have children carefully study 
the chart in exercise 2. You might 
then have children do exercises 2 
and 3 as a class activity, writing 
their answers on the chalkboard. 
However, if you prefer to treat ex- 
ercises 2 and 3 as oral exercises, 
it would be better to do exercise 4 
first. Then, when children give their 
rounded numbers orally, they will 
have had some practice in reading 
these decimals of 4, 5, and 6 places. 









Using the Ideas 













. Give the place value of each red digit. 

Aro c 35876 5 F 3.7045 0. 1 2.700 t 3.479 cl 
Answer: 3 0 8.76953. 0.0061 764 3.076101 m Mm 2.36083, 

B 8.7642 4 E 0.000585 4 4.82378 ox 8.00026 cn nN 0.0083 3 


7© 6600 190000 (60 000 “1000 





. Give the missing word for each of these interesting decimals. 
a Thin metallic film: ot 00002 cm 


We read: two __ ?___ cm hundred i. 


B Human hair: aie 0.005 cm 
We read: five __ ?__ cM Thovsandths 









. Give the missing numbers. 
a 0.28 rounded to the nearest tenth islliil. ©-3 

Bb O.745 rounded to the nearest hundredth is lll. 0.75 

c 0.57362 rounded to the nearest hundredth is'll. 0-57 
p 39.654 rounded to the nearest whole number is |||. 40 







. Give each decimal: 
A rounded to the nearest hundredth 
B rounded to, to the e nearest tenth , 


c rounded to the nearest whole number 
3, Oo, [, 





5. Balloons that rise into the air contain a gas 
that is lighter than air. Hydrogen, the lightest 
gas, weighs 0.089882 grams per litre. 

Give the weight of hydrogen gas: 
A rounded to the nearest hundred thousandth 
B rounded to the nearest ten thousandth : 
c rounded to the nearest thousandth 
b rounded to the nearest hundredth 
6.09 





More practice, page A-18, Set 35 





Answers, discussion exercise 3, 

page 234 

AAS05. BeOt6,Co082 Ds 0.7 0:3 
Fis GeO 3oddig 06a) 0.62 Jn 3:6 
Kite8 Lyd 8.0'9M fe38.0. Neil 00.0 

Bi Al05374B 0.621. 0/85,1) 0,695 
E 0:289 F..0.255,G_ 0,255, 0.625 
1,0.625,5,8.591.K 77.827. Ly l7.965 
M 38.010 N 100.000 


Using the Exercises 

For exercise: ly.onijpages235.0en: 
courage children to use the chart 
in exercise 2, page 234, if they need 
to. Both exercises | and 2 provide 
readiness for rounding the decimals 
in exercises 3, 4, and 5. With some 
groups of children, you might want 
to work through several of these 
exercises together. 


Assignments (page 235)* 
Minimum: |. Average: 1|-4. 
Maximum: |-S. 


Follow-up 

To provide more practice in round- 
ing decimals, give the children a 
worksheet like the one shown be- 
low; or suggest that they use infor- 
mation from their science, social 
studies, or current events classes. 





Round each group of decimals as 
directed. 





1. Round to the nearest tenth. 








A_ 0.87 B_ 0.37 C 0.91 
0:23, 0.18 0.44 
0.64 0.06 0.59 
2. Round to the nearest hundredth. 
A 23.147 B 16.997 C 57.481 
9.482 75335 43.086 
16.597 80.171 90.999 
= 
3. Round to the nearest 





thousandth. 











Workbook, page 73 
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PAGES 236-237 
Objective 

Given a decimal, the child will be 
able to multiply it by 10 or 100 
mentally. 


Preparation 
Materials 


colored strips 


To prepare for this lesson, you 
might briefly review how the value 
of the strips can vary according to 
the unit chosen. You might have 
the children use their strips to an- 
swer questions such as these: 

“If the red strip is the unit, what 
is the purple*strip% (2) *s #. the 
brown strip?” (4) 

“If the light green strip is the 
unit, what is the white strip?” (3) 

“If the yellow strip is the unit, 
what isithe Fedestripy a(S) #. a. the 
yellow strip?” (1) 

Finally, introduce the investiga- 
tion by posing the question, “If the 
Orange strip is the unit, what is the 
Wwhitexstrip2:> oe or 0.1) 


Investigation 

Point out to the children that for 
the entire investigation they should 
think of the orange strip as the unit 
strip. If children understand that the 
white strip then becomes 0.1 and the 
red strip 0.2, they should not have 
difficulty in giving the decimals 
for the other two strips. However, 
the main question of the investi- 
gation may require a little more 
thinking for some. You will prob- 
ably want the children to work in 
groups of at least 3, since they will 
not have, in one set of strips, 10 of 
each kind. By combining 3 sets of 
strips, they should have at least 10 
of each kind. As they begin to work, 
you might move around the room 
and ask questions like these: “‘Will 
all the trains be the same length?” 
“How much longer will the red 
train be than the white?” 

If the children have difficulty 
with the basic problem of finding 
the length of each train, ask them 
to find out how many 10-strips they 
can match with each train they have 
made. Several children should dis- 
cover the pattern and realize they 
are multiplying by 10. 
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® /s there an easy rule for multiplying 
decimals by 10 and 100? 


Investigating the Ideas 







Suppose the orange strip is the unit. 


_) ial 
lak im 


0.1 0.22 0.3 lll 3 0.4 Ill 4 


? 


Discussing the Ideas 


















Can you find the length of a train of 10 strips for each 





of the four colors ? See above and Investigation. 





1. You can find these products by thinking about fractions. 
Give your answer by using a whole number or the simplest 
possible decimal. 


a10x0.1=a1 2 100x0.01=a1c¢10x0.01=a, p 100x0.1=a10 
10x0.2=62 100x0.02=b2 10x0.02=69-2100x0.2=b20 
10x0.3=c3 100x0.03=c3 10x0.04=c94100x0.6 =c¢éo 
10x0.8=d8 100x0.07=d7 10x0.09=d97100x0.9=d90 








. The distributive principle is useful in finding the product 
of 10 or 100 times a fractional number named by a decimal. 
Explain the examples and give the products. See Discussion. 


tO X46 = (10:2) EON rae 


10 xq = 40 
10 x9o.6= 6 


we know that 10 x46 =n. 


100 x 3.07 = (100 x3) + (100 x0.0) 
100 x3 = 300 


100 x0.07= 7 we know that 100 x3.07 =n 


Since 
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Discussion 
Encourage children to share their 


investigation results. Relate each 
train to a multiplication equation: 


10 white strips: 10x 0.1= 1 

10 red strips: 10x0.2=2 

10 light green strips: 10x0.3=3 
10 purple strips: 10x0.4=4 

10 orange strips: 10 x1.0=10 


Relate this discussion to exercise 
1 and to multiplication with frac- 
tions. Show how the children might 
think: since 10 X 77 = 1, 10 X = 
2, which is the same as 10X0.2=2. 
Develop the other parts of exercise 
1 in relation to multiplication with 


fractions. For example, help chil- 


dren realize that 100x0.03 is the 
same as 100 X zéo, or 3. 

Use exercise 2 to help the chil- 
dren see how they can use this 
principle to add the two products 
to get the final product. To multiply 
10 x 4.6, for example, they can 
multiply 10x4, and 100.6, and 
add the two products to get the 
final answer. Both exercises | and 
2 are intended to develop the gen- 
eralizations summarized in exer- 
cise 4 of page 237. However, allow 
children to come to this realization 
in their own time. If they have not 
discovered it by the time they reach 
exercise 4 on page 237, use that 
exercise to help them. 





. Find the products. 
KR 10°x 0.44 ©e, 1007:x,0.055 1 
10 ONT 


Using the Ideas 


0.2 x 10 2 m 10 x 0.060.6 
B F 100 x 0.085 s 0.07 x 1007n 100 x 0.099 
c 10 x 0.04946 100 x 0.359 « 0.05 x 10 
D 


0 10x0.55 


10 x 0.080 100 x 0.600 1 0.5 x 10050p 100 x 0.033 


. Copy each exelcise and give the number for wae" penge 


a 10x5=a® 

10x0.3= 53 1053= Ph 
sp 10x0.7=a7 
10x004= yan C7.4 


. Find the products. 


100 x0.04=6b.4 


c 100x6=a® 
100 x 0.2=b20 


9100 x 6.2 = Cc 620 


pd 100x0.5= = eo 00x0.54= c. 


a 10 x 6.464c¢ 100 x 9.3930e 10 x 8.56 85.c¢6 10 x 51.3 513 
B 10 x 0.8287p 100 x 0.676% 100 x 9.73973H 100 x 26.4 2040 


. Complete each sentence correctly. 


A TOwrite the product of 10 times a number named by a decimal, 


write the decimal point _ ? 


_ place farther to the right. one 


B TO write the product of 100 times a number named by a 


decimal, write the decimal point _ 


. Find the products. 
10x 8.43643 x 
10X29 3205 ull0X972 e951 ee 
100x 1.97197 m 100x 9.72972 a 
100x 5.8580 n 100x97.2972 gy 
100 x 53.753700 100x 0.5 es 
10x0.362:2 pe 100x0.0 

100 x 0.862°°6 

100 x 34.23°%£R 
10x 27.64°$s 


100x54.8  »T 
5480 


More practice, page A-18, Set 36 


1000%0.004] 
1000 x0.1'° 
100 


Qa = =z Aa " moo oc a > 





Using the Exercises 

Assign the exercises on page 237 
as independent work. The exercises 
follow a developmental sequence. 
Exercise | is intended as prepara- 
tion for exercise 2, which develops 
the power skill for multiplying 
decimals by 10 and 100. Exercise 3 
develops readiness for the general- 
izations given in exercise 4. You 
might want to discuss exercise 4 
with all the children, but be sure to 
do so with those who have not quite 
understood the pattern. 

The Think problem might be 
challenging even for the more capa- 
ble children. If possible, encourage 
children to use actual containers of 


? __ places to the right. two 


these sizes to help them find the 
solution. (See Solution at the right.) 


Assignments (page 237) 
Minimum: 1, 5SA-Q. Average: 1-4, 
S5A-Q. Maximum: I-S. 


Follow-up 

For more practice with the decimal 
system, let the children explore the 
metric system of measurement, 
which is based on multiples of ten. 


Solution, Think, page 237 

Fill 8-litre container; from it, fill 
3-litre container; empty it. Fill 3- 
litre container again; empty it. Pour 
remaining 2 litres into 3-litre con- 
tainer. Fill 8-litre container. From 
it, fill the remaining empty section 
of the 3-litre container; empty it. 
Since there are now 7 litres left in 
the 8-litre container, fill the 3-litre 
container once more and you will 
have 4 litres remaining in the larger 
pail. 


Duplicator Masters, page 46 
Workbook, page 74 
Skill Masters, page 46 
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PAGES 238-239 
Objective 

Given two decimals with no more 
than 3 places to the right of the 
decimal, the child will be able to 
find their product. 


Preparation 
Review with the children a variety 
of products such as: 75 X ao, a X 
ne 7a x Tee 5 x oe 16 x Too; ne x 
Ce 10 x Tou: 
19 X Too. 
You need not have the children 
use lowest-terms fractions in such 
exercises, since the lesson concerns 
the placement of the decimal point 
in products of fractional numbers 
using decimal notation. 








1 1 7 2 
100 x 100+ 100 x 100° 


Discussion 

Discuss with the children how they 
can think about fractions to find the 
product of two fractional numbers 
named by decimals. Point out that 
their multiplying work with deci- 
mals will be easier if they can 
quickly find each of these products: 
1 X7o.10 Xa00.700 X 100 . Devel- 
op: parts A, .B.and.C. of exercise 1 
and emphasize that tenths times 
tenths is hundredths, 75 X qo = aw: 
tenths times hundredths is thou- 











sandths, yo X zao = as0; and hun- 
dredths times hundredths is ten 
thousandths, ihe as Tue 


Provide examples for the children 
to use this method. 
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“0.0065 





5.6 
x 0.3 





for 0.72 x0.6 


we __ 
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Next, carefully work through the 
flow chart in exercise 2. Be sure 
children know what the terms 1- 
place decimal, 2-place decimal, and 
so on, mean. You might want to 
show and discuss the following 
examples. 


tenths hundredths 
0.3 | I-place 0.54 | 2-place 
8.6 { decimals 0.08 ( decimals 
34.5 5.99 
thousandths 
0.124 | 3-place 
0.050 { decimals 
8.007 


@/et’s multiply decimals. 


Discussing the Ideas 


1. SU EE esi igi Then give the product P. 





2. Study the flow chart below. 





a Use the flow chart to help you find the product 7.2 x 0.6 4.32 
sb Explain how you would place the decimal i in the product 


c How many decimal places are there in the product 0.72 x 0.06 : 


3. How would you complete each sentence ? 
a When each factor is named BY a 1-place decimal, 
the product is named by a __ 
sB When each factor is named by a 2-place decimal, 
the product is named by a _ 
c To find the number of fh places in the product, 
? __ the number of decimal places in each factor.add 





To find Se product, think: 
[7] 3x 4=12 
ania x tenths = hundredths 


To find this product, think: 
fa] 4x 6= 24 
[2]tenths x hundredths = thousandths 


To find this product, think: 
[] 5x 13 = 65 
[2]hundredths x hundredths = ten thousandths 











56 5.6<—1 -place decimal 5.6 
3 x 0.3<—1-place decimal x 0.3 
168 1 68<—2-place decimal 1.68 © 


er of decimal places inte factors; prod 
Nas same number of Slaces 


fount Num 


1 


__ -place decimal. 2 


__ -place decimal. 4 


Relate the pattern developed here 
to the ‘tenths times tenths” ap- | 
proach used in exercise 1. As you 
work through other examples using 
the shortcut method presented in 
exercise 2, include one like this: 


0.05 x 0.06= 0.0030 ; . 


Explain that the zeros in the factors 
must be considered, so here there 
are four places. Then the zero 
which is in the last place should 
also be included in determining 
place value, 0.0030; and the zeros 
must be used in the tenths’ and 
hundredths’ places to make the re- 
quired 4-place decimal. In prob- 
lems such as this, encourage chil- 


Resources for Active Learning 

Developmental Math Cards, * 
tiplying with the Abacus,” 
Addison-Wesley. 

Franklin Series: From Fingers to 
Computers, “Multiplying Frac- 
tional Numbers’”’ (using a slide 
rule), pp. 57-58, Lyons and Car- 
nahan. (Available from McGraw- 
Hill Ryerson) 


Mul- 
JA13., 


Using the Ideas 


1. Do not compute the product. Simply tell whether the product 
will be written as tenths, hundredths, thousandths, or 
ten thousandths. 
A Oeex Oe c 4 x 0.08 20.07 x O38 0.4 x 0.68 
Answer: hundredths p 0.23 x 0.9th.e 0.07 x O 3800.4 x O 
BO.5 x 0.3h E Ost2, x O.20 We O24 90:9 eK 077) 0; 
ten th. tenth. 


2. Find the products. 
REC exnOrewemrer Oho xo ot O66 xs0:/ 
80.9x06° £049x 0.2509 x08.” 

Oreos WYROTTIE Os x 0590.47 
c0.8x05_ GO. x 0.3. K x HeW be 
> 0.3 x 0.52 A™ 1 0.41 x 

. Find the products. 
A 3 e243 E 

x 0.06 x9 


Onn 22. 2\8.7 
B 598 p 61.5 F 


OSS x45 


\. 6368 264.45 5.616 
. Find the products. 


a 83.6 x 0.541.890 pd 0.007 x 5. 98, 
B 97.1 x 3.14304.094 © 0.023 x 0.24" ore 
c 72.1 x 0.0049.2804 F 53.4 x eas 


m 0.03 x 





Duplicator Masters, page 47 
Workbook, page 75 
Skill Masters, page 47 


HO.5 x 0.24 
0.\20 


6.32 
OLS 


5.056 
70.2 4H 


x 0.08 


0.15048 
93.04 


x 0.033 
3.07032 


More practice, page A-19, Set 37 


dren to think through the method 
shown in exercise | as well as the 
shortcut method. 

Summarize the discussion by 
asking children to complete the 
statements in exercise 3. 





Using the Exercises 

Assign the exercises on page 239 
as independent work, but help 
those children who still have diffi- 
culty. When they have finished, 
you may want to allow time for 
placing several exercises on the 
chalkboard and having various chil- 
dren explain them to the class. Be 
sure that they explain the place- 
ment of the decimal in the answer 
in terms of the decimals that appear 
in the factors. 


Assignments (page 239) 
Minimum: 1,2A-H, 3A-H, 4A-D. 
Average: 1-4. Maximum: 1-4. 
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PAGES 240-241 
Objective 

Given word problems and charts 
containing data expressed in deci- 
mal notation, the child will be able 
to solve the problems by applying 
his understanding of addition, sub- 
traction, and multiplication with 
decimals. 


Preparation 

Since much of the work in these 
word-problem sets is devoted to 
multiplication with decimal nota- 
tion, the children should review the 
algorithm for multiplying with deci- 
mals that was presented in the last 
lesson. You might select several 
examples similar to those in exer- 
cise | on page 239 and have some 
children write them on the chalk- 
board and explain them to the class. 
Emphasize that the children can 
always think of decimal multiplica- 
tion simply as whole-number mul- 
tiplication and ignore the placement 
of the decimal point until they have 
found the product. 
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Short Stories STPACTR 


1. Earth travels around the sun 
at 29.77 km/sec. Mars 
travels around the sun at 0.81 
times Earth’s speed. How fast ? 
24.11 Km/sec 
2. Planets. The closer to the sun, 
the faster they travel around 
it. Pluto’s orbital speed: 
4.8 km/sec. Venus: 7.25 times 
as fast. How fast? 34.8 km/sec 


3. Earth’s diameter: 12 755 km. 
Diameter of the moon: 0.27 
times that of Earth. What is 
the diameter of the moon ? 





. Day on Mars: 24.6 Earth hours. 


10 days on Mars. How many 
Earth hours ? 246 


. Year on Mars: 1.9 Earth years. 


8.3 years on Mars. 
How many Earth years ?|5.7 7 


7. Satellite. Takes 95.57 minutes 


to orbit Earth. 

a How many minutes for 
9.5 orbits 2 707-7!5 min 

B How many minutes for 
100 orbits ? 7927 min 

c About how many hours for 
100 orbits 2? About 160 hr 


bp About how many days for 
100 orbits ? About 7 days 


. Rocket. To leave Mercury, must 


go 4.2 km/sec. To leave 
Earth, must go 1.28 km/sec. 
less than 3 times that for 


Mercury. How fast ? 
W\V.32 km/sec 





3443.85 km 
4. =< Se enema do eee pene Sane es i ota 
Earth 12 755 kilometres. 
Mercury} 0.38 x Earth’s diameter 
Venus 0.91 x Earth’s diameter 
Mars 0.52 x Earth's diameter 
Jupiter | 10.97 x Earth’s diameter 
Saturn 9.03 x Earth’s diameter 
Uranus 3.73 x Earth's diameter 
Neptune| 3.38 x Earth’s diameter 
Pluto 0.45 x Earth's diameter 
a Find the diameter of each 
planet. 
sp Round each diameter to the 
nearest whole number. 
See Answers, T.E. page 240. 
240 
Discussion 


Use one of the pages as basis for 
an introductory discussion. For 
example, if many children have a 
special interest in science and space 
facts, use three or four problems as 
discussion material. 

Children may need help in pro- 
nouncing some of the names for the 
monetary units. You might also 
want children to locate each of the 
listed countries on a world map.° 

When children finish the prob- 
lems allow time for discussion. 
Note that the starred problems on 
page 241 are intended as a special 
challenge. Encourage those who 
try them to compare answers and 


discuss solutions. In all of these 
problems, the children need only 
multiply to change from the foreign 
monetary unit to dollars. They 
should not be expected to change 
dollars into foreign units here. 


Answers, exercise 4, page 240 


4. A B 
Earth 12755 12755 
Mercury 4846.90. 4847 
Venus 11 607.05 11 607 
Mars 6632.60 6633 


Jupiter 139 922.35 139 922 
Saturn 115 177.65 115 118 
Uranus 47 576.15 47 576 
Neptune 43 111.90 43 112 
Pluto 5739.75 5740 


a A 





Japan 
| Mexico 


| Switzerland 





LION YT AROUND THR WORLD 


nes 


India 


5. How many Canadian dollars can you get for 378 Mexican pesos 2 $30.24 
6. Suppose you had 5000 yen. How many Canadian dollars would 


* 8. 


*These money values are subject to change because of political and economic factors. 








Pound. 






Britain 


Rupee 







Yen 


Peso 
























Franc 


. One Mexican peso is worth 0.08 of a dollar or $0.08. 


Two pesos are worth 2 x 0.08, or $0.16. Find the value in dollars of: 
aA 3 pesos $0248 4 pesos$032c 5 pesos$040p 7 pesos$os5ée 10 pesos$0.80 


One Swiss franc is worth 0.31 of a dollar. 

Find the value in dollars of: . 

a 2francs$062 sp 3 francs$0.93 c 5francs$!.55 wv 8 francs$2-48 
e 10 francs$3.10 fF 100 francs$3\.00 « 1000 francs $310.00 


Suppose you bought these articles in Switzerland: 
watch, 128 francs; music box, 48 francs; Swiss chocolate, 
16 francs. What would be the total cost in dollars ? $59. 52 


In Canadian dollars give the value of: 
a 2U.S. dollars $ 2.006 8 3U.S. dollars $3.009 
c 10U.S. dollars $10.03 pv 100 U:S. dollars $100.30 








they be worth? $ {9.00 


. If you had 12 Mexican pesos, about how many Swiss francs 


would they be worth ? About 4 
Which will buy most, 1000 yen, 1 pound, or 10 rupees ? 1000 yen 
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Assignments (page 241) 
Minimum: 1-6, oral. Average: 1-6. 
Maximum: 1-8. 


Assignments (page 240) 
Minimum: 1-6. Average: 1-8. 
Maximum: 1-8. 


Follow-up 

More capable children may be in- 
terested in extending the metric 
system to weight, since this sys- 
tem is used for most scientific 
work. In the metric system, the 
unit of weight is the gram (g). The 
prefixes used for lengths in the fol- 
low-up section on page 237 are 
also used for weights. 


Resources for Active Learning 

Math Activity Cards, “‘Large and 
Small,” E26, Macmillan. 

Measure and Find Out, Book 2, 
“Measuring Length,” Activity 
1/1, Scott Foresman. (Available 
from Gage Educational Publishing 
Ltd.) 

Nuffield Project: Computation and 
Structure 4, pp. 57-58, Wiley. 
[ Numbers in space | 


PAGES 242-243 
Objective 

Given a decimal, the child will be 
able to divide it by a whole number. 


Preparation 

Depending on the need of the chil- 
dren, review the long division algo- 
rithm or the rules for multiplication 
with decimals. Both skills are 
needed for this lesson. 


Investigation 

The statement introducing this in- 
vestigation should immediately 
remind children of the relationship 
between multiplication and divi- 
sion. It is intended that this remind- 
er suggest to the children that by 
multiplying the divisor times the 
quotient in each problem they can 
find the correct quotients. If some 
children finish quickly, challenge 
them to try the following problems 
and check their answers by multi- 
plication. 


4) 12.64 4) 1.264 
7)318.5 7) 31.85 


242 


Investigating the Ideas 


Use multiplication 


to check this quotient. pe 
243 be 


6)1458 


Can you use what you know about multiplying decimals 
to find which quotients on the paper are correct sees 
\ 


Discussing the Ideas 


1. How could you use estimation to help you decide which 


quotients above are correct ? See Discussion. 


. Can you give a shortcut for placing the decimal point 
in the quotient ? See Discussion. 


. Explain each example. see Discussion. 


Dividing ones 


7 


3 ) Ses .24 8 





Discussion 

Allow children an opportunity to 
explain their answers for the inves- 
tigation. As you discuss exercise 1, 
children should see again how 
rounding decimals proves to be 
useful. For example, for the prob- 
lem 


24.3 
6) 14.58 


the child might reason that 6 x 20 


is 120, so 24.3 cannot be correct 
because 14.58 is not close to 120. 


However, since 6 X 2 is 12, the 
answer in this quotient is reason- 
able: 


: Dividing tenths 


7 oe 


8)58.%48 


| Dividing thousandths 


0.027 
324;)0.921 4 


1 
a 





2.43 
6) 14.58 


If necessary, provide other exam- 
ples of estimation, similar to those 
in exercise 1 on page 243. Since 
this lesson is crucial to the work 
that will be done in division with 
decimals, special emphasis should 
be given to exercise 2. Help the 
children discover the general rule 
for placing the decimal point: Put 
the decimal point directly above 
where it is placed in the dividend, 
and keep th ep the quotient figures lined 
up according to ig to the place- -value 
scheme for division of whole num- 
bers. Stress that this method obvi- 


Dividing hundredths — 


Dividing ten thousandths 
0.027% 
Sa )0.9214 





Using the Ideas 


1. Estimating products will help you check your quotients 
when dividing decimals. Give the missing numbers. 





3.2 x 9 
4.76 x 58 5 x 60, or 300 
B 370 
D 232 
F248 


H Z\o 


OS xe 
28.6 x 8 
3.954 x 62 
53.51 x 4 





2. Estimate each product. Then find the product 
and compare it with your estimate. 
a 35.6 x 82848¢ 0.72 x me ah 0.059 x 84726 0.0628 x 34 
B 7.85 x 6248670 0.835 x “0.043 x 67 ae Cae Oe 


3. The correct digits are given for the quotient. 82 
a Estimate the products 82 x 6, 8.2 x 6,and0.82x6. 6)49.2 


B Give the correct quotient for 49.2 — 6. A 480, 48.0,4.80 
eykoer? 


4. The correct digits, other than zero, are given for each quotient. 


Find the correct quotient. 
4.3 34 5.23 
A 43 B 34 c 


437 -O28 


437 oD 28 523 
8)34.4 28)9.52 6)2.622 76)2.128 9)47.07 
5. Find the quotients. Check your work. 
8-5 .7 257 54 
a 4)34.0 bp 43)30.1 c 5)1.285 pd 67)361.8 
ZA.76 &.7 -O67 .0234 
e 8)198.08 F 20)174.0 « 50)3.350 H 79)2.686 
More practice, page A-19, Set 38 243 





ously holds only for whole-number Using the Exercises 


divisors. 

As you discuss exercise 3, it 
would be helpful to present each 
example on the chalkboard and 
work through it step by step with 
the children. Observe that there 
are only whole-number divisors in 
division problems having decimals. 
They will change any exercise that 
does not have a whole-number 
divisor to an equivalent problem 
that does have a whole-number 
divisor. 


The exercises on page 243 give the 
child an opportunity to work de- 
velopmentally from estimation to 
actual long division with decimals 
as the dividends. With some chil- 
dren, you will want to use many of 
these exercises as a basis for dis- 
cussion. Exercises 3 and 4 are ap- 
propriate for such use. Remind the 
children that even after they learn 
the rule of how to place the decimal 
point, they should try to at least 
mentally check their answer. 


Assignments (page 243)* 
Minimum: 1, 2. Average: 
Maximum: 1-S. 


1-4. 


Duplicator Masters, page 48 
Workbook, page 76 


Skill Masters, page 48 
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PAGES 244-245 
Objective 

Given two fractional numbers 
expressed as decimals, the child 
will be able to find their quotient. 


Preparation 

To prepare for this lesson, review 
the rules for multiplying decimals 
by 10 and 100. For example, list 
several decimals on the chalkboard 
and ask children to write or give the 
product of each multiplied by 10, 
then by 100, without computing. 
You might also briefly review how 
multiplication can be used to check 
quotients, as shown in the previous 
lesson. 


Discussion 

The main purpose of this lesson is 
to help children discover and un- 
derstand that they move the deci- 
mal point in the dividend to the 
right the same number of places as 
they move the decimal in the divi- 
sor to the right, in order to make 
the divisor represent a whole 
number. 

As you work through discussion 
exercise |, note that children should 
think first of the division in frac- 
tional form; then by multiplying the 
numerator and denominator by 10, 
they will arrive at a whole-number 
problem. The important thing for 
the children to realize is that the 


244 






@ Let's explore dividing decimals again. 


Discussing the Ideas 
See Discussion. eet 
1. Explain how the diagram shows that the quotient for 0.4)3.2 


is the same as the quotient for 4)32. Find this quotient. 


MM 32x10 
04° 04x10 4 














. Explain how the diagram shows that you can find the quotient for 
0.21)6.741 by finding the quotient for 21)674.1. Find the quotient. 


. Explain how to find the missing number so that the two problems 
each have the same quotient. 


= 6 
a 0.4)2.4 4)illl 
(é) 24 a 


2 Os 7 ee ae eel anny a 
Bp 0.5)0.35 5)iiil 0 0.19)0.874 19) iilile O.08)58.4 8) HMMM 
3.5 87.4 5840 






it haibillentt ts wees ae OPOnt 
c 0.06)3.42 6)iilil e 1.1)693 11) HMM 
342 6930 


4. Explain steps 1 and 2. Then copy step 3 and complete 








10 x dividend 


the dividing. 





{ Think about 
{ the problem: 
\ 21)674.1 


Think about 


the problem: 
83)5.81 





answer is the same for 32 +4 as 
it is for 3.2+ 0.4. They could multi- 
ply the numerator and denomina- 
tor by 100 or by 1000 as long as 
they multiply both the numerator 
and the denominator by the same 
number. 

Although the children have been 
introduced to equivalent fractions 
previously, the point to stress is 
that they can rewrite a problem 
that does not contain a whole-num- 
ber divisor as a problem in which 
the divisor is a whole number. 

You might show examples such 
as the following and have children 
check by multiplication that the 
quotients are the same. 


3 3 3 3 
0.06)0.18 0.6)1.8 6)18 60)180 
Work through exercise 3 as indi- 
cated in exercises | and 2. 

Use exercise 4 to help children 
discover a shortcut rule. Help them 
see that they can think of moving 
the decimal point the same number 
of places to the right in both the 
divisor and the dividend. Point out 
that the caret (A) is simply a device 
for helping them remember where 
to place the decimal point. Capable 
children should understand the 
concepts involved in this method, 
while slower children will be able 
to follow the process once they are 
told how to go about it. 





1. Copy the second part of each exercise. Give the missing 
number so that both division problems have the same quotient. 


mE ede] ene 
a 0.5)15.5 = 5) iit in h55 pd 0.23)92.23 23) INI] 9223 
\ 5 ae 
B 0.8)3.2 8) MIMI 2-8 —E 0.72)3.6 72) Iii) Se° 
EO ean pothole halal 4 
c 6.3)504 63) Ill IM MM Il] 5040 F0.07)0.224 7) ihiiiz2.4 
2. Find the quotients. 
fa Ul __ lit peel lll 4 
A0.03)0a12 B 0.3)1.2 cro) L2 p 30)120 
a eee: ae 
E F 0.6)3 c 60)300 H 0.06)0.3 
3. Each quotient is given without a decimal point. 
Copy the problem and put in the decimal point correctly. 
A 35355 B Beets _ 36 36D __:231 23) 
0.7)245 0.04)0.1248 1.2)4.32 0.62)1.4322 
4. Find the quotients. 
Check your work. 
il ee _362_ 
a 0.4)29.6 Bp 0.08)30.56 
83.0 9 
c 0.7)58.10 p 4.1)36.9 
285.4 2.07 
E 0.03)8.562 e& 5.8)0.406 
530. stn Pit, 
c 0.09)47.7 H 0.67)5.36 
2.0 2.5 
1 8.4)16.80 s 0.25)0.625 
AO _ Sees 
k 0.7)308.0 t 0.11)0.638 
___190 __ 460 
m 9.6)1824 n 0.71)326.6 
ae as —44-6 _ 
o 6.5)351.0 p 0.008)3.568 
a 0.029)0.493 r 0.84)3.5868 
a eo 
s 3.45)24.15 1 61.8)5.562 


More practice, page A-20, Set 39 


Using the Exercises 

With many children, you will want 
to provide further discussion mate- 
rial. Both exercises | and 2 on page 
245 are excellent material for this. 
You might have some children 
work them on the chalkboard. Con- 
tinue to stress that they are to mul- 
tiply divisor and dividend by the 
same multiple of ten and that this 
may be shown by the use of the 
caret. If necessary, use the method 
in exercises 1 and 2 for many ex- 
amples to help children think of 
equivalent fractions with denomi- 
nators of 10, 100, or 1000. 








Using the Ideas 





245 


Assignments (page 245) 
Minimum: 1-3, 4A-H. 


Average: 1-4. Maximum: 1-4. 





Resources for Active Learning 

Franklin Series: Making and Using 
Graphs and Nomographs, pp. 
89-92, Lyons and Carnahan. 
| Multiplication and division with 
decimals] (Available from Mc- 
Graw-Hill Ryerson) 


Duplicator Masters, page 49 
Workbook, page 77 
Skill Masters, page 49 
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PAGES 246-247 
Objective 

Given word problems involving 
decimals and multiplication and 
division, the child will be able to 
solve the problems by using the 
division algorithm for decimals. 


Preparation 

Since much of the material in this 
lesson involves working with deci- 
mal notation and multiplication and 
division, one of the best prepara- 
tions is to review the decimal algo- 
rithm presented in the last lesson. 
Many of the children may need 
extra help in understanding this 
algorithm. Stress that moving the 
decimal point in the divisor and the 
dividend necessitates multiplying 
both the divisor and the dividend 
by the same multiple of ten. 


246 


Short Stories 


Large wire: 0.58-cm diameter. 
Cable: 3.48-cm diameter. 


How many times as thick ?© 


~~ 


~ 
XQ Drove 193.8 km in 3.4 hours. How many km/h ? 





Divide $58.86 


equally among 4 
people. How much 
for each person ? $!4.64 


Litre of gasoline: about 660 g. 
43.56 kg of gasoline. 
How many litres ? 66 (rtres 


Litre of milk: about 1.56 
times as heavy as a litre 


of gasoline. How heavy ? 
1029.69 


1 Total cost: $38.34. 


A Bought 9 items, each 
costing the same amount. 
How much ? $4.26 

B How much change received 


World’s smallest motor: weighs 
about 0.000001 kg. About how 
many needed to weigh 1 kg ? 


Drove 16.1 km. Used 0.9 litres 


of gas. How many km /litre ? 
173 Km/tre 


1 shoelace: 39.37 cm. 
100 shoelaces. 


1000000 How many centimetres ? 
3937 


Gasoline record: Mon., 

? 17.3 litres; Tues., 18.7 litres; 
Wed., 16.4 litres; Thurs., 19.5 
litres; Fri., 17.6 litres. 

a Give the average number 
of litres perday. 17.9 
s Find the total cost at 
22.9 cents a litre. $20.50 
c Travelled 12.6 km/litre. 
How many kilometres in all ? 
; 1082-3 km 
l Box of cereal: contains 
315 grams. Costs 39¢. 
? 
How many cents per lela, 


Square: each side 4.69 cm. 
a What is the area ? 21.996! 
sp What is the perimeter ?ig.7¢ 


from a 50-dollar bill ?$1|.c6 is 


* Salary: $2.32 per hour. 
Time clock: $\9.\4 
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Discussion 

Some of the problems on page 246 
might be challenging for many chil- 
dren. In accord with the problem- 
solving approach recommended 
throughout this series, encourage 
the children to confront each prob- 
lem individually, think it through, 
try to solve it, and then check to 
see if their answer is reasonable. 
Since most of the problems require 
either multiplication or division, 
children will need sufficient time to 
think through each problem; do not 
expect them to finish all problems 
in a single lesson. Stress, rather, 
that they understand how to solve 
each problem they try and use the 





Deduct 1 hour for lunch 
and then find the exact 
pay for the day. 


algorithms correctly, even though 
they may not complete them all. 
You might assign all the odd- 
numbered problems to some chil- 
ren and the even-numbered to 
others and have children explain 
their problems and solutions to 


each other. 
The problems on page 247 will 
also. challenge many _ children. 


Again, stress that for many it is 
more important to work carefully 
through 2 or 3 problems rather than 
try to finish all 6. 


Assignments (page 246) 
Minimum: 1-6. Average: 1-12. 
Maximum: 1-13. 


iy, 


eer 


aad SAO oS. SMG 


It is estimated that it would take about 200 
pag nite human hairs laid side by side to 
cover 1 cm. Assuming that this is true, 
what part of a centimetre is the width of a 
human hair ? Give this as a decimal.0.00 5 


2. The diameter of the wire used to make coat 
hangers is about 0.036 cm. 


How many times the diameter of a human hair is this Gey 





3. One of the smallest watches is about 1 cm 

long and 0.5 cm wide and weighs 7.08 g. 

a How many times as wide is this watch as 
the thickness of a human hair ?|00 

B How many of these watches would it take 
to weigh 1 kilogram ?14\.24 

c One of the largest clocks in the world 
has a width of 18.28 m. How many times 
the width of the small watch is this ?3656 


4. One of the smallest insects is the minute beetle, 
which is 0.02 cm long. One of the largest insects 
is the goliath beetle, which is 14.86 cm long. 
How many minute beetles laid end to end would 
be the same length as the goliath beetle ? 743 





5. The human eye can see a bright light coming from 
an opening as small as 0.00036 cm in diameter. 
The diameter of this opening is about 6 times the 
diameter of the fine platinum wire used in a telescope. 
a What is the diameter of the platinum wire ?0.00006 
B How many times as thick as this wire is a AES hair ? 





6. One of the largest books is 30.6 cm thick (not 
including the cover). If each page is 0.006 cm 
thick, how many pages does the book have ?5\00 





Assignments (page 247) 
Minimum: 1-4, oral. Average: 1-6. Duplicator Masters, page 50 
Maximum: 1-6. Workbook, page 78 
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PAGES 248-249 
Objective 

Given a fraction, the child will be 
able to express it as a repeating 
decimal. 


Investigating the Ideas 


Preparation Find the whole number for #, ——— 


To prepare for this lesson, you 
might give the children an oppor- 
tunity to practice using the division 
algorithm. Or, review any concept 
which the children have found par- 
ticularly troublesome. 


There is no whole number for #7,— 


Can you find a number of hundredths 


: Answers may vary. 
that is very close to 4? 4 iG? 


See Investigation. 
Investigation 


In this investigation, children dis- 
cover that some fractions cannot 
be changed to a fraction which has 
some multiple of ten as its denomi- 
nator. Encourage them to try dif- 
ferent ways of finding a whole num- 
ber of hundredths that is ‘‘very 
close” to 4. Many might think of 
finding the missing factor for the 
equation 3 X n= 100. This, of 
course, can be solved by dividing 
100 by 3. However, since no mul- 
tiple of 3 is even a power of 10, 
there is no whole-number factor. 
Since few investigation questions ) heii | 
have a negative response, as does | ° - SEE 
this one, you might hint that the Explain these sentences about each step in the example above. 
question reads, “Can you find...” | [1] 2 is approximately O.7 (to the nearest tenth). 

it does not simply say, “Find a | [2] § is approximately 0.67 (to the nearest hundredth). 

whole number... .”’ [3] 3 is approximately 0.667 (to the nearest thousandth). 


Discussing the Ideas 


1. The fact that 3 = 3 + 8 suggests that you use the dividing 
process to find a decimal for 3. 
i a 


3. The decimal for § is called a repeating decimal. We write 
2—0.66... Explain how 0.66... is different from 0.66. 


_ 66 et a o 6 é 
(C6 eee G@ 0.66. = 22 ae 4 Oe eae 
0.66 =7e6 whi 0.66 1000" 10 900° (00 600 


248 
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Discussion 

Ask the children to explain how 
they found the number n in the in- 
vestigation, stressing the relation 
4 x 25= 100. Then work through 
the fractions: 





[Compe eens 
B10 Be 100 
Beinedas ee et 
4 nt 00r 3 10000 


Help the children to realize that no 
multiple of 3 is ever a power of 10. 


. The powers of 10 have only 2 and 


5 as factors, not 3. Explain to the 
children that fractions such as 3 
can be written as repeating deci- 
mals, discussed in later exercises. 


For exercise 1, remind the chil- 
dren that the division line in a frac- 
tion may be read “‘divided by.” It 
would be helpful to relate the con- 
version of # to a fraction with a de- 
nominator which is a power of 10. 

SP EOS AT 2S NS So 
SiSqi25, 10008 ee 
Work through both processes also 

for the fraction 3. 
SHIM SISA 5 G25 
87 esc meuOOm eae 
or 
5 625 


8 8)5.000 


Point out that this division has no 











1. Fractions which have denominators that are factors of 10 
or 100 are easily written as decimals. Study the example. 


Then find decimals for the fractions given. 


Examples: #=2#4= 8=0.8 
A 40.2 B015 c 30.75 pv 20.60 


2. Use division to find decimals for these fractions. 


A $0.125 p £0875 ¢ #01875 » 404375 e 38 
0.46875 
0/3939... 
3. The repeating decimal for 3 33)13.0000 ... 
repeats one digit at a time. 99 
2=0.66... 310 
Other repeating decimals may 297 
repeat blocks of two or more 130 
digits. Study the example for _99 
43. Then find the repeating 310 
decimal for %. 0.2727... oe 


4. Find the repeating decimal 
for each of these. 


0.33...A 4 0.(bb..B % 0.833..¢ 
O.1N\...D 3 0.222..6 § 0555...F 


iS Ol AIO 


0.4545.6 7 OSIBl..H zy 0.9090..1 


ray 
= 


5. Some decimals repeat in 
“large” blocks. Find the 
repeating decimal for 3. 


More practice, page A-20, Set 40 


remainder, so there is a whole num- 
ber factor for 8 X n = 1000. 

Repeating decimals are intro- 
duced in exercise 2. Help the chil- 
dren realize that, since no multiple 
of 3 is ever a power of 10, $ cannot 
be changed to a fraction with a de- 
nominator that is a power of 10. 
Thus, the process that is shown in 
exercise 2 is used. Be sure they 
realize that no matter how long 
they continue to divide 2 by 3, they 
will keep getting sixes. In other 
words, they are now encountering 
a decimal which ‘will never come. 
out even.”’ Point out that the three 
dots following the decimal indicate 
a repeating decimal. 





Using the Ideas 


E 420.76 F 


p 3s 








Using the Exercises 
The exercises on page 249 develop 
both methods of changing a frac- 
tion to a decimal. As in exercise 1, 
if a fraction has a denominator that 
is a power of 10, the equivalent- 
fraction method may be used; if the 
denominator is not a power of 10, 
the dividing process can be used. 
Children should be intrigued by 
the decimals which repeat in large 
blocks, such as those whose de- 
nominator is 7. 


Assignments (page 249)* 
Minimum: 1, 2. Average: 1-4. 
Maximum: 1-5. 


Mathematics 
The fact that every fractional num- 
ber has a repeating decimal repre- 
sentation and, conversely, every 
repeating decimal represents a frac- 
tional number is sometimes given 
as a kind of definition of fractional 
numbers. Numbers which have dec- 
imal representations which are not 
repeating decimals are called irra- 
tional numbers. Some examples of 
non-repeating decimals are the dec- 
imals for the square root of 2 (V2 = 
1.4142...) or the decimal for 7z, 
which is 3.14159265358979. . .. 
Fractions whose denominators 
contain only powers of 2 or 5 (such 
as $, iy, 3, <5, etc.) obviously have 
decimals which repeat, after some 
place, in zeros. To see that other 
fractions will also have repeating 
decimals, consider the fraction # 
and the usual division process used 
to find the decimal for the fraction. 





In the division 

process we see that, A265 7Acee 
if we get the same  7)3.000000 
remainder twice, 28 

: ; @0 
then clearly we will 14 
get a repeating deci- © 
mal. In the case of 56 
the divisor 7, we @0 
cannot have more a 
than 6 different re- 49 
mainders before get- ao 
ting one of the wes 
remainders twice; @ 


hence, 2 has a re- 

peating decimal representation. 
Since the same kind of argument 
could be made for any fraction, 
every fractional number has a re- 
peating decimal representation. 


Follow-up 

To provide practice in comparison 
of fractional and decimal notation, 
give children problems like these: 





1. Find the missing numbers. | 


L 





Fraction | 4 


ut 
3 ; 


on 








Decimal 0.75 | 0.85 





2. Change the fraction to a deci- 
mal; then round it to the nearest 
tenth. 
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PAGES 250-251 
Objective 

Given an appropriate fraction, 
the child will be able to express it 
as a mixed decimal numeral. 


Preparation 

To prepare for this lesson, you 
might review how to change a frac- 
tion to a decimal. For example, list 
several fractions and ask children 
to find the decimal equivalent. For 
such a review, list the more com- 
monly used fractions, such as #, 3, 
oa Sho. OLEeSs thats LOmsomes {lace 
tions either method may be used. 


RS Moke 
Aleta ¢ 944 3°00 
METIS 98 





or =— = 
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®@ /et’s explore mixed-decimal numera!s. 


Discussing the Ideas 


1. Study the examples below to see how you can write mixed- 
decimal numerals for 4. Give the missing names in the chart. 


as “3 and 3 tenths.”” How would you read the 
other mixed-decimal numerals in exercise 1 ?See Discussion. 


. A When we usé a, what is 
the mixed numeral in 
tenths for 270.84 
When we use s, what is 


[4] 0.8 0.83 

6)5.0 6)5.00 
48 48 

20 


the mixed numeral in 18 
hundredths for 2 0.834 2 


. The examples show two ways to express the quotient for 
problems such as 0.3)0.136. Explain the examples. 


[A] 


We say, ‘The quotient, 
rounded to the nearest 15 
hundredth, is 0.45.” 


Discussion 

In the previous lesson, children 
learned how to indicate by three 
dots a repeating decimal or to 
round the decimal to a particular 
place. In this lesson, they learn 
how to express the remainder as a 
fraction in a mixed decimal numer- 
al. Work through the sections of 
the chart. In discussing exercise 2, 
be sure children know how to read 
the expressions properly: 


0.34—‘‘three and one-third 
tenths” 
0.333—‘“thirty-three and one-third 
hundredths” 


0.453 


0.3,)0.1, 360 : a» 0.45 
12 The quotient contains 0.3.)0.1,36 


"16 45 hundredths. The 4 
remainder is 1 hundredth. mace 
10 || We say, ‘The quotient is ‘ste 

45} hundredths (0.45;).”” a 





0.3334 -‘three hundred thirty-three 
and one-third thousandths”’ 


Note in exercise 3 that the fraction 
formed by the remainder and the 
divisor, ¢, should be expressed in 
lowest terms, 3. It may be helpful 
to select several other exercises 
and present them on the chalkboard 
for children to explain. Each time, 
emphasize for the children how the 
remainder is used to arrive at a 
fractional number with a fraction in 
the quotient, that is, a mixed deci- 
mal numeral. 








Using the Ideas 





. Use division to find a mixed-decimal numeral in tenths 
for each fraction. 


a201% 0 30.64 c §05$ p 903% © 4054 


2. Find a mixed-decimal numeral in hundredths for each fraction. 
A 20.62% B 0.584 ¢ 20-564 pv 30.284 « 40.265 


3. Find a mixed-decimal numeral in thousandths for each fraction. 


a 80.8335 B BoAs4i c 20.1877 p 30.6665 6 20.01055 


4. Give each quotient rounded to the nearest hundredth. 


0-44 _ \.33 0.22 0.92 
a 9)4 s 0.40.53 cc 6)1.33 p 9)8.243 
0.74 0.16 55.38 }0.29 













e 1.3)0.967 fF 3.5)0.56342 « 0.07)3.8764 u 0.63)6.4798 


5. Give each quotient expressed as a mixed-decimal numeral 
in hundredths. 











0.66% 19.56% 1.453 0.73 

ely s 0.4)5.426 c 0.6)0.874 pv 0.9)0.657 
1.543 14.09% 0.45% | 

e 3)463 r 0.04)0.5638 « 8)3.61 


6. Solve the problems. 

a A 5-centimetre rod is cut into 11 pieces 
of the same size. How long is each 
piece (to the nearest hundredth) ?0.45cm 

B Give the cost of 1 gram of this cereal 
(to the nearest tenth of a cent). |.2% 

c Acar is driven 96.4 km and uses 
8.1 litres of gasoline. Give the average 
number of km for 1 litre of gasoline. \\.9 km 


More practice, page A-21, Set 47 





Using the Exercises 

Assign the exercises on page 251 
as independent work, unless you 
consider it necessary to work them 
together with the children. With 
some groups, you might want to 
have the children present several 
exercises on the chalkboard. When 
you help them check their papers, 
allow time for discussion of exer- 
cise 3. Be sure they understand that 
5 may be divided by 11, and that 
the answer will simply be a frac- 
tional number expressed as a deci- 
mal. And in exercise 6B, be sure 
they see that “‘to the nearest tenth” 
means to the nearest tenth of a 
cent; this answer may be expressed 


in various ways:$0.32 + 6=$0.054 
or 5.3¢. 


Assignments (page 251)* 
Minimum: 1-3. Average: 1-5. 
Maximum: 1I-6. 


Mathematics 

At this stage, a problem occurs 
with the dual use of the word quo- 
tient. Note in the examples that the 
word quotient can refer to two 
different numbers in the same prob- 
lem. 





4 quotient 4% quotient 
3)14 3) 14 

12 12 

2 remainder p 


Therefore, when you talk about the 
quotient for a given division exer- 
cise, be sure to make clear which 
type is being discussed. Usually, 
this will be apparent from the con- 
text. It is important to recognize 
the ambiguity and make certain 
that this does not confuse the 
children. 


Duplicator Masters, page 51 
Workbook, page 79 
Skill Masters, page 51 
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PAGES 252-253 
Objective 

Given a decimal numeral for a 
number greater than I, the child 
will be able to express it in scien- 
tific notation. 


Preparation 

Due to the nature of the investiga- 
tion in this lesson, you might omit 
a preparation and begin immedi- 
ately with the investigation. 


Investigation 

Although this investigation is brief, 
it displays the kind of reasoning 
children will be required to use in 
developing an understanding of 
scientific notation. Encourage them 
to use multiplication to check their 
answers. You might use this inves- 
tigation as an oral introduction to 
the discussion section. The answers 
may be expressed in equation form, 
but this will be treated in the dis- 
cussion exercises. 


1000 x9 kg =9000 kg 
10 000 X1.2m=12 000m 
1000 x $1.25=$1250 


D2 


How many 


SSS Limes? 





ote 


Toy truck: 9 kg 


593. = 









Investigating the Ideas 


times as heavy ? 


Discussing the Ideas 


1. Solve the equations. 
a 9000=9xmi000sB 35000=3.5xNnooooe 1250=1.25~x aiocg0 


2. Give the exponent. 
a 9000=9x10"? 


Can you answer these questions ? 
See Investigation. 





How many 


times as high ? 








@ How are decimals used in scientific notation? 


How many 


times as much ? 





Jet: 12 000 m Diamond: $1250 
10 COO times 1OOoo times 
Bee: 1.2m Glass: $1.25 


"Number between 1 and 1 0 | 


5.93 





_ Power of ten 


Bp 35000=3.5x10"* c 1250=1.25x 10"? 


3. To name a number in scientific notation, we write it as the 
product of a number between 1 and 10 and a power of ten. 
Study the table and give the missing numbers. 
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Discussion 

Help children relate the equations 
in discussion exercise | to those in 
exercise 2, which use exponents. 
As you work through the chart in 
exercise 3, emphasize the fact that 
in scientific notation, we write a 
number as the product of a number 
between one and ten and a power 
of ten. Note that expressions such 
as 91000 or 1.2x10 000 are not 
written in scientific notation. You 
might list expressions like the fol- 
lowing and ask children to deter- 
mine which are written in scientific 
notation. 


42.3 x 100 (no, 42.3 > 10) 


56102 
A3exXel03 
8.102 x 10° 
81.02 x 10° 
0.32 x 104 
1242 </107 
2.0 x 10 





6.4 x 

AG 2a 4.627 x 
895 = IMI 8.95 x 102 

1.6347 x 


(no, 56 > 10) 
(yes) 
(yes) 
(no, 81 > 10) 
(MnONOB2 <1) 
(yes) 
(yes) 


















Using the Ideas 


1. Find the number for nin 
each row of the table. 









as ety N umber seamen 
er | between 









. Use scientific notation 
to represent each of 
these numbers. . B 


a Speed of sound in 
cool airinkm/h: 1231, 
1-231 X10 
B 1971 school population, 
Northwest Territories: E 


10006 1.0006 x104 


c Estimated age of 
Earth in millions 
of years: 4950495x10? 

pd Height in metres of tallest - 
redwood tree: 113 1-13 * 10 


—E Orbital speed (km/h) 































65 000 = 


6.5 x 


649n ee GHG Fe TOF 









of moon around Earth: 3792 , = 
3-792 10 
F Equatorial diameter of Earth in kilometres: 12 753.77  .4 
\-275377 *10 





WTovestie te the 1d i 
3. Study the paper. Then use Me os 7 ea 
scientific notation to help ntentes 


you estimate these products. 

A 5280 x 789 4000000 

B 317.5 x 59.38 18000 

ce 8926.52 x 314.162700 000 





‘ sientific notation. 
10? x 6.842 x 101 







sso Round to the nearest whole number. 
bth plaka Ores cwrhes ace 






3. Find this product. (ates 
22 S10 x 1042000 


4. Express each of these numbers in scientific notation. 
a Distance to sun: 149 600 000 kilometres |.4976* 10" 


B Speed of light: 9 174 000 OOO O00 OOO metres per Vata n\o® 
¢ Sun’s mass: 2 220 000 000 000 000 000 000 000 000 000 kg 
2.22% \or 
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Using the Exercises 

Assign the exercises on page 253 
as independent work. Some chil- 
dren may benefit by working in 
groups. When they have finished, 
carefully check their work. Point 
out that in numerals as large as 
those in exercise 4C, they should 
simply count the number of zeros 
after the 4. Exercise 3 might need 
special discussion. 


Assignments (page 253)* 
Minimum: 1, 2. Average: 1-3. 
Maximum: 1-4. 


Follow-up 

Scientific notation makes it easy to 
handle very large numbers, like 
those used to measure distances in 
space. Supply children with data 
such as that below, and ask them 
to show the distances in scientific 
notation (for example, 36 000 000 = 
3.6% 10"): 

















Planet Average distance (kilometres) 
from the sun 
Mercury 66 000 000 
Venus 108 000 000 
Earth 150 000 000 
Mars 228 000 000 
Jupiter 778 000 000 
Saturn 1 427 000 000 
Uranus 2 870 000 000 
Neptune 4 500 000 000 
Pluto 5 909 000 000 
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PAGES 254-255 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

Review any chapter topics which 
the children have found particularly 
difficult. If any children have had 
trouble with the algorithms, you 
might provide them with an exer- 
cise sequence such as the follow- 
ing: 


A 325+5 
B: 32.5.5 
C 3.25 +5 


The answer to each of these prob- 
lems contains the same digits: the 
only difference is in the location of 
the decimal point. If you prefer, 
you might use the preparation time 
to stimulate interest in the topic 
treated on page 255—the speed of 
sound. 


254 


























1. 2837 465.156427 
For the decimal above, give 
the number of: 
a tens 6B tenths |\c hundreds 4 
p hundredths 5e thousands 7 
F thousandths 66 ten thousands 3 i 
H ten thousandths 4 | 
1 hundred thousands 8 
Js hundred thousandths 2 
k millions 2. millionths 7 
2. Give a decimal for each fractional number. | 
& Bis gg ® 67 ih grok Si00 307P ib a2 F Hag F 306 © 20.24) 
3. Give the correct sign (<, >, =) for each ill. | 
a 34.06 jill 34.60 8 0.070 jl 0.0700 c 4 if 0.142 b 40.3334 
< = 4 < 
4. Find the sums and differences. 27.917 
Ao SAT Bo eacod. c 407.6 D, 9.J 4 0:30hs O-DOY aad, 
+7.63 —9.27 — 29.83 —E 354.6 + 98.67 + 3.704 
13.10 18.07 SITU 456.974 
5. Estimate each product. Then find the correct product. 
a 4.5 B 0.79 c 0.063 p 3.14 E 0.057 x 80.456 
x6 x9 x 32 x Ou), F 5.6.x 7.3 40.68 
27.0 ; Tel 2.0\6 21.038 
6. Find the quotients. 4 49, 5AIO 50 a 
a 5)32.5 65. 8 -28)0.588 9. c20.6)3246 an 5.5) 3/4 E 8)70.875 
7. Represent J as a repeating decimal. 0.777... 
Then give this decimal rounded to the nearest hundredth.9-78 
+ 8. Use scientific notation to represent each number. 
a 736 B 8459 Cos) 
7.36 x10? 8.459 x10 3.75 X1O | 
254 | 
Discussion : 


Allow the children sufficient time 
to do the exercises on page 254. 
You might wish to make selective 
assignments for many of the chil- 
dren. Use the exercises with which 
the children still have difficulty for 
further review and discussion. It is 
particularly important that children 
understand how to change a frac- 
tion to a decimal, because this skill 
will be needed in the study of ratio. 


SPEED AND SOUND 


Small plane Mach 0.21 
Propeller airliner Mach 0.52 
Jet airliner Mach 0.9 
Jet fighter Mach 1.9 
Supersonic transport Mach 2.2 
Rocket Mach 5.75 


At sea level (0°C temperature) sound travels at a speed of about 1194 kilometres per 
hour. At higher altitudes, where the air is thinner and cooler, sound travels more 
slowly. The speeds of aircraft are often given according to the speed of sound. 

A speed of Mach 1 is the speed of sound, Mach 0.5 is half the speed of sound, 

Mach 2 is twice the speed of sound, Mach 2.2 is 2.2 times the speed of sound, 

and so on. Mach Is the name of the scientist who made some important 

discoveries about sound. 


For the exercises below use 1078 km/h for the speed of sound at the 
cruising altitude of the aircraft. 


1. Give the speed in kilometres per hour of each aircraft listed in the table. 
See table above. 
2. To find the Mach number for a certain aircraft speed, you 


divide its speed by the speed of sound. Find the Mach number, 
to the nearest tenth, for these speeds. 
a 2156km/h2 8 3234km/h3 c 2575 km/h2.4 v 805km/ho.8 


. The speed of sound at sea level is 1194 km/h. 
Find this speed of sound to the nearest tenth in: 


A (eters per minute s kilometres per second c metres per second 
19.9 0.33 ZAal.7mes 

% 4. Ona very warm day, sound might travel 362.2 metres per second. 

a How much more is this than the speed you found in exercise 3c ?30.5 


B If you blow a whistle, how far will the sound travel in 5.4 seconds ?\955.228 
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Using the Exercises 

The problems on page 255 may be 
a challenge for some children. Read 
the introductory paragraph together 
to help children acquire an under- 
standing of the term Mach /, the 
speed of sound. Assign the exer- 
cises either as group or indepen- 
dent work. Remind the children to 
work through each problem care- 
fully. Not all of the children should 
be expected to do the starred exer- 
cises; these are intended for faster 
children. 


Workbook, page 80 
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PAGES 256-257 
Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 





1. Solve the equations. 
A97+0=n97 ¢ 97 x¥1=n97 £ 97+=97=m 6 O+0=n0 
Bp 97x0=no v0 0=9/=no0 fF 0x 83=—noO, 12 83 — nS 


Preparation 

You might review any topics from 
the text which previously caused 
difficulty. Or, you might review the 2. Solve the equations. 

special properties of the identity 2h = (5 x 2) + (5 x n)4 s 2x 7P= 
elements, zero and |. The word ‘iad "3 





problems on page 257 also provide 3. Find the products in the blue screens in exercise 2A 124 ue 33 

topics suitable for preparation 4 ; , 

: : 7 Pea 4. Find the Sum and difference for each sell of numbers. 

activity. a aril =f Pra ew ~ Semel 5 pes 17 4iu & 
46 12’ Z 37-4727 12 4: 16 50° Zo Pwsaeaqe =F 961s Te 


5. Give each fraction in lowest terms. 


6 Beat) de 183 TBS) 
a § Answer: ? 8 #2 c 2 pw 


6. Draw an angle. Use ruler and compass to copy the angle. Constructions 
will vary. 


7. Find the missing numbers. * 8. This table refers to rectangles. Give 
Function Rule the number pair for each row. 


b 
{ |Pee | 
» [fe a wz 
a fe ae [12] 


Gx a) +3 
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Discussion 

Page 256 is intended to be done as 
independent work. However, the 
table given in starred exercise 8 
is of particular interest, and you 
should call it to the attention of all 
the children during a discussion of 
the exercises. For a table of this 
type, with the product on one side 
and the sum of two numbers on the 
other, the children can think of a 
problem involving the area and half 
the perimeter of a rectangle. 
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Trying to make gold > Trying to find gold 


Because of its value, men have sought gold for thousands of years. 

It is valuable because it is rare, beautiful, and (to some extent) useful. 
There are at least 15 other elements that are less plentiful than gold, 

but gold has been accepted as a standard value for money. Some of the 
uses of gold, other than for money, are for decoration and dental work. 


1; 


2: 


*7. 


. Gold is stored in standard-sized bars. Each bar is worth $14 OOO. 


. One of the largest gold nuggets, the Welcome Nugget found in 


Gold was discovered in the Klondike in 1896. How many 

years ago was this ? (Depends On Current year ) 

Gold is a soft metal. It can be hammered into sheets as thin as 

0.0000102 cm. How many such sheets would make a pile 1 cm thick 79Q0 39 


. One gram of gold can be stretched into 3.28 km of fine wire. How 


many kilometres of wire could be made from 0.5 kg of gold? \k&0 


. Gold is 7.6 times as heavy as glass. A cubic centimetre of glass 


weighs 2.54 g. What is the weight of a cubic centimetre of gold ? | 9.3 


The dimensions of a bar are 17.15 by 8.90 by 4.45 cm. 
Find the volume of a bar.679.23 <m? 


Australia, weighed 112.5 kg. About what was its volume ?5892.02 «om? 
All the gold mined in the world in the 469 years after the discovery 

of North America would form a cube with edges each about 14.9 m long. 
a Between what two dates was the gold for this cube mined ?\ 492 - \96) 
B Estimate the volume of this cube.3375 3 





Zor, 


Using the Exercises 

Since some of the problems on 
page 257 might be difficult for some 
children it would be helpful for 
them to work in groups of two or 
three, sharing ideas on how to solve 
each problem. Then, when they 
have finished, allow opportunity for 
them to explain their solutions to 
the rest of the children. Accept any 
valid reasoning which yields the 
correct answer. Remind them al- 
ways to check their answers to see 
whether they are reasonable. 
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CHAPTER 11 


Pages 258-281 


General Objectives 


To develop an understanding of 
the abstract concepts of a sim- 
ple closed curve and a polygon 

To review basic geometric con- 
cepts about circles 

To introduce inscribed and circum- 
scribed polygons 

To introduce the concept of the 
circumference of a circle 

To provide exercises leading to an 
estimation of the number 7 

To develop background leading to 
the formula for finding the area 
of a circle 

To develop informally the formulas 
for finding the areas of triangles, 
rectangles, and parallelograms 

To develop the formula for finding 
the volume of a rectangular prism 

To study the concept of surface 
area 

The chapter opens with an intro- 
duction to simple closed curves, of 
which polygons and circles are 
examples. The next two lessons 
deal with the measurement of the 
distance around such curves, name- 
ly, the perimeter of a polygon and 
the circumference of a circle. This 
latter concept is developed through 
some intuitive experiences which 
are designed to lead the children to 
estimate 7. Following this, the 
concept of area is developed by 
studying progressively the area of 
a rectangle, a parallelogram, and a 
triangle. The Pythagorean Theorem 
for a right triangle is introduced 
through an application of the con- 
cept of area and leads into expo- 
nential notation for square num- 
bers. The technique for finding the 
area of a circle is developed by 
leading the child from estimating 
the area of a circle to applying the 
formula A = wr?. 

The remaining lessons deal with 
rectangular prisms. Volume is stud- 
ied, and then the concept of surface 
area and its relation to volume di- 
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Geometry and Measurement II 


mensions is introduced. Chapter 
and cumulative reviews conclude 
the chapter. 


Mathematics 


Much of the work in this chapter is 
based on investigations which, with 
the discussions, lead to intuitive, 
guided discovery of basic geome- 
tric formulas. The children approx- 
imate the circumference of a circle 
by rolling a circle along a surface 
and then measuring the distance 
the. circle, rolled. “Ag sequence or 
exercises helps them estimate 7 
and leads to the formulas for cir- 
cumference (C) and area (A). (Dia- 
meter is denoted by d and radius 
by r.) 


Gad. 
Ae 


Just as linear measure is deter- 
mined by counting a linear unit 
such as the centimetre, area measure 
is determined by counting a square 
unit such as the square centimetre. 
Exercises are provided to lead the 
child to see that multiplying the 
length times the width (or base 
times the height) is a shortcut 
method for finding the number of 
Square units. Once the area of a 
rectangle and a parallelogram is 
established, the area of a triangle 
is easily developed, because the 
children can discover that the area 
of every triangle is one half the area 
of some rectangle or parallelogram. 

The Pythagorean Theorem is in- 
troduced in such a way that 
children have an opportunity to 
conceptualize what the theorem 
actually says. The method of find- 
ing surface area of a rectangular 
solid is presented as an extension 
of the method for finding area of 
plane regions. Volume of rectangu- 
lar solids is determined by the three 
dimensions (length, width, and 


height), as expressed in the formula 


iY Ie XIN, 


Teaching the Chapter 


Materials 


Cardboard backing for compass tip 

Chalkboard compass 

Circular objects suchas cans, coins, 
plastic lids, buttons 

Compass, one per child (screw type 
if possible) 

Cubes, one per child, if available 

Dot paper 

Geoboard, one per child (if possi- 
ble) 

Graph paper (+ -cm grid) 

Large sheets of paper 

Rubber bands 

Ruler, centimetre 

String or yarn 

Thin strips of paper 


Vocabulary 

area polygon 

base pi (77) 

circle prism 
circumference Pythagorean 
compass Theorem 
cube radius 

cubic unit rectangle 
diameter rectangular 
dimensions prism 

edge simple closed 
face curve 
formula square number 
height square unit 
hypotenuse surface area 


inscribed polygon unit 
legs of a triangle vertex 


length volume 
parallelogram width 
perimeter 


The chalkboard compass should 
be very helpful in making chalk- 
board illustrations to review radius 
and circumference of a circle. It is 
important for each child to have his 
own compass. Try to obtain sturdy 
compasses that will hold desired 








settings. A cardboard backing is 
recommended to keep children from 
marring their desk tops while using 
their compasses. 

The vocabulary list for this chap- 
ter is quite long. Many of the words 
given will already be familiar to the 
children, since they have occurred 
in measurement lessons in the ear- 
lier geometry and measurement 
chapter or in previous books. 


Lesson Schedule 


Plan to spend about three weeks on 
this chapter, but adjust this sug- 
gested schedule according to the 
needs, abilities, and interests of 
your children. Since some of them 
may find this an especially inter- 
esting chapter, you may want to 
allot extra time to encourage their 
interest. 


Evaluation of Progress 


In evaluating the children’s achieve- 
ment in this chapter, you should 
take care not to overemphasize the 
application of memorized formulas; 
rather, you should stress the impor- 
tance of understanding a few gen- 
eral ideas. The children should 
grasp the idea of the circumference 
of a circle and be able to find the 
area of circles and rectangles, and 
the volume and surface area of rec- 
tangular prisms. 

Although the children should 
have some intuitive ideas about the 
Pythagorean Theorem, they should 
not be expected to state it mathe- 
matically. Again, we emphasize 
that one of the chief objectives 
of the chapter is to give the chil- 
dren a general feeling for the study 


of geometry rather than to have 
them memorize specific facts and 
formulas. 

Both the cumulative and the 
chapter reviews will help you eval- 
uate the children’s computational 
skills and their understanding of 
the formulas for area and volume. 


Resources for Active Learning 


GENERAL ACTIVITIES 


Experiments in Mathematics, Stage 
2, pp. 46-47, Houghton Mifflin 
[Topology: twisting, stretching, 
and turning surfaces] (Available 
from Thomas Nelson & Sons Ltd.) 

Franklin Series: Patterns and Puz- 
zles, pp. 71-79, Lyons and Car- 
nahan [Topology] (Available 
from McGraw-Hill Ryerson) 

Freedom to Learn, pp. 84-85, Ad- 
dison-Wesley [ Investigating two- 
and three-dimensional shapes | 

Geometry in the Classroom, pp. 
128-130, Holt, Rinehart and 
Winston of Canada [Topology | 

Mathematics Using String, Math 
Media 

Math Activity Cards, D19, E7, 22, 
Macmillan [ Area and perimeter ] 

Maths Mini-lab, Cards 98-105, 
125, Selective Educational 
Equipment [ Area and perimeter | 

Measure and Find Out, Book 2, 
“Measuring Circles and Angles,” 
Activity 1/4, Scott Foresman 
(Available from Gage Educational 
Publishing) 

Notes on Mathematics in Primary 
Schools, pp. 161-189, Cam- 
bridge University Press [Geo- 
board activities] (Available from 
Macmillan) 

Paper Folding for the Mathematics 
Class, NCTM [Topology ] 


Teaching Aids for Elementary 
Mathematics, pp. 116-117, Holt, 
Rinehart and Winston [Topolo- 
gy] 

MANIPULATIVE DEVICES 


Caliper (Responsive Environments 


Corp.; Selective Educational 
Equipment) 

Clinometer (Mafex Associates; 
Selective Educational Equip- 
ment) 


Cuisenaire Cubes, Squares, and 
Rods (Cuisenaire Co.) 

Discovery Blocks (Educational 
Teaching Aids) 

Geo Blocks (Selective Educational 
Equipment; Webster, McGraw- 
Hill) 

Geoboards (Addison-Wesley) 

Geometric String Pictures (Mafex 
Associates) 

Lake and Island Board 
Media; Responsive 
ments Corp.) 

Sigma Chips (Sigma, Scott Scien- 
tific) 

Spirograph (Cuisenaire Co.) 

Trundle Wheels (Educational 
Teaching Aids; Selective Edu- 
cational Equipment) 


(Math 
Environ- 


COMMERCIAL GAMES 


Beeline (Selective Educational 
Equipment) 

Connect (local supplier) 
Construct-a-Cube Puzzle (Selec- 
tive Educational Equipment) 
Madagascar Madness (Creative 

Publications; Math Media) 
Psyche-paths (Cuisenaire Co.) 
Soma and Wooden Puzzles (Crea- 

tive Publications; Cuisenaire 

Co.; Edmund Scientific) 

Twixt (Hammett; Selective Educa- 
tional Equipment) 
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PAGES 258-259 
Objective 

Given a simple closed curve, the 
child will be able to give atleast an 
approximate measure of its length. 


Preparation 

Materials 

pieces of string; rulers; thin strips 

of paper; buttons 

Investigation 

Suggest to the children that after 
they have guessed the length of 
each curve, they might want to use 
some of the materials listed above 
to check their guesses. A button 
might be used by marking a point 
on the circumference and then roll- 
ing it along the curve of the text, 
counting how many times it passes 
the mark. Then the button may be 
rolled the same number of rolls 
along a piece of paper and the re- 
sulting straight line segment mea- 
sured. Thin strips of paper might 
be used in a manner similar to 
string, that is, by simply laying the 
strips to follow the path of the 
curves. The method discussed for 
exercise 2, page 259, is also appli- 
cable. Encourage children to try a 
variety of methods and to compare 
their findings. They might be sur- 
prised to discover that most ob- 
servers guess the lengths of curves 
to be shorter than they actually are. 
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11 Geometry and Measurement II 


® Can you find approximate lengths of curves? 


Investigating the Ideas 


Guess the length of each curve. 


USO 


Can you find some way to measure each See 


Investigation. 


of the curves to check your guess ? 





Discussing the Ideas 


1. a What unit did you use to measure the curves ? Answers will vary. 
s How accurate do you think your measurements are ? Racer 
How close were your lengths to those of your classmates ? will vary) 









































Discussion 

Use discussion exercises | and 2 
as an opportunity for children to 
share the results of their investi- 
gation. Stress the fact that, even 
though the lines they measured are 
not straight, the centimetre is an 
appropriate unit. For exercise 2, 
you might mention the use of a flex- 
ible plastic ruler which can be bent 
to follow the shape of the curve, or 
the use of a miniature trundle wheel 
similar to the kind used in sewing 
to mark material. 


When you discuss exercise 3, 
point out not only that polygons 
are a special kind of simple closed 
curve but also that polygons may 


2. Can you think of any other way to measure 
the lengths of the curves? See Discussion. 


. You can think of a simple closed 
curve as a loop of string that is on 
a flat surface and does not cross 
itself. Polygons are special simple 
closed curves that are made up 
entirely of segments. 

a Which curve in the Investigation is a simple closed curve ? B 
sb Draw a simple closed curve on the chalkboard and estimate. 


its length by looking. How can you get a closer estimate ? 
Responses will vary. 


be concave or convex. It is not 
necessary that you stress or even 
use these terms, but since the chil- 
dren’s study of polygons has for the 
most part been limited to convex 
polygons, it would be helpful to 
point out that figures such as the 
following are also called polygons: 
As children do exercise 3B, you 
might suggest that a few children 
use a piece of string at the chalk- 
board in order to get a closer esti- 


mate of the simple closed curve 
they have drawn. 


A simple 
closed curve 


A polygon 





Mathematics 

A curve is often described as “the 
path of a moving point.’’ Curves, in 
geometry, can be parts of circles, 
ellipses, and other non-linear figures, 


Using the Ideas 


1. The curves named below have no segments in them. 
Find the length of each curve as accurately as you can. man cacy, 


(About 8 cm) (about 94cm) 


Fs but the broader use of the word 


(About ei cm) 


curve includes “straight curves” 
such as segments, lines, and poly- 
gons. The important criterion for a 
curve is that it be continuous, that 
is, a path with no breaks in it. 


TR ee) 


Curve 


circle cardioid ellipse 


2. a The approximate length of a curve Closed curve 
can be found by measuring segments. 
Find the length of this red path 
to the nearest centimetre. About I5 cm 

B Is it longer or shorter than 


the spiral ? Shorter 


3. Draw some curves of your own and find their lengths. Simple closed curve 


Drawings will vary. 








Using the Exercises 
One of the most important tech- 
niques of measuring a curve Is 
treated in exercise 2. After children 
have finished the exercises, it would 
be helpful to stress this idea. Point 
out that the smaller the segments, 
the closer the approximation will 
be to the actual length of the curve. 
The Think problem provides ma- 
terial for a discussion of inside and 
outside a curve. You might use a 
loop of yarn on the overhead pro- 
jector or on a flannelboard. Push it 


around in various ways to show a 


simple closed curve. Place a small 
object inside the curve and have 
children explain that if the object 


crosses the yarn once it is outside 
the curve; if it crosses twice, it is 
back inside; and so on. Try to let 
the children conclude that, if the 
object is inside the curve at the 
Start, after crossing the curve an 
even number of times, it will be 
back inside at the finish; and after 
crossing the curve an odd number 
of times, it will be outside at the 
finish. Likewise, if the object is 
outside the curve at the start, it will 
be outside the curve after an even 
number of crossings, and inside 
after an odd number of crossings. 
Assignments (page 259) 

Minimum: 1-3. Average: 1-3. 
Maximum: 1-3. 


A closed curve is such that one may 
begin at any point on the curve, 
trace around the curve and return 
to the starting point without lifting 
the pencil from the curve. A simple 
closed curve is aclosed curve which 
does not intersect itself. 

One important property of sim- 
ple closed curves is that each sim- 
ple closed curve separates the 
points in the plane into three sets: 
(1) the points in the interior of the 
curve, (2) the points in the exterior 
of the curve, and (3) the points on 
the curve. 


Resources for Active Learning 

Developmental Math Cards, L415 
(a game), L218, Addison-Wesley. 

Experiments in Mathematics, Stage 
1, pp. 46-47, Houghton Mifflin. 
(Available from Thomas Nelson 
& Sons Ltd.) 

Mathex: Geometry No. 9, pupil 
pages 49-55, Encyclopaedia 
Britannica Publications Ltd. 

Modern Math Games, “Puzzle,” 
p. 58, Fearon. (Available from 
Clarke, Irwin) 
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PAGES 260-261 
Objective 

Given a polygon, the child will 
be able to find its perimeter by 
finding the sum of its sides. 


Preparation 
Materials 


geoboard and rubber bands (if 
available); dot paper (Duplicator 
Masters, page 64) 


Investigation 

You may need to explain to some 
children that each segment in pic- 
ture A is congruent to one of the 
sides of the polygon in picture B. 
However, let them discover that in 
order to find the ‘“‘distance around”’ 
the polygon they need only to use 
the lengths of the segments in pic- 
ture A. They do not need a ruler 
or any other measuring device 
to find the distance around the 
polygon. 

If children have difficulty match- 
ing the segments in picture A to 
those in the polygon, you might 
help them think of a segment as 
<2z20vers Miupi Ciastact OVER 3 
down” and so on. 
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@ How do you find the perimeter of a polygon? 


Investigating the Ideas 



























Picture a shows 
approximate lengths 
of certain segments 

on the geoboard. 


Can you find the distance around the polygon 
on geoboard s? 59 See Investigation. 


Discussing the Ideas 





1. The sum of the lengths of the sides of a polygon is called 
the perimeter of the polygon. Show each of these polygons 
on your geoboard or dot paper and explain how you would 
find its perimeter. 

A square B triangle c quadrilateral 


bp pentagon —E hexagon 
Find the sum of the lengths of the sides. 
(In the case of regular polygons, multiplication 
also might be used.) 


2. Here is a polygon with 16 sides. 
a What is its perimeter? 194 See Discussion. 
Bp Can you find a polygon with 


more sides and greater perimeter ? 
Sample possibility indicated 
by dashed lines. 





3. Show how you could use your ruler to find the perimeter 


of a polygon. Measure each side and add to find 
the sum of the lengths. 





( 


the number. 


Discussion 

As children discuss the results of 
the investigation, emphasize the 
meaning of perimeter. Point out : 
that in the investigation their unit ; 
was determined by the distance of 
one nail from the next in a row. 
The measurements given for the 
segments in picture A of the in- 
vestigation should be used when 
children discuss the investigation 
as well as when they try discussion 
exercise 2. 

Be sure the children understand 
that the shorter the unit they use in 
measurement, the greater the num- 
ber they will get for the perimeter, 
and the longer the unit, the smaller 


—— —— 





Follow-up 

Challenge the children to see how 
many polygons of different shapes 
they can find on the geoboard that 
have a perimeter of 4, 6, 8, and 10 
using the unit distance on their 
geoboard. Suggest that they record 
their findings on dot paper. 


Using the Ideas 


1. Show the largest right triangle you can on the geoboard or 


ot paper and find its perimeter in centimetres. 
nsWers will vavy with dimensions of geoboard or dot paper. 





: 14cm 2 2s: = l4com 
3. Find the perimeter of each figure. 


Al Bo 
14 0.75 


1:375 


— 
Nie 





0.375 


4. a Asquare has a perimeter of 36. 
What is the length of each side ? 9 
Bs A rectangle has a perimeter of 36 and 
one side of 4. What is the length of each side ? 14,4, 14,4 
c A triangle has two sides that 
have lengths of 17. It has Ege Tae 
a perimeter of 50. What is 
the length of the third side ? !© 


5. a What is the perimeter 
of the square in centimetres ?20 ¢¢m 
sp What is the perimeter 
of the hexagon ?\5<m 
c Estimate the ‘perimeter’ 





of the circle.Accept any answer Sie eve ase 
between I5anqd IScm 
261 
Using the Exercises cle between two numbers. You 


Assign the exercises on page 261 need not stress finding the circum- 
as independent work. Note thatthe ference of the circle to any great 
unit in exercise 3 is unimportant. degree of accuracy; that will be 
The concept stressed here is that developed in a later lesson. 
of perimeter as the sum of lengths. 
The results of exercise 5 em- 
phasize the fact that it is possible 
to arrive at approximations for the 
circumference (or as we say here, 
““perimeter’’) of the circle by mea- 
suring a polygon which has a peri- 
meter less than that of the circle 
and a polygon which has a peri- 
meter greater than that of the circle. . 
The point to be made in this exer- Assignments (page 261) 
cise is that we have, so to speak, Minimum: 1-3. Average: 1-4. 
“trapped” the perimeter of the cir- Maximum: 1-5. Workbook, page 81 
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PAGES 262-263 
Objective 


Given the radius or diameter of 


a circle, the child will be able to 
find its circumference by applying 
the formula: 

circumference = 7 X diameter. 


Preparations 
Materials 
compass (1 per child); cardboard; 

centimetre ruler 

To prepare for this lesson, it 
would be helpful to draw a circle 
on the chalkboard and review the 
terms radius and diameter. Stress 
the idea that the radius may be 
thought of as the segment from the 
centre of the circle to any point on 
the circle: and that the radius may 
be expressed as a number. Simi- 
larly, the diameter may be thought 
of as a segment which has its end 
points on the circle and passes 
through the centre. The diameter is 
also sometimes expressed as a 
number. 


Investigation 
If necessary, help the children con- 
struct the circle with a radius of 2 
centimetres. Unless the compass 
has a scale to indicate centimetres, 
children will need a centimetre ruler 
to adjust their compasses to the 
proper opening. As they continue 
to independently construct the 
other circles, make sure they realize 
that the opening of their compass, 
that is, the radius, is equal to half 
of the diameter. Thus, to construct 
a circle with diameter of 7 centi- 
metres, the compass opening, or 
radius, should be 3! centimetres, 
If the cardboard is fairly sturdy 
and children do not bend the circle 
when they put the pencil through 
the centre, this activity should not 
be too complicated. You might 
help them interpret the illustration 
and suggest that they draw a straight 
line 30 centimetres long on paper 
so that they can roll each circle 
along it, marking the place where 
the starting point touches the line 
again. Remind them to record their 
measurement for each circle. 


262 





and cut them out. 


262 


Discussion 

Explain the meaning of the term 
circumference. Have the children 
give the circumferences they found 
for each circle. Explain that there 
is always some error of measure- 
ment made in such an activity, and 
give the children an opportunity to 
mention a few sources of error, 
such as inaccuracy in cutting or in 
using the compass. Complete the 
circumference column in the table 
with the measurements most chil- 
dren agree on. Explain that the 
wavy lines instead of the usual 
equals sign means “is approxi- 
mately equal to”’ or “is almost the 
same as.” When children examine 


® How do you find the 


Investigating the Ideas 


If you open your compass 
to a radius of 2 centimetres, 
you can draw a circle with 
a diameter 4 centimetres. 
Draw circles with diameters 
3, 4, 5, 6, 7, 8, and 9 
centimetres on cardboard 





Discussing the Ideas 


2. A special factor times 
the diameter gives the 
circumference. Do you 
think this special factor 
is more or less than the 
whole number you found 
in exercise 1 ? More 








4cm 
diameter 


Can you use the idea suggested 
by this picture to find the 
‘distance around” each circle to 


the nearest one-tenth centimetre ? 
See Investigation. 


1. The ‘distance around” a circle is called the circumference 
of the circle. Copy the table below on the chalkboard and 
write in the circumference you found for each circle. 
For each circle, which whole 
number times the diameter 
will give a number closest 
to the circumference ? 3 




















the missing special factor, they 
should realize that the same number 
is the missing factor in each state- 
ment. If children’s measurements 
were fairly accurate, the exact an- 
swer of the whole number, 3, times 
each diameter should yield a num- 
ber slightly less than the circumfer- 
ences. Therefore, children should 
conclude that the special factor is a 
little more than 3. Explain that this 
special factor is named by the Greek 
letter aw (pi). For most work, the 
approximation 3.14 for a is quite 
adequate. Thus, a formula may be 
developed relating the circumfer- 
ence of any circle to its diameter: 
circumference = 7 X diameter 





circumference of a circle? 





Answers may vary. See Discussion. 




















* 3. 


a 3cm 


1. The experiments on page 262 suggest that the circumference 
of any circle is found by multiplying the diameter by a number 
slightly greater than 3. This number is the same for all circles. 
It is named by the Greek letter 7 (pronounced “‘pie’”’). 


bag eae: 


Find the circumference of a circle with diameter: 
B 7cm c10cm p2cm_ e 100cm 


942em 2198cm 314am 628¢m 


. A ls the circumference of the 


circle greater or less than 
the perimeter of the polygon 
shown in black ? in red ? 
B Estimate'the circumference 
of the circle by finding 
the average of the 
perimeters of the polygons. 
(Use centimetres.) About \9.5 cm 
c Check your estimate by 
measuring to find the 
diameter (in centimetres) 


and multiplying to find 
the circumference. (3 2) cm) 


A rope 49.682 m 
long was needed 
to encircle one 






Using the Ideas 


























of the world’s 
largest trees. 
What was the 
diameter of a 
cross section of 
the tree trunk ? 
15.82m or about lom 












More practice, page A-21, Set 42 


Using the Exercises 

Assign the exercises on page 263 
as independent work. If necessary, 
show children how to use the for- 
mula in exercise |. When you have 
them check and discuss exercise 2, 
help them realize that they arrived 
at an approximation for the circum- 
ference of the circle which is a little 
more than three times the diameter 
of the circle. As you discuss starred 
exercise 3, point out to the children 
that since they know the circumfer- 
ence and they have an acceptable 
value for 7 (3.14), they can easily 
find the missing factor, which is the 
diameter. 







Assignments (page 263)* 
Minimum: |. Average: 1, 2. 
Maximum: 1-3. 


Follow-up 

Children might enjoy designing cir- 
cle patterns like the one suggested 
in the Think problem. They might 
draw a circle with a 6-centimetre 
diameter and mark off intervals 
every 20 degrees on the circumfer- 
ence. Then they could draw diam- 
eters through the circle at each 
marked point on the circumference, 
and from the end point of one diam- 
eter, connect the end points of 
every other diameter to that point. 
Finally, they could color in a design 
such as that shown below. 





Resources for Active Learning 

Applied Mathematic Cards, *“Mea- 
suring Circles,’ Group 3/16, 
Schofield and Sims. (Available 
from Mafex Associates) 

Experiments in Mathematics, Stage 
1, pp. 32-35, 38-39, Houghton 
Mifflin. [Circle patterns] (Avail- 
able from Thomas Nelson & Sons 
Ltd.) 

Nuffield Project: Problems —Green 
Set, No. 21, Wiley. [Circle pat- 
terns] 


Duplicator Masters, page 52 
Workbook, page 82 


263 


PAGES 264-265 
Objective 

Given the base and height of a 
rectangle or parallelogram, the 
child will be able to find the area. 


Preparation 
Materials 
geoboards (if available); dot paper 
(Duplicator Masters, page 64) 
To prepare for this lesson, you 
might ask the children to describe 
the unit they use in measuring 
length, leading them to recall that 
to measure length they simply count 
some small segment or unit of 
length. Ask them to describe area, 
and to try to recall the unit used to 
measure area. Point out that, just 
as in finding length they count a 
unit of length, to find area they 
count a unit of area. 


Investigation 
If it is not possible for each child 
to have a geoboard, supply a suffi- 
cient amount of dot paper to serve 
as a substitute. In either case, the 
child is asked to record his findings 
on dot paper. (If you duplicate your 
own dot paper, use a five-by-five 
array of dots.) 

As children work through this 
investigation, you may need to 
remind them that they are to use 








The area of square A is 1. 
Count squares to find the 
areas of rectangles B and C. 


Can you find squares or rectangles on 


the geoboard with areas equal to each 


of the numbers from 1 through 16 ? 
ee Investigation. 


Copy and complete 
a table like this 
for each rectangle 


Discussing the Ideas 


1. Find the area of each figure. Can you find a way that 
is shorter than counting squares ? See Discussion. 





® Can you find the area? 


Investigating the Ideas 





Show each figure 
you find on 
dot paper. 















20 












only rectangles or squares. If a Noe Oe 1. 

child uses some other region, help p Explain this formula: Ill 4- Ill 32 | 

him to see that his region is not a A=lxw = 5 24 
j Area equals length | 

rectangle or square. Do not be sur- 264 Te re Pie. D 6 zs IZ 

prised if many children have diffi- = S 2 =e 


culty finding the square with area 5 
and the square with area 10. The 
possible areas are shown below. 











Discussion 

Before discussing the exercises, 
have children share the results of 
the investigation. Ask them why 
they could not find squares or rec- 
tangles with areas 7, 11, 13, 14, 
and 15. Help them see that rec- 
tangular or square arrays cannot 
be formed on the five-by-five geo- 
board for these numbers. 

Lead the discussion into exer- 
cise 1 by helping children relate 
the number of squares in each row 
or column to factors of the number 
they were working with. As you 
discuss parts C, D, E, and F, use 
the terms /ength and width and 
guide children to a discovery of 


the formula for finding the area of 
a rectangle in exercise 2. Make 
sure children realize that this 
formula also applies to squares, in 
which the length and width are 
equal. 





1. Find the area of each region. 








Using the Ideas 





Using the Exercises 

The exercises on page 265 are 
designed to lead the children to 
the technique for finding the area 
of a polygon without introducing a 
formula first. Let the children com- 
plete the exercises independently 
if they can. Allow time for discus- 
sion and questions after the children 
have had time to experiment. 

The Think problem has several 
possible solutions. You may wish 
to allow the children to color 8-by- 
8-unit grids in the various patterns 


they create for a bulletin board. 


display. (See Sample solution at 
the right.) 





Assignments (page 265) 
Minimum: 1-3. Average: 1-3. 
Maximum: 1-3. 





Mathematics 

Area is a measure or number as- 
sociated with a bounded portion of 
a plane, that is, aregion. In previous 
lessons, we have been careful to 
speak of areas of regions. However, 
it is Common practice to speak of 
the area of a square, rectangle, or 
other polygons without referring to 
the fact that we mean the area of 
the region bounded by such poly- 
gons. Since there is little chance of 
misunderstanding what is meant by 
such terminology, we use the more 
familiar terminology in this lesson 
and in succeeding lessons. If you 
prefer, you may continue to use the 
“region” terminology when dis- 
cussing area concepts. 


Follow-up 

You might have different groups of 
children measure the area of vari- 
ous surfaces. Some may cut out a 
square metre or square cm and 
count how many units of area are 
needed. Others may simply mea- 
sure the length and width of the 
surface and use the formula to com- 
pute the area. This type of activity 
would be particularly worthwhile 
for any children who have difficulty 
relating the formula to the concept 
of measuring area. 


Resources for Active Learning 

Applied Mathematics Cards, 
Group 2/16; Group 3/5, Scho- 
field and Sims. (Available from 
Gage Educational Publishing Ltd.) 

Experiments in Mathematics, Stage 
1, pp. 10-13, Houghton Mifflin, 
(Available from Thomas Nelson 
& Sons Ltd.) 

Franklin Series: Making and Using 
Graphs and Nomographs, “‘Us- 
ing Nomographs to Find Areas,” 
pp. 73-74; ‘‘Finding Missing 
Dimensions,” p. 82, Lyons and 
Carnahan. (Available from Mc- 
Graw-Hill Ryerson) 

Madison Project: Discovery in 
Mathematics (Teacher’s Text), 
pp. 229-236, Addison-Wesley. 

Matrix: Measurement No. 10, pp. 
9-17 (pupil pages 31-53), En- 
cyclopaedia Britannica Publica- 
tions Ltd. 


Workbook, page 83 
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PAGES 266-267 
Objective 

Given the base and height of a 
triangle, the child will be able to 
find its area. 


Preparation 


Material 
geoboard; dot paper (Duplicator 

Masters, page 64) 

To prepare for this lesson, briefly 
review the fact that a right triangle 
has one angle that is 90°. You might 
also review acute and obtuse angles 
as discussed on page 70. For exam- 
ple, draw an obtuse triangle similar 
to the one in exercise 3, page 267, 
and point out the two acute angles 
and the one obtuse angle. The main 
purpose of this preparation, how- 
ever, should be simply to review 
triangles in general and right tri- 
angles in particular. 


Investigation 

Some children may notice that the 
areas of the triangles in this inves- 
tigation are one half the areas of 
some of the squares and rectangles 
they found in the investigation in 
the preceding lesson. However, do 
not point this out; this investigation 
should lead the children to discover 


@ Can you find the area of any triangle? | 


Investigating the Ideas 


If the area of square A is 1, the 


area of tight triangle B is__? _. 2 


If the area of rectangle C is 2, the 
area of right triangle Dis__? _. ! 


Show each triangle 
you find on dot 


See 
Paper Investigation. 


Can you find right triangles 
with areas 13, 2, 3, 4, 43, 
6, and 8 on a geoboard ? 


Discussing the Ideas 


1. 


A 


B The area of triangle ABD is what 


De- 
What is the area of rectangle ABCD ? \2 


fractional part of the area of ABCD ?+ 
What is the area of triangle ABD ?9 


Explain how to find the area of any right triangle. 
See Discussion. 


What is the area of the region shaded pink ? 20 
What is the area of the region shaded gray ? 8 

What is the area of the two regions together ? 28 
What is the area of triangle FHG 210 pgs £ 
What is the area of triangle FHG ?4 ans: z 





What is the area of triangle EFG ? \4. 
The area of triangle EFG is what 
part of the entire shaded region?  f-a— 





this relationship for themselves. 
Remind them to carefully record 
their results on dot paper by mark- 
ing the area of each right triangle 


. In exercise 2, the length of segment EF is called the base (b) 
of the triangle. The length of segment GH is called the 
height (A). Can you give a formula for finding the area 
of a triangle when you know its base and height ? 





they find. Sample answers are 
shown below. 
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=% x base x height 
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Discussion 

Use the results of the investigation 
to lead into a discussion of exercise 
1. Emphasize that the diagonal in 
each rectangle divides it into two 
equal triangles. Thus, the area of 
each triangle is one half the area of 
the rectangle. 

Help the children to see that for 
the triangles which they will be 
studying the base is the side of the 
triangle on which it appears to be 
resting and the height is the per- 
pendicular distance from the vertex 
opposite the base to the base. Clar- 
ify these terms as children work 
through exercise 2. Also, stress the 
fact that the triangle EHG is one 





half the rectangle to the left of seg- 
ment GH and that the area of tri- 
angle FGH is one half the rectangle 
to the right of segment GH. Since 
each of these triangles is one half 
of one of the two rectangles, the 
whole triangle, EFG, is one half 
the entire rectangle with base EF. 
Also, point out that segment GH is 
the height of the triangle EFG. 
Conclude by having children write 
the answer to exercise 3 in the 
general formula: 


area of a triangle = 
2 X base X height 


Follow-up 

Encourage children to make puz- 
zles by forming overlapping tri- 
angles on the geoboard. Then other 


Using the Ideas 


1. Find the area of each large triangle. 








A 21 , BIO c +O p28 children can try to find as many 
“hidden” triangles as they can. 
@ e e 
e @ 
2. Use the flow chart to help you find the areas of the following 
triangles with the given bases and heights. 
e 
e 





You might challenge capable chil- 


ACD — lees D—110, co b— 14 per 27a b= 54 dren to estimate the area of the 
h=530°"h=840 h=7 49 h=81\08 h= 9243 simpler designs. 

F b=818 6 b=9l0en 6=124 1 b=16 5 b= 128. Resources for Active Learning 
h= 43 h = 23 h=657°3 p= 7 a 463 a Inquiry in Mathematics via the 


Geo-board, ‘‘Area of Triangles,” 
Geo-cards 16-18, Walker. (Avail- 
able from Fitzhenry & Whiteside 
Ltd.) 

Mathematics in Modules, M8, 
Addison-Wesley. 


3. The height of each triangle is given in red. 
Find the area of each triangle. 


AGO B 60 c 60 





10 





Workbook, page 84 





More practice, page A-22, Set 43 267 





Using the Exercises 

Assign the exercises on page 267 
as independent work. Some chil- 
dren may need help in relating the 
formula A = 4 X b X h to the prob- 
lems and recognizing the base and 
the height in each triangle. Work 
through the exercises together with 
your children. 


Assignments (page 267) 
Minimum: 1, 2. Average: 1-3. 
Maximum: 1|-3. 
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PAGES 268-269 
Objective 

Given the lengths of the sides of 
a right triangle, the child will show 
his understanding that the sum of 
the areas of the squares on the legs 
is equal to the area of the square 
on the hypotenuse. 


Preparation 

To prepare for this lesson, you 
might briefly review the various 
methods for finding the area of a 
region. Make sure children realize 
that sometimes the best way to find 
the area of a region is to think of it 
in parts and add the areas of the 
parts. 


Investigation 

Although the children should try 
to find the specified areas inde- 
pendently, it would be helpful for 
you to move around the room and 
check to see that they are correctly 
determining the areas, particularly 
for each of the C squares. Some 
children may find it helpful to use 
geoboards to find the area of these 
squares. Also, suggest that the 
children make a table to show the 
areas of the squares for each tri- 
angle. 





Triangle Area 





Square A| Square B| Square C 








hWN 














268 


268 





Discussion 

Introduce and explain the vocabu- 
lary terms hypotenuse and legs. As 
children discuss exercise 1, stress 
not only the use of the terms and 
the need for accuracy in finding the 
area but also ask the children if they 
see any relation between these 
numbers. 

Use discussion exercise 2 to 
lead the children to discover the 
Pythagorean Theorem, namely, that 
the sum of the areas of the squares 
on the legs of a right triangle is 
equal to the area of the square on 
the hypotenuse. Using the labels of 
the squares, help the children to 
conclude A+ B=C, where each 


See above and 


Discussing the Ideas 


1. In aright triangle, the side opposite 
the right angle is called the hypotenuse. 
The other two sides are called the legs. 
a What is the area of the square on the shortest leg of 

the right triangle in figure 4 above ? What is the area 
of the square on the other leg ?\6 = 
Bs What is the area of the square on the hypotenuse in figure 4 ?25 


Investigating the Ideas 


and the larger square C for each triangle above ? 
t aati 


nvestigation. 


letter represents the area of the 
square. 


leg 





® Let's explore the Pythagorean theorem. : 











Can you find the area of the smaller squares A and B 








hypotenuse 


a 
t 


2. What pattern do you see in your answers to the Investigation 


question ? Do you think this is true for all right triangles ? 
See Discussion. 





a es 
























T. 


. Over 2000 years ago a famous 


* 3: 


* 4, 


Using the Ideas 


If square A has a side 3 units long, the area 
of square A is written 3 x 3 or 3? or simply 9. 
Write the area of these squares in three ways. 


a 









ZL 


y de 4x4 
4 42 
Io 


mathematician named Pythagoras 
proved this important theorem: 
The sum of the areas of | 
the squares onthelegs _ 
of aright triangle isthe | 
same as the area of the 
square on the hypotenuse. 
Write an equation to show a2, 42-52 nig 
that this theorem is true (3x3)+4x4)=(Sx 5) 
for this right triangle. °° 7*'°7 25 


Draw a picture and write an equation to show the Pythagorean 
theorem for a right triangle with legs 5 and 12 cm long. wets |5 


1 
If a right triangle has legs 6 and 8 cm long, how long ake 
is the hypotenuse ? !0 cm ( n=13 








your help, and then help them check 
their answers. 


Using the Exercises 

You might find it necessary to dis- 
cuss the concepts treated on page 
269. For example, use other phrases 
to help children understand the 
notation for a squared number, 


2 ball OF lO Rol 0 seek] = 
7X7; and so on. You might also 
point out that exercises 2, 3, and 4 
treat the Pythagorean Theorem just 
as did the investigation. You might 
need to help children understand 
what type of equation is expected. 
If so, exercise 2 would be appro- 
priate for discussion. 


Follow-up 

A challenging puzzle based on the 
Pythagorean Theorem is shown 
below. 








Cut out the five pieces from graph 
paper. Then challenge children first 
to reconstruct the 3 x 3 and the 4x 
4 squares. After that, challenge 
them to use all five pieces to form 
one large square. It must, by the 
Pythagorean Theorem, have an 
area of 32+ 4? or 25, so it will be a 
5 x 5 square. 


Solution 





Resources for Active Learning 

A Cloudburst, Vol. 2 & 3, No. 6800 
series, Midwest Publications. 

Experiments in Mathematics, Stage 
2, pp. 12-13, Houghton Mifflin. 
(Available from Thomas Nelson 


& Sons Ltd.) 
Inquiry in Mathematics via the 
Geo-board, Geo-cards 21/1-4, 


Walker. (Available from Fitzhenry 
& Whitehouse Ltd.) 

Mathex: Geometry No. 9, pp. 56- 
60, Encyclopaedia Britannica 
Publications Ltd. 


Workbook, page 85 


With a group of more capable 
children, you might have them work 
on these exercises together without 


Assignments (page 269)* 
Minimum: 1, 2. Average: 1, 2. 
Maximum: 1-4. 
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PAGES 270-271 
Objective 

Given the radius of a circle, the 
child will be able to find its area by 
applying the formula A =7 X r®. 


®/s there an easy way to find the area of a circle? 





Investigating the Ideas 


Preparation 

Materials 

circular objects such as cans, plas- 
tic lids, discs, and coins; graph 
paper, $-cm grid (Duplicator 
Masters, page 63) 


Choose one or more 
circular objects. 

Trace around each 
object on graph paper. 





Lid 





Record 
To prepare for this lesson, you 


might review the technique of 
counting parts of squares when 
finding area from a grid. However, 
if children have had no difficulty 
with this method, you might want 
to begin immediately with the in- 
vestigation. 





Answers willvaory. 


Can you find about how many squares | 32 \nvestigation. 


each circular object covers ? 








Investigation Discussing the Ideas 


If possible, have as many circular 
objects as you have children work- 
ing on the investigation. An ample 
supply of graph paper will also be 
necessary. You might remind the 
children to carefully record their 
findings for each object that they 
use. Encourage them to try to find 
easy ways to count the squares. 


1. Estimate the area of the circle shown 


at the right by counting squares. 


Estimates will vary. CActual area: 78.5) 
2. The radius (r) of the circle is the side 


of the blue square. What is the area 
of this square ? 25 





3. a ls your estimate for the area of the circle less than 
4 x r? (four times the area of the square) ? See Discussion. 
s Is your estimate more than 3 x r? (three times the area 
of the square) ? See Discussion. 


4. As you can see, the area of a circle is slightly more than 3 x r’. 
More detailed mathematical methods have shown that the area 
of a circle (to the nearest sunurcrety) is 3.14 x r?. Using A for 
area, we write: A = 7 x r*. Can you use this formula to check 

your estimates of the. areas of the circles in the Investigation ? 





270 


270 








Discussion 


Before beginning the discussion 
exercises, have children share some 
of the results of their investigation. 


Exercises | through 4 are de-_ 


signed to develop the background 
the children will need in order to 
understand the formula for finding 
the area of a circle. 

In discussing exercise 2, be sure 
the children see, first of all, that the 
area of the boldly outlined square 
region is r X r, or r?. They can find 
the area of the square both by 
counting the square units within it 
and by multiplying r X r. For exer- 
cise 3, emphasize that the combined 
area of these four squares is larger 


See Discussion. 





than the area of the circle because 
there are a few extra square units 
at each corner. Thus, the area of 
the circle is less than 4 X r?. If they 
use the given value for r they should 
be able to see that their estimate 
of the area is slightly more than 
3 x r®. After this background de- 
velopment, the children should find 
the formula A = 7 X r? a reason- 
able one. Use several examples 
from the investigation to apply the 
formula. Be sure that the children 
understand that the radius is one 
half the diameter so that they will 
find the correct value on their 
graph paper. 





* 3. 





. A Find the area of each 


different-sized circle. 

(Use Tt = 3.14.) 354-94; 1017 86 
B Find the total area of 

the colored part. 84.7.8 
c What is the area of the 

inside part not colored ? \69.56 


When a pencil fastened to the edge of a cardboard circle 
marks the wall as the circle rolls along, it makes a curve 


called a cycloid. 





Mathematicians have proved that the area of region A 
(the area of region B, also) is the same as the area 


of the circle. What is 

the total area of the 

three colored regions 
under the cycloid ? |50.72 


Bea 
ae] 





. More practice, page A-22, Set 44 






(The radius is 18.) 





Is the area of the outside 
white ring less than, equal 
to, or more than the area 


of the inside white circle ? 
Equal to 


Using the Ideas 


271 








Using the Exercises 


Assign the exercises on page 271 


as independent work. However, for 
children who have shown difficulty 
using the formula, A = 7 X r?, you 
might work through these exer- 
cises together. For example, in 
exercise 1, children are not only 
given an opportunity to apply the 
formula but they must also realize 
which of the smaller circles have 
the same area, add areas of all the 
colored circles, and subtract this 
total from the area of the large 
outer circle. If they follow the exer- 
cise part by part, they should be 
able to do this one step at a time. 

Exercise 2 deals with a very in- 


teresting curve. You might want to 
discuss it in connection with a 
follow-up project, as suggested 
below. 

Starred exercise 3 should chal- 
lenge the more capable children al- 
though the subtractive idea needed 
to solve it is similar to that used in 
exercise 1. 


Assignments (page 271) 
Minimum: 1. Average: 1, 2. 
Maximum: 1-3. 





Follow-up/Cycloid Curves 
It is often thought that since a 
straight line is the shortest distance 
between two points it would also 
be the fastest path for an object to 
travel between two points. How- 
ever a study of the cycloid proves 
that this is not so. 

A project which might be of 
interest to the class would be the 
construction of a cycloid track. 

1. Cut out a cardboard circle of 
radius 10 cm. Tape a pencil on 
its circumference and roll the 
circle on its side so the pencil 
leaves a mark ona large piece of 
rectangular cardboard (at least 
70 cm). 

2. Cut along this curve and retain 
the convex section. 








Discard 


3. Trace and cut out an identical 
section and place the two parts 
side by side separated by a thin 
strip of cardboard (+ cm) placed 
between the curves about + cm 
from their edges, making a cy- 
cloid track. 

4. Using a string, find the centre 
of the cycloid. Mark the centre 
and place an index card ina slit 
cut at that point. 

. Measure the straight-line dis- 
tance from this centre point to 
the top of one side of the cycloid. 

6. Make another track but make 
this one a straight track which 
has the length of the distance 
found in step 5 (distance from 
A to B in the diagram). 


Index 
card A 


‘n 


7. Roll a ball from each of the top 
points. Which one gets to point 
B first? 

Resources for Active Learning 

Franklin Series: Patterns and Puz- 
zles, ““A Circle Problem,” pp. 
69-70, Lyons and Carnahan. 
(Available from McGraw-Hill 
Ryerson) 


Duplicator Masters, page 53 
Workbook, page 86 
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PAGES 272-273 
Objective 

Given the length, width, and 
height of a rectangular prism, the 
child will be able to find its volume. 


Preparation 
Materials 


several small cubes (optional) 


To prepare for this lesson, it 
would be helpful to review the 
term rectangular prism. Ask chil- 
dren if they can name any objects 
which could be called rectangular 
prisms. They might mention a box, 
the teacher’s desk, a book, and 
so on. 


Investigation 

Although this investigation deals 
with three-dimensional objects, 
most children should be expected 
to explore the challenge question 
simply by studying the illustration 
in the text. In this way they are 
more apt to see that they can think 
in terms of how many cubes in one 
layer and then find the total num- 
ber of layers. You might want them 
to work in pairs for this investiga- 
tion. 


Paging 


272 





Discussion 
Give children an opportunity to 
discuss the methods they used to 
find the number of cubes in the 
investigation. Encourage use of the 
term volume when appropriate. Try 
to relate discussion exercise 2 to 
some of the children’s suggestions. 
Finally, have the children com- 
plete the table in exercise 3. Help 
them write and interpret the for- 
mula, 


V=I1XwXh, 


making sure they know the mean- 
ing of each letter. Throughout the 
entire discussion, emphasize that 
volume, or cubic measure, is basi- 


Investigating the Ideas 


Suppose this rectangular prism 
was made by gluing many 
small cubes ( together. 


Can you think of an 


easy way to find how 
many cubes were used ? 





and complete a table 

like this for each 
figure in exercise 2. 

sB Can you give a formula 


® How is the volume of a figure calculated? 





See Lnvestigation. 


Discussing the Ideas 


1. The volume of a figure is the number of unit cubes it takes 
to “make” the figure. What is the volume of the figure above ? 


2. What is the volume of each of these figures ? 


cally found by counting cubic units, 
just as area is found by finding the 
number of square units in a region. 

If you are working with an above- 
average group, you might discuss 
the formula for volume of a cube, 
that is, a rectangular prism which 
has equal length, width, and height. 
For example, the volume for the 
cube in exercise 1A on page 273 
would be 4 X 4 X 4. You might lead 
the children to generalize that, 
since 4 X 4 is written 47,4 x 4x 4 
may be written as 4° and read “four 
cubed,” or ‘four to the third 
power.” 








ITXGX9= FIB 





aA 
f=length: w=width; A=height 
for finding the volume of a rectangular prism? Y~4* “xh 





Using the Ideas 


1. Find the volume of each figure by using the volume formula, 
V=/xwxh. 


* 5. 





A B 
og — 
8 4 
4 4 


. Length, width, and height are sometimes called the three 


c 
a 
6 2 





dimensions of a figure. Find the volume of each figure. 


a 


o 


Double two 
dimensions. 


Double one 
3 dimension. 








Double all 
dimensions. 


—_—> 





Use exercise 2 to help you complete each sentence. 
a_ If two dimensions of a box are doubled, 


the volume is __ ? “ times as large. 
If each dimension of a box is doubled, 
the volume is __? © times as large. 


Find the volume of each box. Exercise 3 may help. 


BI2 Cc 24 


SP A ag 


Find the volume 
of each figure. 


More practice, page A-23, Set 45 


Using the Exercises 

When you are sure children can 
apply the formula and find the vol- 
ume of a cube, assign the exercises 
on page 273 as independent work. 
Exercises 2 and 3 are based on the 
interesting fact that by doubling 
one dimension the volume is dou- 
bled, and if all three dimensions 
are doubled, the volume of the re- 
sulting rectangular prism is eight 
times the original volume. 


Dd48 
6 
4 





2713 


Assignments (page 273) 
Minimum: 1, 2. Average: 1-4. 


Maximum: 1-5. 





Follow-up 

To extend concepts of volume, con- 
struct a prism and a pyramid that 
are of equal height and have con- 
gruent bases. Make the space fig- 
ures from cardboard and hinge one 
face with cloth tape, or remove one 
face so that the children can test 
the predictions they make regard- 
ing the figures’ volumes. 

Ask the children to predict which 
space figure has the greater volume; 
then encourage them to guess how 
many times greater. After they re- 
cord their guesses, give the children 
a container of sand and direct one 
of them to experiment by filling the 
pyramid with sand and carefully 
pouring the sand into the prism. 
Suggest that various children re- 
peat the experiment several times 
to validate their findings. The ex- 
periment can also be carried out 
with a cone and a cylinder of equal 
height and with congruent bases. 


Resources for Active Learning 

Applied Mathematics — Cards, 
Group 2/5; Group 3/10, Scho- 
field and Sims. (Available from 
Mafex Associates) 

Math Activity Cards, “Volumes,” 
E24, Macmillan. 

Mathex: Measurement No. 10, pp. 
18-21 (pupil pages 54-59), En- 
cyclopaedia Britannica Publica- 
tions Ltd. 

Measure and Find Out, Book 2, 
‘‘Measuring Volume,” Activity 
1/7, Scott Foresman. (Available 
from Gage Educational Publish- 
ing Ltd.) 

Nuffield Project: Problems —Green 
Set, No. 27, Wiley. 
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PAGES 274-275 
Objective 

Given the length, width, and 
height of a rectangular prism, the 
child will be able to find its surface 


ared. 


Preparation 

To prepare for this lesson, you 
might briefly review the fact that 
square units are used to measure 
area, and cubic units are used to 
measure volume. For example, 
name an object and ask children 
how they might measure it. Ask 
questions such as, “‘What unit 
would you use to measure Carpeting 
to put on the floor? What unit would 
you use to measure how many 
boxes you could store in a large 
trunk? in any empty closet?” Keep 
such a review brief; its purpose 
should be simply to help children 
recall that area is a measure of sur- 
face in square units and volume is a 
measure of space in cubic units. 


Investigation 

Although a few children might think 
that in order to answer the chal- 
lenge question they must cover a 
box with graph paper, it is intended 
that they answer the question sim- 
ply by studying the illustration. 
However if any children do have 
difficulty interpreting the pictorial 
representation, you might give them 
a box to cover with graph paper. 
Most will realize that the pairs of 
opposite sides are the same and find 
the area of each visible side. Allow 
children to share ideas as they 
work, but encourage independent 
thinking by each child. 


274 


® Can you find surface area? 


Investigating the Ideas 


This box has been 
covered on all sides 
with graph paper. 





Can you think of an easy way to find how many 
; 2 : Investigation) (SA= 34-2 
unit squares L] it took to cover it eR erie cys ¢ ) 





Discussing the Ideas 


1. The number of unit squares it takes to completely cover the 
surface of a figure is called the surface area of the figure. 


Explain how you found the surface area of the “‘box’’ above. 
Answers will vary.Gee Discussion. _ 
2. a What is the area of the region in the first figure ?54 eq units 





274 





Discussion 


Use the results of the investigation, 
and discussion exercise 1 to ex- 
plain the meaning of the term sur- 
face area. Help children realize 
that the surface area of a rectangu- 
lar prism is the total of the areas of 
the faces of the prism. Exercises 2 
and 3 are designed to lead the chil- 
dren step by. step from finding the 
area of rectangular regions to find- 
ing surface area of space figures. If 
children seem to have difficulty 
with this concept, you might give 
them previously duplicated patterns 
for space figures and have them 
find the surface areas for each, both 
before and after the patterns have 


Bp Explain why the surface area of the cube is 54. 
The cube is formed by folding the firet figure. 


j i ————EE——————E as 





been cut out and made into space 
figures. 














; 





* 4. 








Use the indicated unit. 


A 





V=7cu units 
SA> 30 sq units 








V= 64 cu units B 
SA= 96 sq units 


Using the Exercises 
Exercise | on page 275 gives chil- 
dren an opportunity to compare the 
surface areas of figures that have 
the same volume but different 
shapes. Both exercise | and exer- 
cise 2 are relatively simple because 
each unit is marked so that the chil- 
dren can count the units if neces- 
sary. If children have understood 
the concept of surface area, most 
will do exercise 3 successfully. 
Note, however, that exercise 4 
is starred. Some of the children will 
see that each of the figures in exer- 
cise 5, page 273, may be thought 
of as two rectangular prisms to- 
gether. More capable children may 






. The two figures below have the same volume. Tell whether 
the first or the second figure has the greater surface area. 


Then tell how much greater. Use the units indicated. 
Second figure has 10 sq units more surface area. 





. Give the volume and surface area of each figure. 


A 7 SA=30 Sq units 


. Give the volume and surface area of each figure. 


Use the lengths given. V= 144 cu units 


SA=176 $q units 


Give the surface areas of the figures in exercise 5, page 273.4 \29 


Using the Ideas 


V= 5 cu units 


PAS) 





stimulate the rest of the class by 
explaining how to find the volume 
of these figures. You might give 
blocks to those children who wish 
to use them to work out figures like 
those in exercises 3 and 4, but urge 
most to work without actual models 
for the figures. 


Assignments (page 275) 
Minimum: 1, 3. Average: 1-3. 
Maximum: 1-4. 


Follow-up 

As a follow-up to this lesson, you 
might encourage children to guess 
the volume and surface area of rec- 
tangular prisms in the classroom 
and then try to check their guesses 
by making actual measurements. 
For example, instead of using graph 
paper, children might see how much 
newspaper is needed to cover the 
teacher’s desk, a book shelf or 
cabinet area, and then figure out 
from the dimensions of the news- 
paper the surface area of the ob- 
jects. If some of the cubes and poly- 
gons which children constructed 
for Chapter 4 are still available, 
they might try to find the surface 
area of these figures. 


Solution, Think, page 275 
Smith won. When their averages 
were tied, assume that both Smith 
and Jones had batted the same 
number of times. In Jones’ remain- 
ing 8 times at bat, he got 7 hits. 
Smith got 9 hits out of his last 12 
times at bat. Think of Smith’s 9 
for 12 in the following way. For the 
first 8 times at bat, he got 7 hits and 
was still tied with Jones, who also 
went 7 for 8. Then, for his next 4 
times at bat, Smith got 2 more hits. 
It is highly probable that their 
batting averages were less than 
0.500. Therefore, the 2 for 4 will 
improve Smith’s average and thus 
his batting average will be higher 
than Jones’. 


Resources for Active Learning 

Franklin Series: Patterns and Puz- 
zles, ““The Spider and the Fly,” 
pp. 33-35, Lyons and Carna- 
han. [A puzzle] (Available from 
McGraw-Hill Ryerson) 

Mathematics in Modules, 
Addison-Wesley 

Measure and Find Out, Book 1, 
“Length and Width and Height,” 
Activity 4, Scott Foresman. (Avail- 
able from Gage Educational 
Publishing Ltd.) 


M13, 





Duplicator Masters, page 54 
Workbook, page 87 
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PAGES 276-277 


Objectives 

Given problems based on vari- 
ous properties of the cube, the child 
will be able to solve the problems 
by applying his understanding of 
the cube. 

Given problems involving prac- 
tical geometry, the child will be 
able to solve the problems by ap- 
plying his understanding of geo- 
metric shapes. 

Preparation 

To prepare for this lesson, you 
might briefly review the fact that a 
rectangular prism which has equal 
length, width, and height is a cube. 


276 





















— 
ie 


Solving | 


pattern shown. 


of a cube to show 


even if you could pick 
the stack up and look 
at all sides) 


* 4. 


Discussion 

The problems on page 276 should 
be completed by the children be- 
fore you discuss them. Encourage 
the children to check their answers 
by using actual materials to con- 
struct the box in exercise | and the 
stacks in exercise 3. However, in 
exercise 4, suggest that they try to 
figure out the answer first by ex- 
amination of the illustrations. Then 
they might try to construct and 
label the cube shown to see if their 
conclusions about opposite designs 
are correct. Be sure the cube they 
construct follows the matchings 


given in the text, which are as illus-_ 


trated in the next column. 


| 
j 
, 
"| Problems | 


1. Acubical box without a lid 
was Cut along certain edges 
and opened to make the 


a Can you show another pattern 


2. The picture shows a ‘’5-edge trip” 
from A to B. Can you draw a picture 


A a’‘3-edge trip” froomA toB eee dashe 


B a’ /-edgetrip’ fromA to B? 
(See dotted lines.) 


3. How many cubes are hidden 
(have no faces showing 


aA ina2 x 2 x 2stack?0 
B ina3 x 3 x 3stack?| 
c ina4 x 4 x 4stack?8 











33a stack 4x 4x 4 stack 


Here are 4 views of the same cube. 
Which designs are opposite each other on the cube ? Gein tne Exercises. 


Be is Opposite & 


co is Opposite =e 
$e iS Opposite & 


Assignments (page 276)* 
Minimum: 1, 2. Average: 1-3. 
Maximum: 1-4. 






















Resources for Active Learning 
[The listed resources present 

cube puzzles. | 

Franklin Series: Patterns and Puz- 
zles, pp. 19-22, Lyons and Car- 
nahan. (Available from McGraw- 
Hill Ryerson) 

Math Activity Cards, D13, Mac- 
millan. 

Nuffield Project: Problems — Green 
Set, No. 33, Wiley. 


Solving Practical Geometry Problems 


1. Mrs. Alvarez saw a carpet that is 
3.5 metres wide and 6.5 metres long on 
sale for $204.75. 
A How many square metres ? 22.75 m* 
B Does the carpet sell for more than 
ten dollars per square metre ? No 





2. Bill measured his school classroom. It is 7.5 metres wide, 
9 metres long, and 3.25 metres high. 
a How many cubic metres of volume are in the room ?2\9.38 cm} 
B In Bill’s class there are 26 children, one teacher, 
and a teacher's aide. How many cubic metres of room 
(to the nearest tenth) are there for each person ? 7-8cm? 


3. How much wire is needed to fence a rectangular field 80 metres 
wide and 120 metres long ? 400m 





4. A bicycle wheel has a 66-cm diameter. 
A What is the circumference of the wheel ?9 97. 
B About how many metres will the bicycle travel in one turn 

of the wheel ? About 2.07m 


c About how many times must the wheel turn in one kilometre ? 
About 483times 








5. Acircular table has a top that 
is 1 metre in diameter. What 
is the area of the table top? 7Q5 O00 cm? 


Using the Exercises using the dimensions suggested. 
The problems on page 277 give Models such as these, however, 
the children an opportunity to apply should be used only by children 
their understanding of familiar geo- who cannot apply the formulas de- 
metric shapes with the ideas of veloped in previous lessons. 

area, volume, and circumference. 

Many would benefit from small- 

group discussions. If some have 

difficulty with a problem, suggest 

that they draw or make a model to 

represent the actual objects in the 

problem. For example, models of 

graph paper would be helpful for 

problems | and 3; and cubes for 

problem 2. Problems 4 and 5 might 

challenge some children enough Assignments (page 277)* 

that they would benefit from mak- Minimum: I-5, oral. Average: 1-5. 
ing actual circles of cardboard Maximum: 1I-S. 


FAS | 


PAGES 278-279 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 
Materials 
string; ruler 

Review any topics from the chap- 
ter which seemed troublesome for 
the children. In particular, you 
might want to review the methods 
of finding the area of rectangles, 
parallelograms, and triangles. How- 
ever, children should not be ex- 
pected to remember the formulas. 
The emphasis should be on under- 
standing the concepts. 
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1. Guess the length of 
this curve in centimetres. 
Then measure it as 
accurately as you can. 
Answers will vary. 


2. a Which is larger, the 


A133 


ees 
19 
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Discussion 

These pages would serve best as a 
review lesson in which you work 
through several exercises together 
with the children. However, they 
may also be used as an evaluative 
instrument. If you choose the latter 
method, either direct the children 
to refer to pages in the book for 
help in solving the problems or 
write the more difficult formulas 
and the Pythagorean Theorem on 
the chalkboard. 


Area of parallelogram 
= base X height 
Area of triangle ‘ 
= 4 X base X height 





circumference of the circle or 
the perimeter of the polygon ? 
(Answer before measuring.) 
B Find the circumference of 
the circle and the perimeter 
of the polygon in centimetres. 12.5c, 12 


3. Find the area of these figures. 


B72 


12 


4. Find the volume and surface area of each figure. 


Use the units indicated by the figures. 
V= A units, SA=!8 sq units 


Area of circle 
= 7 X radius X radius 


Pythagorean Theorem: In a nght 
triangle, the sum of the areas 
of the squares on the sides is 
equal to the area of the square 
on the hypotenuse. 

Most exercises of this review 
stress the understanding of basic 
geometric concepts and give chil- 
dren an opportunity to show their 
ability to think about the ideas 
which have been treated in this 
chapter. Whether you use these 
exercises as an evaluative instru- 
ment or as a review lesson, spend 
sufficient time checking each exer- 


c49 
14 


V=5 cu units, SA=Z0 sq units 









5. Find the volume and surface area of each box. 


A 6 B 
pds 2 V=63 
SA=104 SA=102 
2 3 
2 3 
5 
7 3 
6. a Count squares to estimate the area 
of the circle. About 50 sq units 
Bs The diameter of the circle in the 
figure is 8. Use 3.14 for Tt to 
find the area of the circle. 50.24 sq units 


7. If asquare were drawn 
on the hypotenuse of 
this right triangle, 
what would its area be ? !CO 













8. a Acube has _? & vertices, 
©?__ faces, and _ ? !2 
edges. 

B If the area of a face of 
a cube is 4 square units, 
what is the surface area 
of the cube ? 24 sq units 





See Solution, T.E. page 279. 
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cise and allow time for discussion Solution, Think, page 279 
of any questions the children might The seven other possible paths are 


have. as shown below. 
L 
ae, - ; eivie 
Vv L L LEIVJE L 
LEL EL 
L L 


Workbook, page 88 
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PAGES 280-281 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Review any of the topics covered 
so far in the text which the children 
have found particularly difficult. 
You might find it especially helpful 
to review computation with frac- 
tional numbers in preparation for 
the work on ratio in Chapter 13. 
Exercises 2, 3, and 4 are designed 
to aid in reviewing skills that will 
again be employed in that chapter, 
so you should place special em- 
phasis on them. 

You might prefer to use the prep- 
aration time more explicitly for 
page 281. The paragraphs at the 
top of the page might serve this 
function. 
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2.0, 40,60, 80,100 
1. a List the multiples of 20 (to ne 


c List five fractions equivalent {oe ao 
ra eo *BO’ & B 



















7, 14,21,28,3 


2. Solve these equations. 


dieghee £1) les ala) PA x N/a) ie pee eS) 
aG=8'4 ci=#4 ¢€ 2248 gg }=330 
7 n Shes.) Ne a) ches ay 
Ba=7022 oe=fF'S F §=1 5 Hw B= 359 
3. Give set of five fractions equivalent t the given f fraction 
23 ZA Zz ees Boe 
12'S 'S! 1 GO ales ey Brie ie: eee ,e ie 1 
Rad GinGa Bea SHIG 45 6 YP 310 12 E dus. 180) Fis 


10” 12 15’ 18 


Give the correct sign (= or ¥) for each es 


a 1 gy, 2 
ee 3 tl) 5 


5. Find the totals. Change each answer 
so that you have the greatest 
number of the larger unit. 


= a 





Discussion 


Solutions, Think page 280 

A chain costing $1.50 would re- 
quire making 3 cuts and 3 welds, 
as shown below. 


cuCecme 


SSS 


Page 280 is a review page, and 
may be assigned as independent 
work. When children finish, check 
the exercises carefully and help 
them clarify any misunderstand- 
ings. 


The chain can be made for $1.00, 
also, as shown below. 


aeE: 


a 8h42 min B1/7days 8h 
7h 21 min 9 days 16h 
IiGnr Smin 27 days 
c4mo 2days ob4wkddays 
5 mo 29 days 2 wk 6 days 
\Omo ISdays T wk 4 days 
—E 5min 19 sec F 4h 35 min 
3 min 18 sec 1h 56 min 
2 min 29 sec 8h 49 min eee 
Timin 6 9e6 (Shr ZO min See Solutions, TE. page 280. 


B List the Lays of 7 (to 35). 


rol os 
1 4 = 29! 
Wl ava 
& 
ZZaA4 10 ‘15’ 
('TS’Z0', 3 12 18 
5 CG & 52025’ 


25’ 30 18 


4. The rings are shown to remind you of a check for equivalent fractions. °° 


Ses 
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FALLING BO05S 


The famous Leaning Tower of Pisa is 
located in Pisa, Italy. It has stood for 
hundreds of years, even though it 
leans so far to one side it looks as if it 
will fall. The tower is 54.56 m tall, and WANG 
it is about 544 centimetres out of line. nye Aa] ee, 
Galileo, a famous 17th century scientist, Sahl | Wize = 
thought that two falling bodies would fall at the same speed, even 

if one were large and the other small. Galileo is said to have dropped 
objects from the Leaning Tower of Pisa to prove his theory. This theory, 
although unpopular in its day, is correct (assuming no air resistance). 





1. The approximate distance (in metres) that an object falls when 
dropped to Earth can be found by the formula d = 4.9 x #2, 
where t is the time (in seconds). If an object is dropped, 
how far will it fall in 
a 1second?*? gs 2seconds?!'2© ¢ 4seconds?/84 p 7 seconds ?240! 


2. If the objects Galileo dropped took 3 seconds to hit the ground, 
about how high was Galileo when he dropped them ?44 | 


3. As objects fall, their speed increases. You can give the speed 
(in metres per second) of a falling object if you multiply 9.8 by 
the number of seconds the object has been falling. 
a An object dropped from a high place is going 
how fast after 3 seconds ?29.4 Km/s 
+ 8 One kilometre per hour is about 0.28 metres per second. 
What is the speed in kilometres per hour of the object in part a ?\05 


* 4. If an object takes 5} seconds to fall to the ground, 
how far did it fall and how fast was it going when it hit 7148.2; 53.9 
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Using the Exercises 

You might want to work through 
one or two of the problems on page 
281 with the children. However, 
these problems might be used as 
a challenge for the children to 
try to apply a new formula on their 
own. In either case, help those 
who need it and allow capable chil- 
dren time to do some independent 
problem solving. 

When children finish, carefully 
check their answers and give them 
time to explain their solutions. 
Starred exercise 4 uses a direct ap- 
plication of the formula, d= 4.9 x t?, 
but you might point out that here 


t? means 54 X 540r¥2 x=; 


so d=4.9x | =148.2 km. Remem- 
ber that starred exercises are in- 
tended to be challenges for more 
interested or capable children. 


Follow-up 

After the word-problem set on page 
281, the children might be inter- 
ested in doing some research, not 
only on falling objects but also 
on the Leaning Tower of Pisa. In 
recent years, there has been some 
concern that the tower might even- 
tually tip far enough to fall over. It 
has been calculated that the tower 
leans a little more each year, and 
attempts are being made to halt the 
leaning. 

Galileo’s theories on falling bod- 
ies also play a significant part in 
that phase of manned space flights 
in which the capsule must fall 
through the atmosphere. The in- 
creasing resistance to the accelera- 
tion of the space craft caused by 
the pull of gravity causes both ex- 
treme heating and a shock wave 
around the nose cone. These, in 
turn, create problems in shielding 
the men and the capsule from heat. 
Children who are interested can 
find references to these and other 
applications of arithmetic in NASA 
publications. (See Books to Ex- 
plore, pages A25-A26, and More 
Books to Explore in the introduc- 
tory section of this manual.) 
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CHAPTER 12 


Geometry and Graphing 


Pages 282 —303 


General Objectives 


To review and extend graphing of 
number pairs 

To relate graphed points to geo- 
metric figures 

To develop the concept of reflec- 
tion by means of co-ordinate 
geometry and relate reflection to 
line symmetry 

To develop understanding of rota- 
tions, particularly 90°, 180°, and 
270° rotations, and to introduce 
the concept of rotational sym- 
metry 

To develop understanding of, and 
ability to perform, translations 

To explore tessellations of the 
plane 

To introduce the concept of mag- 
nifications of a figure 

To develop understanding of simi- 
lar figures 


The first lesson in this chapter 
relates co-ordinates with points 
graphed only in the positive quad- 
rant of the plane; however, frac- 
tional numbers are considered, and 
their placement is found by estima- 
tion. Co-ordinates are then related 
to geometric figures and images of 
figures or parts of a figure which 
are symmetric with respect to a 
line. The use of a geoboard is rec- 
ommended for a study of rotations 
and rotational symmetry. Transla- 
tions are introduced by an enjoy- 
able game with rules children can 
adapt or modify. Various figures 
are explored to see if they can be 
used to tessellate a plane. A study 
of the magnification of a figure 
leads into the development of simi- 
lar figures. The chapter concludes 
with chapter review and cumulative 
review pages. 


Mathematics 


A major part of this chapter is 
devoted to am intuitive study of 
a kind of geometry that is known 
as transformational geometry. Cer- 
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tain transformations, such as re- 
flections, rotations, and_transla- 
tions are called rigid motions, or 
isometries because such motions or 
transformations do not change the 
shape or size of geometric figures. 
Other transformations, such as 
similarity transformations, may 
change the size of a figure but not 
its shape. The approach to these 
topics in this chapter is by means of 
a co-ordinate system in the plane. 

To set up a co-ordinate system, 
choose two perpendicular number 
lines that intersect at zero, and then 
associate points on the plane with 
number pairs. In the beginning, use 
number rays with the whole-num- 
ber points labelled. Having chosen 
two rays, you can locate a point for 
any pair of whole numbers, pro- 
vided you know which number in 
the pair refers to which ray. It is 
conventional to agree that the first 
number refers to the horizontal ray 
and the second number refers to 
the vertical ray. 





When the integers are introduced 
in Chapter 15, the number rays 
become number lines labelled with 
positive and negative integers 
which intersect at the co-ordinates 
(0,0). 


Teaching the Chapter 


Materials 


Cards, about 2-by-2 or 2-by-1% 
centimetres 

Compass 

Cubes whose faces can be num- 
bered or dice (1 pair for every 
two children) 

Dot paper 

Geoboard 

Graph paper+-cm_ grid (large 


quantity) and I-cm grid (1 sheet 
per child) 

Newsprint or other large sheets of 
paper 

Overhead projector 

Protractor 

Rubber bands 

Ruler (centimetre) 

Tracing paper 

Transparent grid (if available) 


Vocabulary 

axis reflection 

centre of reflection image 
rotation rotation 

co-ordinate axis _ rotational 

co-ordinate plane symmetry 

co-ordinates similar figures 

graph symmetric figure 

line of tessellation 
symmetry translation 


magnification 

The most essential material for 
this chapter is graph paper. Have 
an abundant supply of commercial 
graph paper with+-cm grid or 
prepare your own from a duplicat- 
ing master. A geoboard for each 
child is highly recommended; how- 
ever, dot paper may be substituted 
if absolutely necessary. Dot paper 
should be available in any case, for 
the purpose of recording investiga- 
tions on the geoboard. (See Dupli- 
cator Masters to accompany this 
book, pages 62-67.) 


Lesson Schedule 


Time allowance for this chapter 
may vary according to the interest 
of the children and the extension of 
activities you suggest, but plan to 
spend at least two and a half weeks 
on it. 


Evaluation of Progress 


Since one of the main purposes of 
this chapter is to provide children 
with stimulating and enjoyable geo- 
metric activities, you should not be 
overly concerned with the chil- 





dren’s proficiency in graphing or 
with their ability to use the new 
vocabulary easily. Instead concen- 
trate on trying to develop correct 
conceptions of each topic treated. 
If you display an attitude of interest 
and enthusiasm, the children should 
enjoy the many activities of this 
chapter, even though some of them 
require a considerable amount of 
concentration. 


Resources for Active Learning 
GENERAL ACTIVITIES 


[A unit to augment work in 
geometry, symmetry, and optics | 
Mirror Cards, McGraw-Hill 

Ryerson 
[Co-ordinates games] 


Developmental Math Cards, K*13, 
Addison-Wesley 

Experiments in Mathematics, Stage 
1, pp. 42-43, Houghton Mifflin 
(Available from Thomas Nelson 
& Sons Ltd.) 

Inquiry in Mathematics via the 


Geo-board, Geo-cards 24/1-7, 
Walker (Available from Fitzhenry 
& Whiteside Ltd.) 

Madison Project: Discovery in 
Mathematics (Teacher’s Text), 
pp. 55-66, Addison-Wesley 

Mathex: Graphing and Probability 
No. 6, pp. 3-7, Encyclopaedia 
Britannica Publications Ltd. 

Notes on Mathematics in Primary 
Schools, pp. 229-241, Cam- 
bridge University Press. (Available 
from Macmillan). 

[Graphing activities ] 

Applied Mathematics Cards, 
Group 2/27-30; Group 3/26- 
29, Schofield and Sims (Available 
from Mafex Associates) 

Developmental Math Cards, K?10, 
K!12, L?2, L?7, L121, Addison- 
Wesley 

Experiments in Mathematics, Stage 
3, pp. 16-17, Houghton Mifflin 
(Available from Thomas Nelson 
& Sons Ltd.) 

Math Activity Cards, 
Macmillan 


D4-6, 9, 


Mathex: Graphing and Probability 
No. 6, pp. 1-3, Encyclopaedia 
Britannica Publications Ltd. 

Measure and Find Out, Book 2, 
Activity 1/9, Scott Foresman 
(Available from Gage Educational 
Publishing Ltd.) 

Independent Exploration: Activity 
Cards, Concept Co. 

Madison Project: Independent Ex- 
ploration Material, Math Media 


MANIPULATIVE DEVICES 


Pantograph (Hammett; Lano) 

Pattern Blocks (Selective Educa- 
tional Equipment; Mc-Graw-Hill 
Ryerson) 


COMMERCIAL GAMES 


Battleship (buy locally) 

Go (Gomoku) (Math Media; World 
Wide Games) 

Hindu Pyramid Puzzle (Tower of 
Hanoi) (Creative Publications: 
World Wide Games) 

Independent Exploration: Games 
and Puzzle Kit (Concept Co.) 
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PAGES 282-283 
Objective 

Given a point on the first quad- 
rant of the co-ordinate plane, the 
child will be able to give the corre- 
sponding number pair for the point. 


12 Geometry and Graphing 


@ How do you graph number pairs? 








Investigating the Ideas 
Prepartion 
Materials 


paper suitable for use in making 
cards approximately 2-by-2 or 


Can you play the Tic-Tac-Toe game described 


below with one of your classmates ? 





On small cards, write the 16 pairs of 
whole numbers for the points shown 
on the grid. Shuffle the cards and turn 
them face down. Each player in turn 
takes a card from the stack and marks 
anOor an X on the grid at the point 
for his number pair. The first player 

to get 4 of his marks in a row, column, 
or diagonal wins the game. 


wo 
e 
e 
e 
e 


2-by- 1+ centimetres; graph paper 

or grids (Duplicator Masters, page 

62 or 66) 

One of the main purposes of the 
investigation 1s to review with the 
children the correspondence be- 
tween a point on a graph and a num- 
ber pair. You may want to review 
with some children how to name a 
point with a number pair, before 
they start the investigation. Be sure 
they remember that the first num- 
ber listed in the pair is the number 
marked by the horizontal axis. 
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Discussing the Ideas 


1. The two numbers which give 
the location of a point on 
a grid like this are called 
the co-ordinates of the point. 
Each of the two number lines 
is a co-ordinate axis. What 
number pair designates the 
point where the co-ordinate Ot So atea ees 
axes intersect ? (°,0) 


Investigation 

As children study the directions 
and make their cards, move around 
the room to be sure they end up 
with a complete set of number 
pairs. The children need only one 
set of cards for every two players 
since this game should be played 
in pairs. Provide graph paper or 
duplicated grids for children to use 
for the game. Encourage the chil- 
dren to try to figure out the game 
rules from the text. However, you 
might point out that tie games are 
possible and players should take 
turns being first at the start of a 
game. 


Second Number 


First Number 


2. To describe the location of some points, you may need to use 
fractional numbers. For example, in the figure for question 1, 
the co-ordinates of B are (5, 13). 
a Which points on the grid have whole-numbered co-ordinates, ¢, - 
s Give the co-ordinates of those lettered points which are 
described by fractional numbers. 
B(5,12) €(43,44) F(IS,2) 6(6,34) 
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Discussion fractional number when given the 
Remind children how the co-ordi- point. 
nate plane they are using is formed 
by the intersection of a horizontal 
and vertical number line or axis. 
Use discussion exercise | to ex- 
plain the terms co-ordinates and 
co-ordinate axis. 

Besides reviewing whole-num- 
ber pairs as co-ordinates, exercise 2 ( 
introduces the use of fractional i 
numbers. Point out that graphing 
fractional-number co-ordinates is 
much the same as graphing whole- 
number co-ordinates. However, it 
is often necessary to estimate loca- 
tions when marking points for frac- 
tional numbers, or to estimate the 


el 
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1. Give the co-ordinates for 2. 


A (2,5) 
BCA) 
CoO 3) 
D(34,3) 
E (5,25) 
F(4z,\2) 
Go) 
HO,O) 


each point. 


oOo - NM WO Sf 





3. a Ail the points directly above 


the point (3,0) have co-ordinates 


with what first number ? 
B All the points directly to 

the right of the point (0,4) 
have co-ordinates with what 
second number ? 

















(2,\),(2,5), C3, 5),(3,4-), C6A),C5,5), 
(8,5),(8,7), (9,7), C9,9, (6,9) 


Using the Exercises 


Using the Ideas 


From the graph below select 
the letter of the point for 
each pair of co-ordinates. 


(2,33) J (3,4) G@  (1,2)N 
(4,0) x (0,5) 4 — (33,33) « 
(43,5)2 (2,5)C (5,0) Y 
(ane (On) eam (d,0)¥ 





What figure is formed when 
these points are graphed 
and connected in order ? 
(2,2) —~ (4,7) —+(6,2) — 
ChB) (715) == =(272) 


Ona 10-by-10 grid, mark at 
least 10 points in which the 
second co-ordinate is twice 
the first. Examples: (1,2), 
(23,5) What do you notice 
about all of these points ? 
They are on a straight line. 
Invent a picture and give 
the co-ordinates, in order, 
to a classmate. Ask your 


classmate to draw the picture. 
Answers will vary. 


Pentagon 
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Assign the exercises on page 283 
as independent work. Since much 
of the other work in this chapter 
requires graphing skills, children 
should be able to graph number 
pairs as well as give a number pair 
for a particular marked point. Re- 
view any aspect of this skill which 
children find difficult. 


Assignments (page 283) 


Minimum: 1, 2. Average: 1-4. 


Maximum: 1-6. 


Follow-up 

Encourage children to create adap- 
tations of the game described in 
the investigation. They might use a 
graph on which each axis is num- 
bered to 4. In this case, they would 
need 25 cards. Or, they might 
change the scoring so that the win- 
ner is the first player who can con- 
nect four of his points in the form 
of a square. 


Resources for Active Learning 

Franklin Series: Making and Using 
Graphs and Nomographs, pp. 
49-70, Lyons and Carnahan. 
[Co-ordinate graphing] (Avail- 
able from McGraw-Hill Ryerson) 

Madison Project: Explorations in 
Mathematics (Teacher’s Text). 
“The Cartesian Product of Two 
Sets,” pp. 30-45, Addison-Wes- 
ley. 

Nuffield Project: Graphs Leading 
to Algebra 2, “Introduction to 
Co-ordinates?’ pp. 2-11, Wiley. 


Workbook, page 89 
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PAGES 284-285 
Objective 

Given geometric figures in a Co- 
ordinate plane, the child will be 
able to locate specific points of the 
figures and give their co-ordinates. 


Preparation 
Materials 


graph paper or 1010 co-ordinate 
grids (Duplicator Masters, page 
62 or 66): overhead projector 
and transparent grid (if available) 
If possible, use a grid on the 
overhead projector (or draw one on 
the chalkboard) and review with 
the children how to locate number 
pairs on the co-ordinate plane. For 
example, show a pair of labelled 
axes and place a point on the graph. 
Ask children to explain what num- 
ber pair corresponds to the point. 
Briefly work through other, similar 
examples. 


Investigation 

Have sufficient graph paper avail- 
able so that children can draw a 
pair of co-ordinate axes for each 
point if they consider it necessary. 
Many should be able to find the re- 
quired points by using the same 
co-ordinate grid. Have children look 
at the points mentioned in each 
case they are asked to think about. 
Help them see that they should 
number both their axes from 0 to 8. 
Note that the conditions for some 
of these “points” may be met by 
more than one point. For example, 
any point which has 5 as the first 
number in its co-ordinate pair, ex- 
cept (5, 3), satisfies the condition 
fonepoint @(0;,0), (13, ls); or 
(3, 3) satisfies the condition for 
point E, and (8, 6) or (4, 2) may be 
called point F. This fact will be 
discussed in the discussion exer- 
cises, SO simply encourage children 
to record the co-ordinates of all 
the pairs which they think satisfy 
the requirements. 
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® Let’s look at geometric figures on a graph. 


Investigating the Ideas 


Think about these points: 





How many of the points described | Show your findings 
nswers 





above can you find ? ey vary. on graph paper. 


See Investigation. 


Discussing the Ideas 


1. For which of the descriptions above is more than one choice 
for the point possible? Points 6,C,E, and F 


2. Choose one of the situations you mentioned in exercise 1 
and give some other possibilities for the point. 


See Investigation. aa ; 
3. Can you make up a description of a point of your choice 


and see if your classmates can give its co-ordinates ? 
Answers will vary. 
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Discussion 


Use the discussion exercises to 
have children report on the points 
they found for the investigation. 
You might have children respond 
orally to exercise 3. Or you might 
give them some time to work out a 
description of a point they choose, 
as a small-group activity. 

Notice how this lesson develops 
the skills of associating co-ordinates 
and points by relating graphing to 
geometric figures. It is important 
that the children be able to use 
co-ordinates to locate points on a 
grid and be able to give the co-or- 
dinates of points related to the 
graphed geometric figures. 














* 5. 








. A Give the co-ordinates AB (24,9) 


of the midpoints of 
each segment. 

B Give the co-ordinates 
of two more points 
on the line. Answers may vary. 

Samples: AB (1,9), (4,9) 


CD (2,2),(2,8) 
EF (4,4),(G,8) 


What geometric figure is formed 
when these points are graphed 
and connected in order? 4exagon 


CD (2,5) 
EF (5,6) 


Corie ss) oe (6.9) (97) > (9,4) = (6,2) (374) 


of the vertices of: Peyaie War ates - 
a arectangle with area 8 


B aright triangle with area 10 
(0,0) , (0,5), (4,0) 


(1,3), (6,3), and (3,6) are the co-ordinates of three vertices 
of a parallelogram. What are possible co-ordinates 


of the other vertex ? (8,G) or 4,0) 





. Give the co-ordinates Answers will varu. Give the co-ordinates of 


Using the Ideas 


the fourth vertex of a 
rectangle with vertices 
at (23,33), (23,74), and 
(83,33). (8$,74) 
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Using the Exercises 





Assign the exercises on page 285 
as independent work. Before chil- 
dren begin, you might point out 
that exercise 1A, when asking for 
co-ordinates of the midpoints of 
each segment, does not include just 
any segment on the line, but only 
the segments labelled with letters. 


Assignments (page 285) 


Minimum: 1, 2. Average: 1-4. 


Maximum: 1-5. 


Resources for Active Learning 

Applied Mathematics — Cards, 
““Map-Fixing Position,’ Group 
2/23-24; Group 3/22-23, Scho- 
field and Sims. (Available from 
Mafex Associates) 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
“Arrays of Points and Quadri- 
laterals,” pp. 63-66, Lyons and 
Carnahan. (Available from Mc- 
Graw-Hill Ryerson) 


PAGES 286-287 
Objective 

Given a point and a line in the 
co-ordinate plane, the child will be 
able to find the reflection of the 
point in the line. 


Preparation 

Materials 

graph paper (Duplicator Masters, 
page 62); compass (optional); 
tracing paper (optional) 


Investigation 

Many children should be able to 
show on graph paper the reflection 
of the investigation figure by study- 
ing it and counting the grid lines. If 
you think it necessary, however, 
provide tracing paper so that a child 
can copy the figure and flip it over 
the line of symmetry. Or, if con- 
venient, you might suggest that a 
child use the tip of his compass to 
mark the image points. The degree 
of activity involved in this investi- 
gation should be based on the abil- 
ity of the children. The goal is for 
children to see the relationship be- 
tween the original figure and its 
image. 
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Discussion 


The terms symmetrical, line of sym- 
metry, and image should not be 
new to children who have studied 
from other books of this series. 
However, it would be helpful to 
have on display some pairs of sym- 
metrical figures such as the follow- 
ing: 


DARD Name ic 
> eeeh aaa 


B point B? (9,5) 


Investigating the Ideas 


Can you show on graph paper what this paper 


will look like when it is opened ? See above. 





Discussing the Ideas 


2. In the triangle that will be printed on the right above, 
the point that matches point A is called the reflection 
image of point A. Can you give the co-ordinates of the 
reflection image of 
A pointA? (9,1) 


c¢ point C?(6)) 


® Let’s explore reflections and line symmetry. 


Imagine “magic” paper that works like this: When the two halves 
are folded together, anything printed in red on one half is 
automatically printed on the other half. 





1. The dot pattern made up of two ‘’L’s” above is symmetrical 
because it can be folded so that one half exactly matches 
the other half. The fold line is called a line of symmetry. 
Name a geometrical figure that is symmetrical, and describe 
a line of symmetry of the figure. Answere will vary.See Discussion. 


p the point inside the triangle ? 


Have the children identify the line 
of symmetry for each pair. Then 
have them name and show some 
figures which are symmetrical with- 
in themselves and find the line or 
lines of symmetry for each. 


' | Ne! hi 


ds FE 


As you discuss exercise 2, ob- 
serve with the children that a re- 
flection image of a figure may be 
thought of as the mirror image of 
the figure. Also, point out that each 
point on the left of the original fig- 


(8,2) 




















1. Give the co-ordinates of the reflection images of points X, 


Y, and Z. 


A X(5,4), YG,3),Z(5,2) 


iE Pe eb if 


3. Use your graph paper to draw three symmetrical figures. 
Show a line of symmetry for each one. Figures will vary. 





ats 
Samar: 
a. | 
ba 


B X(7,3),Y(@3), Z(5,3) 





el 
cil HIN | 


aH 
poe IE 







2E3LANS) GPT 18 


ure is the same distance from the 
line of symmetry as each corre- 
sponding point on the reflection 
image is to the right of the line of 
symmetry. 











4. Copy this figure on your 
graph paper. Then draw 
the other half to make 
a symmetrical figure. 





Using the Ideas 


exes), ¥(2,3), he 5) 
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Using the Exercises 

Assign the exercises on page 287 as 
independent work. Be sure enough 
graph paper is available for chil- 
dren to do exercises 3 and 4. They 
might like to display some of their 
figures on a bulletin board. 

Many children will find the Think 
problem an enjoyable activity. They 
might also enjoy putting their “‘mir- 
ror messages” on a bulletin board 
for display. 


Assignments (page 287) 
Minimum: 1, 2. Average: 
Maximum: 1-4. 


1-4. 


Mathematics 
p QO 


Suppose that line | is the perpen- 
dicular bisector of PQ. Then point 
Q is the reflection of point P in 
line |. Each point is the reflection 
image of the other. Intuitively, we 
may think of the line as a plane 
mirror which is silvered on both 
sides so that each point is the image 
of the other. 

A line in a plane is the line of 
symmetry of a given geometric fig- 
ure if all the points of the figure on 
one side of the line are reflection 
images of the points of the figure 


on the other sides of the line. Many 
geometric figures have more than 
one line of symmetry. When chil- 
dren draw geometric figures on 
paper and want to locate lines of 
symmetry, the definition above 
justifies the folding process to see 
if the two sets of points coincide 
when the figure is folded on a pre- 
sumed line of symmetry. 
Follow-up 

The study of symmetrical figures 
suggests a variety of art projects. 
For example, you might have chil- 
dren paint a design with water col- 
ors on one half of a large sheet of 
art paper. While the paint is still 
wet, they should fold and press the 
painted half against the blank half 
to form an imprint. The new image 
will be the reflection of the original. 


Resources for Active Learning 

Experiments in Mathematics, Stage 
[eesSymmetryy Y* pp 22225, 
Houghton Mifflin. (Available 
from Thomas Nelson & Sons 
Ltd.) 

Geometry in the Classroom, ““Sym- 
metry,” pp. 103-106, Holt, Rine- 
hart and Winston of Canada. 

Nuffield Project: Shape and Size 3, 


ie Symmetry,” pp. 19-26, 
Wiley. 

SMSG: Puzzle Problems and 
Games Project, “Symmetry,” 


pp. 45-58, Stanford University. 


Workbook, page 90 
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PAGES 288-289 
Objective 

Given a geometric figure and its 
centre of rotation, the child will be 


able to show the figure after rota- 
tions of 90° A180", ors270% 


Preparation 
Materials 


dot paper for recording (Duplicator 
Masters, page 64 or 65); geo- 
board (1 per child, if possible); 
large sheets of paper (newsprint) 
The geoboard recommended for 
this lesson is one in which the nails 
are arranged in a S-by-5 square. 
Dot paper may be used as a sub- 
stitute, if necessary. This may be 
duplicated from a master contain- 
ing sets of dots in a 5-by-5 square 
array. 


Investigation 

If each child has a geoboard, each 
will need a large sheet of paper on 
which to draw the red square. Even 
ordinary newspaper or blank news- 
print would be sufficient. The chil- 
dren should find that, since they 
cannot turn the geoboard over, 
there are only four positions in 
which the figure may be placed. 
Each of these should be recorded 
on dot paper. 

If children do not have a geo- 
board, have them cut out one 5-by- 
5 square of dots from the dot paper 
and copy the figure from the text. 
Then they should make a red out- 
line around this small square rather 
than around a full piece of dot 
paper. The purpose of the outlined 
red square is to give children a 
framework so that their recorded 
rotations will actually be rotations 
of 90°.180Sand 270%. 
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® /et’s exp/ore rotations. 


Investigating the Ideas 


Draw a red square around a 
geoboard (or a piece of dot 
paper) with this figure on it. 





If you pick up the board and turn it, 
: : Show each way 
in how many different ways can you 

on dot paper. 


put it back inside the square? 4 ace Investigation. 





Discussing the Ideas 


1. A motion that turns the board 
about a single fixed point is 
called a rotation of the board. 
The fixed point is called the 
centre of rotation. Rotations 
are often described in degrees. 
Which of the positions you drew 
in the Investigation do you think 
is a result of 


A arotation of 90° ? (A B arotation of 180° ? (EX 


c se eS) 


2. You perform a rotation when you turn a doorknob to open 
a door. Give three other examples of situations when 
rotations are performed. See Discussion. 





3. Through how many degrees does the minute hand of a clock 


rotate in 
a 30minutes? Bs 15 minutes? c 45 minutes? pb 2 hours? 
180° 90° 21Oe TZO¢ 
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Discussion 

If possible, use an overhead projec- 
tor to have children point out the 
centre of rotation and to show the 
positions they drew in the investi- 
gation. A transparent plastic pro- 
tractor would also be helpful to aid 
children in relating the rotations to 
degree measure. Note that all rota- 
tions are made in a clockwise direc- 
tion. 

As the class discusses exercise 2, 
you might suggest such examples 
of rotation as moving a hand from 
shoulder to writing position, or 
turning your head from west to 
north, or pivoting on a basketball 
court and so on. 


Other clock problems might be 
used to expand exercise 3. For ex- 
ample: Where will the minute hand 
be if it started at 12 and rotated 
270°? 90°? 180°? If it started at 
6 and rotated 270°? 180°? 


Using the Ideas 


1. Draw a picture on dot or graph paper 
to show how this geoboard figure 
will look after: See figure at right. 

A a90° rotation 
B a 180° rotation 


c a2/0° rotation 
p a 360° rotation 


2. Each part shows a geoboard at the start and end of a rotation. 


What rotation was made ? 


Start nd 




















3. Make a figure on your geoboard or on dot paper and show 
the ‘start’ and “‘end” of a rotation of your figure. 
Ask a classmate to tell what rotation was performed. Answers wi\\ 


vary. 


4. If the geoboard were placed 
on graph paper, each “nail” 
would have co-ordinates 
a_ If the board were turned 

90° about the centre, 
what would be the new 
co-ordinates for the ‘‘nail’’ 
now at (3,5) ? (5,3) 

Give the 90° rotation 
image of the point (1,5). 





Using the Exercises 

Before children begin to work on 
themexercises sont page! 289) you 
might discuss how graph paper may 
be thought of as dot paper if only 
the points of intersection are con- 
sidered. This interpretation of 
graph paper is useful for both exer- 
cises | and 4. In exercise 4, be sure 
children understand the phrase 
“90° rotation image.” Use _ this 
phrase in other examples, such as, 
“The 90° rotation image of point 
(335) 1s. (533); or, “The 90°'rota- 


tion image of point (3, 3) is (3, 3).”. 


You might ask some children to list 
all the points on the 5-by-5 grid and 
give their 90° rotation image. 


C5,5) 


When children have finished the 
exercises, check their work, dis- 
cussing any further questions. You 
might have several children show 
their rotation for exercise 3 by us- 
ing the overhead projector. 


Assignments (page 289) 
Minimum: 1, 2. Average: [-4. 
Maximum: 1-4. 


Mathematics 

A simple model which can be used 
to demonstrate rotations of figures 
can be constructed as follows. Cut 
out a geometric figure from tag- 
board and pin it to a piece of thick 
cardboard. Mark around the region. 
Now rotate the region using the 
pin point as the centre of rotation 
and mark around the region again 
in a new position. Each figure is the 
rotation image of the other with 
respect to the centre of rotation 
(the pin point). 

Using squares, equilateral tri- 
angles, and other regular figures, 
one may show how some rotation 
images fall again on themselves if 
the proper centre of rotation is 
chosen. 


Centre of 
<< rotation 


Resources for Active Learning 
A Cloudburst, Vol. 2, No. 8453, 
8473, Midwest Publications. 
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PAGES 290-291 
Objective 

Givena figure ona geoboard, the 
child will be able to recognize 
whether the figure has rotational 
Symmetry. 


Preparation 
Materials 
geoboard, | per child (optional) 
To prepare for this lesson, you 
might review the concept of line 
symmetry. Emphasize that in line 
symmetry, the image reflected in 
the line is the mirror image of the 
original figure. Explain that in this 
lesson they will study another kind 
of symmetry. 


Investigation 

Although children may work solely 
from the illustrations in the text, 
many would benefit from using a 
geoboard or the small squares cut 
from dot paper. For most, this in- 
vestigation will require use of a 
trial-and-error approach. Each fig- 
ure shown should be examined in 
its original position and then ro- 
tated 180° and compared to the 
original figure. Suggest to those 
who have difficulty deciding the 
answer to the question that they 
copy the original figure, rotate the 
original figure 180°, and compare 
the rotated figure with their copy of 
the original. For many, such a pro- 
cedure might be necessary only for 
the more difficult figures such as 
figure D. 
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Suppose you had 
these figures on 
your geoboards 
or on pieces of 
dot paper. 
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Discussion 

As the children share their investi- 
gation results, use examples A, B, 
D, and E to describe rotational 
symmetry. Also, be sure the chil- 
dren realize how figures return to 
their original position after a rota- 
tion of 360°. Use a demonstration 
geoboard (or transparencies on the 
overhead projector) to discuss 90° 
rotational symmetry and 180° rota- 
tional symmetry. Help the children 
observe that figures A and B have 
180° rotational symmetry. If chil- 
dren are interested, you might have 
them complete a chart such as the 
one illustrated in the column to 
the right. . 


Investigating the Ideas 


Discussing the Ideas 





® What is rotational symmetry? 





Can you tell which geoboards would look exactly the same 
if each one were rotated 180° ? A,B,D,E 





1. If the board looks exactly the same at the end of a rotation 

(other than 360°) as it did at the beginning, the figure 

on the board is said to have rotational symmetry. 

a Do you think every rectangle has 180° rotational symmetry ? Yes 

Bs Name some other quadrilaterals that have 180° rotational 
symmetry. (The pictures above may help you.) 9e¢ Biscussion. 

ec Can you think of a quadrilateral that has 90° rotational 
symmetry ? Square 


2. Arectangle has both a line of symmetry and 180° rotational 
symmetry. Which quadrilateral has only rotational symmetry ? 


arallelogram 


3. a Can you think of any polygons, other than quadrilaterals, 

that have rotational symmetry ? Explain. 

B Invent a figure that has rotational symmetry. 
Figures will vary. 


Regular hexagon, 
octagon, etc. 


Line of Rotational 
symmetry | symmetry 


ae BS Oe 
270° 


180° 














Using the Ideas 


1. Which of these geoboard designs have 180° rotational 


symmetry ? ®,C,0,€ 


Paha 
Ly 


. Which figures in exercise 1 have 90° rotational symmetry ? Dand E 


. Make up a figure on your geoboard or on dot paper that has 


90° rotational symmetry; 180° rotational symmetry. Answers will vary. 


. Think about polygons that are 
outlines of the 26 letters of 
the alphabet. Which of these 
polygons have 180° rotational 
symmetry ? H,I,N,0,5,X,Z 


* 5. Draw a picture of a figure 
that contains no straight 
lines and has 180° rotational 
symmetry. 

Sample : 


. Use only squares and circles 
to make a design that has 
90° rotational symmetry. 





Using the Exercises 

The exercises on page 291 may be 
assigned as independent work, al- 
though some children might benefit 
from working in small groups or 
with partners. If children need help 
in finding figures with rotational 
symmetry, suggest that they inves- 
tigate an octagon or a hexagon on 
the geoboard. 


An octagon A hexagon 





Rotational Rotational 
symmetry of symmetry 
90°, 180°, 270° of 180° 


In order to help children solve 
the Think problem, suggest that 
they first find the 12 pentominoes 
and then identify those which have 
rotational symmetry. 


Assignments (page 291)* 
Minimum: 1, 2. Average: 1-4. 
Maximum: 1-6. 


Mathematics 

A figure is said to have rotational 
symmetry with respect to its centre 
of rotation if it appears not to have 
been moved by the rotation. That 
is, all the points of the figure fall 
again on the figure after the rota- 
tion. A square has 90°, 180°, and 
270° rotational symmetry. Every 
rectangle has 180° rotational sym- 
metry with respect to its centre. 

If the centre of gravity (centroid) — 
of an equilateral triangle is chosen 
as the centre of rotation then the 
triangle has 120° rotational sym- 
metry. A circle has rotational sym- 
metry for any rotation if the centre 
of rotation is the centre of the 
circle. 


Solution, Think, page 291 

The 12 pentominoes are shown. 
Figures A, D, and / are the only 
ones with 180° rotational sym- 
metry. 


hy pt 
aH pe 


Resources for Active Learning 

Inquiry in Mathematics via the 
Geo-board, “Symmetries of a 
Rectangle,” Geo-cards 34/1-15, 
Walker. (Available from Fitzhenry 
& Whiteside Ltd.) 


PAGES 292-293 
Objective 

Given a point or set of points on 
a graph, the child will be able to 
find its image for a given transla- 
tion. 


Preparation 
Materials 


cubes (1 pair for every 2 children); 
graph paper or 10-by-10 grids 

(Duplicator Masters, page 62, 

63, or 66) 

The cubes recommended for this 
lesson may be made from a variety 
of materials. Pairs of different- 
colored dice might be used and the 
color could indicate ‘over’ or 

p.” One-cm cubes could be cut 
from light wood or Styrofoam and 
marked by the children. If no other 
materials are available, children 
can make a cube out of cardboard 
or stiff paper. In this case, provide 
a pattern of a cube for them to use. 


Investigation 
Encourage children to study and 
discuss with their partner the ex- 
planation of the game in the text. 
They might record their moves 
simply by using an X or Q. Since 
the probability of throwing pairs 
which would move the player di- 
rectly to (10,10) is quite small, 
children will discover that they 
have to make up their own rules 
about arriving at the end point. For 
example, if a player’s tosses are 
1) O04, US; and 2) O2, U6, he will be 
above the 10 mark and no toss can 
get him back. So children might 
make a rule which says that he 
must always toss an exact number 
to get him on either the horizontal 
or vertical 10 line and then he 
should use only one die (the “over” 
r “up” die) and wait for an exact 
toss to move him to (10, 10). They 
could also use a scoring methad 
whereby when a player reaches 
either 10 line the game is over and 
each player adds the co-ordinates of 
the point he is on, with the winner 
being the player with the highest 
score. 


292 





292 


Discussion 


Use exercises | and 2 as a basis for 
discussing both the various moves 
possible to win the game in two 
moves and the modifications in the 
rules which children made. Then 
point out how, in order to make a 
move that is both horizontal and 
vertical, they needed an over and 
up direction. Unless both dice 
come up zero, their move was a 
slide (hence, the term slide image, 
in exercise 3). You may want to 
emphasize with children the fact 
that, in translations, as well as 
in the other motions previously 
studied, a point is not relocated or 
actually moved. Rather, a second 


Investigating the Ideas 


To play the game “Translations,” 
each player in turn rolls 
two cubes with faces 
marked 00 through 05 Say 
and UO through U5. Then 

he draws an arrow on the 
graph to show the “‘slide”’ 
made by his point. The chart 
shows the record of the start of 
a game played by Ann and Bob. 
The object of the game is to 
reach the point (10, 10) first. 


Can you play the game 


with a classmate ? 








@ /et’s explore trans/ations. 
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A (03, U2) | B; (01, U5) 
2nd roll | A» (03, UO) | B» (02, U1) 


Make up your own 
rules for the game. 


See 
Investigation. 





Discussing the Ideas 


1. What are some rules you would use for the game ? 
Answers wi\\ vary. See Discussion. 


2. How could you win the game in two moves ? 
Roll (05,U5) twice na row. 


3. A student used an “over 4, up 3” 
point slider to ‘‘slide’’ each point 
of a figure to a new position. 

The red arrow shows the distance 

and direction of this move, called 
a translation of the figure. 

How far was the figure moved ? 04,u3 Ne 

Can you give the co-ordinates 

of the slide image of point D 26,5) 5 1 




















point is designated as an image of 
the original point according to a 
particular motion. 

You might find the overhead pro- 
jector particularly helpful for dis- 
playing translations on a grid. 





<a Ut 
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New cpordiinates for each fi igure are Qiven | above. | (8,8); RC10,7)5 

lags! | 1 | 5 +0,4)5 T7714). 

‘ime 2B P>68);9>(7,9); 
7 R>©,8); 9 206, OF 

A Foe 5) 





aa 


a 3. Fineereierianes fells thd distancel and ditection of a translation. 
~~~ Copy each segment. on your graph paper and draw 
4 its Mulia after the translation. . 


OfPNwha 
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a 4 Bele a Fala: on pele graph cone! a hielag its new position 
Id after these translations. Figures wilt vary.- Paes 
an A tight 1, up 6 B right 3 down 2 c left 4,down 3 
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Using the Exercises 

Supply the children with sufficient 
graph paper and assign the exer- 
cises on page 293 as independent 
work. Some children might need 
guidance with exercise 3. Point out 
that the red arrow simply appears 
on the same grid as the figure. It 
should be interpreted in the same 
manner as the arrows in exercises 
1 and 2. 


Assignments (page 293) 
Minimum: 1, 2. Average: 
Maximum: 1-4. 


1-4. 





Mathematics 

A simple model which will show 
translations can be made as fol- 
lows. Cut out a triangular region 
from a piece of cardboard to form 
a template. Place one edge of the 
template along a ruler and draw a 
triangle using the template. Slide 
the template along the edge of the 
ruler to a new position and draw 
another triangle. The second tri- 
angle is a translation image of the 


first triangle. 


Template 





ifort 
| 
Varco 
| 
| 
| 


Ruler 





| 
| 
| 
| 
| 
| 





When a figure is given in the co- 
ordinate plane, a translation may 
be made by “moving” every point 
of the figure ‘‘over and up” by the 
same amount. This has the effect of 
sliding every point the same direc- 
tion and the same distance. This is 
the basis for the feasibility of the 
“point finder’ described in the 
lesson. 


Resources for Active Learning 

Developmental Math Cards, *Ro- 
tations, Reflections, Transla- 
tions,” J416, Addison-Wesley. 


OD 


PAGES 294-295 
Objective 

Given a geometric .region, the 
child will be able to determine 
whether or not it can be used to 
tessellate the plane. 


Preparation 
Materials 
graph paper,+-cm grid (Duplica- 

tor Masters, page 63) 

Introduce the concept of tessel- 
lations by referring to tiling on the 
floor or in some part of the building 
and have the children begin im- 
mediately with the investigation. 


Investigation 

Supply the children with graph 
paper and encourage them to draw 
a tiling of each figure within a 6 X 6 
Square. Some may want to use trac- 
ing paper and cut out the shapes A, 
B, C, and D so that they can use 
them as tiles. Either method is 
acceptable. 


294 





of this shape. 


fell outside.) 


A 6 x 6 red square has been 
completely covered with copies 


®@ Which figures will tessellate a plane? 


Investigating the Ideas 








(Some squares [ 
be 
is 


LI] 
| 














Which of these shapes can 
be used to completely cover 
a6 x 6 red square ? A,B,D 


Draw the covering 
for those that can. 




















Discussing the Ideas 









1. You may remember that a pattern that can “cover a plane” 
is called a tessellation of the plane. If a particular shape 
is used to form a tessellation, we sometimes say that 
the shape will tessellate the plane. 
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Discussion 


As children give their responses to 
the investigation question, help 
them to see that since figures A, 
B, and D completely cover the 
6 X 6 square, we say that these 
figures will tessellate the plane. 
Point out the similarity to tiling 
patterns on a floor or other tiled 
surface. With some children, it 
would be helpful to discuss various 
tessellation patterns in terms of 
translations, rotations, and reflec- 
tions. For example, the pattern in 
the illustration at the top of page 
294 is a rotational pattern, since a 
180° rotation about the point shown 
here takes the figure at the left to 


a What patterns do you see in the tessellations 
in the Investigation ? See Discussion. . 
s How can you color the tessellations to make 
the patterns stand out ? Many variations are possible. 


2. Is there more than one way to tessellate a plane with 


shape a above? with shape pb ? 
Yes No 


the same position as the figure on 
the right. 





Point of rotation 


An example of a tessellation de- 
scribed in terms of a translation 
may be seen with figure D. An 
ascending row of the figures may 
be formed by applying the transla- 
tion over 2, up |. Other transla- 
tions may also be found to describe 
the tessellation, such as over 2 
down 1, as shown to the right. 








1. Six of these right triangle shapes 
have been put together to form a 
trapezoid. On your graph paper 
show how to put copies of this 
shape together to form: Constructions may _| 

4 . Vary. 
A an isosceles triangle Ax B asquare 
p aparallelogram NZ 





2. Here is a tessellation with 
the right triangle as the 
basic shape. 


On your graph paper draw 
and color two other 


tessellations with this shape. 
Constructions will vary. 





Copy and complete this haroh =e 

covering of the red square 

by using the suggested 

pattern. See figure ———_> 

B Use this same basic shape 
and show a different 
tessellation. 

c Color your tessellation 

so the pattern stands out. 


4. Invent a figure of your own that will tessellate 
Figures will vary. 


A>B 
Over 2, up | 
B 
A e 
Ag >iG a 


over 2, down | 


Other patterns may be thought of 
as reflections. (The shaded figures 
show patterns of reflection.) 
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Using the Ideas 


1 
| 
| 





c arectangle /| 
hexagon 


Ss 


a plane. 
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Using the Exercises 

One of the main purposes of the 
exercises on page 295 is for chil- 
dren to recognize and create vari- 
ous patterns. Encourage as much 
creativity as possible, and display 
the patterns children invent. As 
children are discussing their work, 
point out how they could continue 
their patterns indefinitely. The 
phrase ‘‘tessellate the plane’ means 
that the tessellation can continue 
indefinitely due to the concept of 
plane. 


Assignments (page 295) 
Minimum: 1, 2. Average: 1-4. 
Maximum: 1-4. 


Follow-up 

AS previously mentioned, much of 
the children’s work would be suit- 
able for display. Encourage chil- 
dren to extend any of the exercises. 
You might also suggest that they 
discover as many patterns as they 
can in a tessellation of parallelo- 


grams, or with a combination of 
shapes such as triangles, squares, 
and hexagons. 





Resources for Active Learning 
(See the resources listed on page 
77 for tessellation activities.) 
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PAGES 296-297 
Objective 

Given a triangle ona grid or geo- 
board, the child will be able to 
construct a similar triangle and 
compare corresponding parts. 


Preparation 

Materials 

geoboard; dot paper for recording 
(Duplicator Masters, page 64): 
graph paper, I-cm grid, if pos- 
sible; tracing paper 
The investigation in this lesson 

may be undertaken without specific 

preparation. 


Investigation 

If children do not each have a 
geoboard, they may use dot paper 
as a Substitute but a geoboard 1s 
much more conducive to discovery. 
There are 8 different-sized right 
isosceles triangles that can be 
formed on a S-by-5 geoboard: 











Do not expect all children to find 
all of these; some are quite difficult 
to discover. It may be helpful to 
observe that each of them is half of 
a square which can be formed on 
the geoboard. 
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@ When are two figures similar? 


Investigating the Ideas 


On a geoboard make a triangle like this one. 





How many different-sized triangles Show the triangles 
that you find 
on dot paper. 


that have the same shape as this 


one can you find on a geoboard ? 
See \nvestigation. 








Discussing the Ideas 


1. Triangles which have the same shape are called 
similar triangles. 
a Did you find a triangle that has sides twice as long 
as the triangle shown above? three times as long ? 
four times as long? CA\\ ore possibilities.) 
sp Have you discovered anything about how the lengths 


of the sides of two similar triangles compare ? 
Vhe lengths of the sides are in proportion to each other. 
2. a Without measuring, give the degree measures of the angles 


of the triangle in the Investigation. How did you do this ? 90°45, 
e Now find the degree measures of the angles of the similar +> 
triangles you drew. 90° 45945° 
c What do you think might be true about the measures 


of the angles of two similar triangles ? The measures are the 
same. 
3. Which two figures shown below are similar figures ? A andC 











y 4 


similar figures ? Their measures are the same. 
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Discussion 


If possible, use a transparent geo- 
board or dot paper transparencies 
on the overhead projector during 
this discussion. Encourage chil- 
dren to show the triangles they 
found and use them in discussion 
of exercise |. 

For exercise 2, children must 
recall that the sum of the angles of 
a triangle is 180°. Then, since they 
know that one angle is 90° and the 
other two angles are equal, these 
latter must both be 45°. It would be 
helpful in exercise 2C, to have the 
children cut out from dot paper a 
large pair of similar triangles and 
compare angles and sides. 


4. What do you think must be true about the angles of two 














1. On your geoboard find a triangle 
similar to this triangle. 


Draw it on dot paper. 
See Answers, T.E.page 297. 


Place tracing paper over 

this grid and trace as 

many different-sized 
triangles that are similar 

to this triangle as you 

can. You may include only 
those triangles that can 

be traced directly from 

this grid. See Answers,T.E. page 297. 
sB Find another familiar figure 
on the grid and repeat part a. 









trapezoids canbe found. 


3. Draw a figure like this one 
on graph paper. Then make 
a larger figure that is similar 


to the one shown. 
Sizes MAY Vary. 


* 4. 


similar to it. Figures willvary. 


Using the Exercises 

Assign the exercises on page 297 
as independent work, but encour- 
age children to share their ideas. 
These exercises give children an 
Opportunity to apply their under- 
standing of similarity in a variety of 
ways. Guide children individually, 
and only as needed. In order for 
them to do exercise 2B, they must 
recognize the square, parallelo- 
gram, or the trapezoid as a familiar 
figure on the grid. Have a variety of 
comic strips available for those 
who have not brought their favorite 
cartoon character from home. If 
you have no lI-cm graph paper, 
children can carefully mark art 
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Answere will vary. Similar Squares, para\lelograms, and 


ay 


Va 





Trace a favorite cartoon character or picture on a small grid 
and reproduce it on a larger grid to make a larger figure 


Using the Ideas 








2a: 





paper and lightly draw in the grid 
lines themselves. 

Notice that exercise 4 is in- 
tended as a special challenge. How- 
ever, demonstrations by those who 
worked it would be of benefit to all. 


Assignments (page 297) 
Minimum: I, 2. Average: 1-3. 
Maximum: 1|-4. 


Answers, exercises 1 and 2A, page 
297 
1. Possible answers: 





Exercise 2 
2.A 4 possible similar triangles: 


to 


Resources for Active Learning 

Freedom to Learn, “Patterns in 
Shapes,” pp. 94-99; “Congru- 
ence and Symmetry” and “Simi- 
larity,” pp. 153-157, Addison- 
Wesley. 

Geometry in the Classroom, **Simi- 
larity,” pp. 95-98, Holt, Rine- 
hart and Winston of Canada. 

Inquiry in Mathematics via the 
Geo-board, “Similar Triangles,” 
Geo-cards 23/ 1-3, Walker. (Avail- 
able from Fitzhenry & Whiteside 
Ltd.) 
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PAGES 298-299 
Objective 

Given a figure in the co-ordinate 
plane, the child will be able to 
graph its magnification from (0, 0) 
according to a given scale factor. 


Preparation 

Materials 

graph paper (Duplicator Masters, 
page 62); overhead projector and 
transparent grid (optional) 

To prepare for this lesson, teach 
the children how to read the letters 
with a subscript. A, is read “4 sub- 
one’’; A, is read “A sub-two”’; B, is 
read ‘““B sub-one”’; and so on. 


Investigation 

It is important that children under- 
stand the directions for what they 
are to graph. The value of each co- 
ordinate should be doubled, then 
the new value graphed. Thus, since 
B, has co-ordinates (1, 1), the new 
point B, will have co-ordinates 
(2, 2). Similarly, co-ordinates (4, 1) 
of point C, will correspond to co- 
ordinates (8, 2) for the new point 
C,. The new figure will be a triangle 
similar to triangle ABC. 
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Discussion 

An overhead projector would be 
very useful for this lesson. First 
discuss the new triangle the chil- 
dren formed for the investigation. 
Then, for exercise 2, ask them to 
triple and then quadruple the co-or- 
dinates. Triangle A3;B,C; will have 
co-ordinates (3, 9), (3, 3), and (12, 3) 
respectively; triangle A,B,C, will 
have co-ordinates (4, 12), (4, 4), and 
(16, 4) respectively. As children 
graph these triangles, help them 
compare the lengths of correspond- 
ing sides. If children are able, you 
might suggest that they measure 
the angles of each triangle to see 
that they are congruent although 


Copy the red triangle 6. 
on your graph paper. 


* Let’s explore magnifications. 


Investigating the Ideas 





OF1S2 "374 S62 7 SiO 10 


Can you draw the figures that would result 


if the co-ordinates of A,, B,, and C, were 
doubled, graphed, and connected ?See above. 





Discussing the Ideas 


1. a What kind of figure do you get when you double the triangle 
co-ordinates of A;, B,, and C, and connect them ? ens to 
sp How do the sides of the new figure compare with 
the sides of AA,B,C, ? They are twice the \ength. 
c If we call the points with the doubled co-ordinates 
A>, B>, and Cz, how does the distance from (0,0) 
to A, compare with the distance from (0,0) to A, ? Twice as far 


1B, Cy 


2. What are the answers to the questions in exercise 1 when 
a the co-ordinates are tripled Sides are threetimes the lenath. 
B the co-ordinates are quadrupled %ides ave four times the length. 


3. We say that AA,B,C, is a magnification from (0,0) 
of AA,B8,C,, using scale factor 2. Can you describe the 
magnification from (0,0) of AA,B8,C,, using scale factor 3 ? 


Lengths of sides are tripled. 


the sides are not. However, keep 
the emphasis of this lesson on the 
fact that the triangles resulting from 
the magnifications are similar. 











rs 


Follow-up 

An excellent follow-up may be de- 
veloped by having the children 
determine the height of the school 
building, the flagpole, or another 
tall object nearby. On a sunny day, 
you might go into the school yard 


Using the Ideas 


1. On your graph paper, copy 
these figures and show the 
magnification from (0,0) of: 
a the square, using scale 





factor 2 with the children, have them hold 

B the segment, using scale a stick perpendicular to the ground, 
factor 13 and measure the length of its shad- 

c the triangle, using scale ow. Then measure the length of the 
factor 3 shadow of the school building to 
establish the relationship between 

‘oa the triangle associated with the stick 

2. AXYZ is a magnification ope and its shadow and the triangle as- 
from (0,0) of AABC, using gE sociated with the side of the school 
scale factor 3. 7+ building and its shadow. With this 
a The length of XZis__? > 6- relationship, you can find the height 


of the school building fairly accu- 
rately. 


times the length of AC. 
sp The length of ZY is__? 2 Mie 
times the length of CB. 714 
| 
0 





c The length of XY is __? 3 
times the length of AB. 


OD 2a Sy ey Tsk es) 1110) 





3. In exercise 2, AABC is 
similar to (the same shape 
as) AXYZ. Show on a large 
sheet of graph paper a 
triangle similar to AABC 
with matching sides 5 times 


as long. Indicated by dashed 
lines above. 






School mis 
building Measure BE 


this shadow. 


Resources for Active Learning 

Developmental Math Cards, “‘Pro- 
jections,” L220, Addison-Wesley. 

Notes on Mathematics in Primary 
Schools, “Enlargement,” pp. 
154-156, Cambridge University 
Press. (Available from Macmillan) 


4. Draw some interesting figures 
on your graph paper and use 
magnification to make figures 


similar to them. 
Figures will vary. 





299 : aa 
Duplicator Masters, page 55 


Workbook, page 91 





Using the Exercises 
Assign the exercises on page 299 
as independent work. Again, an 
overhead projector would be very 
helpful when checking and discuss- 
ing the children’s work. Stress how 
the lengths of the sides of similar 
figures are related, and correspond- 
ing sides of similar figures are re- 
lated by a constant. 

The original figures and their 
magnifications drawn for exercise 
4 should make fine display material. 


Assignments (page 299) 
Minimum: 1, 2. Average: 1-4. 
Maximum: 1|-4. 





PAGES 300-301 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 
Materials 
graph paper (Duplicator Masters, 

page 62) 

To prepare for this lesson, re- 
view any of the topics which the 
children found troublesome, or 
have the class play a short game of 
co-ordinate tick-tac-toe. Divide the 
class into two groups using sym- 
bols such as X and 0 for each. Use 
a grid with axes labelled from 0 to 8. 
Have a member of each team mark 
his team’s choices of where to place 
the X or 0, indicated by a pair of 
co-ordinates given him by one of 
his team members. The first team 
which gets four X’s or four 0’s in 
a vertical, horizontal, or diagonal 
row wins. 
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1. Give the number pair for 2. Give the letter for each 
each letter in the graph. number pair. 

A 1,3) f(n) f(n) 
B3,2) 3 B(2;,3)su 
GG2z, |) 
Duo) 2 G (13,1) 2 
E Ci,\2) 2 
F Ciz,22) E (3,15) 1 

e K Ges) ee 

0 1 2 3 (0) 1 2 3 


3. a Give the co-ordinates of the midpoint of the segment whose 
endpoints have co-ordinates (1,1) and (7,7). (4,4) 
B Three corners of a rectangle are at (2,3), (2,6), and (8,6.) 
Give the co-ordinates of the fourth corner. (8,3) 


5 
: , 4 
4. Copy this picture and 
complete the other : 
half so that it will be 2) 
symmetrical. 
0 ; 
0 





6. Draw a picture on dot paper 
to show how this geoboard 
will look after it has been 
rotated 180°. 





7. Draw a figure that has 180° rotational symmetry on dot paper. 
Figures will vary. 
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Discussion 

The exercises on these two pages 
may be used indirectly for evalua- ‘ 
tion purposes. For example, you 
may simply assign them and give 
guidance as the children need it, 
noticing which children are able to 
work independently. Be sure to 
have available a sufficient supply of 
graph paper and dot paper. When 
children have completed the exer- 
cises, an overhead projector would 
be very useful for discussion of 
their work. Stress the importance 
of developing the ability to cor- 
rectly relate the points with co- 
ordinates. 








. Copy figure ABCD on your 
“graph paper and draw the 
figure in its final position 
after this translation. 
New! coordinates: 
AG,7); BG,6);C (5,5); DG,6) 


Copy and complete the 
tessellation of the red 
square by using the 
suggested pattern. 


Color your tessellation 
so that the pattern 
stands out. 


Draw the magnification _ 
from (0,0) of AABC, 
using scale factor 3. 


How long are the sides 
of AABC ? How long 


are the sides of the 
“magnified” triangle ? 
Three times as long 


. Draw a figure like ABCD 
on graph paper. Then draw 
a larger, similar figure. 


Sizes May vary. 


Workbook, page 92 
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PAGES 302-303 
Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Depending on the needs and ability 
of the children, review any topics 
treated in this review lesson with 
which they had previous difficulty. 
Or, you might simply have some 
warm-up activities such as a 
“Buzz” game with multiples (see 
page 135, follow-up section) or a 
‘“What’s My Rule” game (see page 
42, discussion section) or some 
mental chain games, such as: 


“Start with ... Add 1... Mul- 
tiply by 2... What’s your answer?” 
(3) 

“Start with 56. . . Divide by 7. . . 
Multiply by 4... What’s your an- 
swer?” (2) 

“Start with 3 of 12... Multiply by 
7... Subtract 2... Divide by 8... 
Multiply by §... What’s your an- 
swer?”’ (1) 


302 





10. 






Discussion 
Assign the exercises as indepen- 
dent work. When children finish, 
discuss in particular any problems 
which caused difficulty. You might 
stress the place-value concepts 
with decimals, particularly with 
hundredths, 
chapter introduces percent. Multi- 
plication and division with deci- 
mals should also be given special 


. For the decimal 5 407 368.159283, give the number of: 





a tensG c hundreds3- e thousands? ~ 4 hundred thousands4 
ps tenths! pb hundredthsS r thousandths? un hundred thousandths® 


. Round 3654.563 to the nearest: 


a hundredth sp tenth c whole number pten e hundred fF thousand 
3654.56 3654.6 3655 3650 3700 4000 


. Solve the equations. 


a 19x1=a19 pv (8x7)+7=t8 6« 5x23=(5xn)+(5x3)Z20 
Bp 28+0=p28 e« 63—(nx7)=02 u 9764+843=n+976 845 
c 0=5=n0o fF 102x22=b400 1 344(17419)=(n+17) +1934 











Compute the following. G7TRIB 22\7 
a 8872? 89537". 6° 4007 ) »- 356" £%89)5976" = 16)35472 
+5799 —69 —2768 x 47 
967 468 IZ39 16732 
a List all the factors of 16. B List the multiples of 4 (to 28). 


|, 2,4, 8, 16 0,4, 8, 12, 16,Z0,24,28 
Which of these are prime numbers ? aa 9, 21,(29) 33 


List three fractions equivalent to 2. &.2 ‘2 (Answers may vary.) 

















10°15’ 20 
Give the lowest-terms fraction for each oS 24 S 29 2 
; : A124 8 0 2 Ce aate 
Find the sums and differences. ‘ n 
5 19 on me jo 
astae e88+8 24 Cb+$lzg. DE=412 § 8— i040 
rF 173 « 342 H 54) bt Sz a 513 
+153 +594 —213 — 26% — 393 
| 324 932 . 3225 loZ Te. 
Find the products and quotients. 
atx? 2c 5x 4h22e © BxG1 6 ¥+3S 1 8224 
pix?4 0 3$x620 £1222 un3+275 5 2x13 
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since the following 











1a 


12. 
13. 


15. 


16. 


17. 








Give the sign (<, >, =) for each |. 

a 347 |) 357 B 4= 24 +3 e¢ 5.763 jl 5.367 
< < = 

Find the average of the numbers in the set {9, 12, 17, 83.115 

Find the total amounts. 14. Find the differences in 

a $18.95 B $728.46 the amounts. 

7.28 819.72 a $5076.42 B $600.00 
11.07 72855 2748.59 129.95 
28.36 $2276.73 $2327.83 $470.05 

$65.66 
Find the products and quotients. 
A 3.14 B 1.783 
x8 x0.24 
25.12 0.42792 
a Name a pair of parallel edges. 


B Each edge is 2 units. What is 
the surface area ? the volume ?8 

c What is the perimeter of square 
ABCD ?8 


Mr. Price can buy an airline ticket 
to Chicago for $36.50. 

If he uses a family plan, he can 
take his child for 4 price and his 
wife for + off the regular price. 





$18.25 a Howmuchwoulditcostforhischild ? | 4nar 


$27.38 8 Howmuch would it cost forhis wife? | 
$82.13 ¢ Howmuchwouldit cost forall three ? 
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CHAPTER 13 


Ratio and Percent 


Pages 304-329 


General Objectives 


To introduce the term ratio 

To provide experience with ratios 

To provide a variety of word prob- 
lems 

To provide experience in working 
with ratios in scale drawings 

To introduce the notation for per- 
cent 

To provide experience in working 
with percent notation 

To provide a variety of experiences 
with percent notation in word 
problems 

To introduce the concepts of dis- 
count and interest 

The initial lesson in this chapter 

uses the strips to introduce the 

language of ratio in a comparison 

of lengths. The following lesson 

defines equal ratios and relates the 

concept of ratio to some concepts 

of fractional numbers. This 1s fol- 

lowed by a set of word problems 

in which the children interpret and 

use the ratios. 

Percent is introduced as a special 
kind of ratio. Percent notation for 
numbers is compared with fraction 
and decimal notation for numbers. 
Emphasis is placed upon the fact 
that the percent notation is simply 
another way of naming fractional 
numbers. Word problems provide 
a variety of additional work in com- 
puting with percent notation. These 
include problems about percent 
discount, interest, and circle graphs. 
An optional lesson in the chapter 
provides a variety of experiences in 
working with percent in equations. 
That lesson is designed primarily 
for more capable children but, ina 
carefully controlled situation, it 
may be assigned to the whole class. 

The usual chapter and cumulative 
reviews complete the chapter. 


Mathematics 


A ratio is a comparison between 
two numbers. This chapter intro- 
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duces applications of ratio and the 
useful language associated with 
such number pairs. Ratio is not an 
integral part of the mathematical 
development of the set of fractional 
numbers because it deals primarily 
with applications of arithmetic. In 
this section, therefore, we simply 
explain that the material on ratio 
given in the text has to do primarily 
with physical concepts. To help 
the children acquire some skill in 
computing with ratios, the idea of 
ratio is related to fractions and to 
fractional numbers. By identifying 
ratios with fractional numbers, the 
children should see that in certain 
situations they can find missing 
numbers in ratio sentences in much 
the same way that they found miss- 
ing numerators and denominators 
in fractional-number sentences. 

Percent is introduced as a special 
kind of ratio. The percent notation 
merely involves a new symbol, de- 
vised to represent certain fractional 
numbers. Since the set of numbers 
is the same, the mathematical con- 
cepts are all the same, and the same 
basic principles apply. The best 
evidence of this is that much of the 
work with percent is devoted to 
word problems which illustrate that 
using percent notation is primarily 
a matter of convenience rather than 
a matter of using new mathematical 
concepts. 


Teaching the Chapter 


Materials 


Advertisements of sales, discount 
prices 

Centimetre strips 

Construction paper or cut-out red 
circles and blue squares 

Crayons or colored pencils 

Graph paper, no smaller than +-cm 
grid 

Rulers, centimetre scales 

Scale for weighing children (if 
available) 


Vocabulary 

discount ratio 

interest scale drawing 
percent 


Although few materials are listed 
for this chapter, you will want to 
use familiar objects around the 
classroom as well as ideas associ- 
ated with measurement to explain 
the idea of a ratio to the children. 
The centimetre strips which ac- 
company this series are appropriate 
for developing concepts of ratio. It 
is important that each child feel 
familiar with the strips before they 
use them here. 

Scale drawing is a familiar appli- 
cation of the concept of ratio. A 
ratio is set up between the physical 
model and the drawing so that the 
drawing can easily be interpreted. 
Constructing maps and drawings to 
scale reinforces for the children the 
idea of ratio as a comparison. They 
may enjoy making scale drawings 
or maps of their neighborhoods or 
school grounds. We recommend 
that you use diagrams involving 
100 sections to help illustrate con- 
cepts of percent. Transparencies on 
the overhead projector are very 
helpful for this. It may also be help- 
ful to exhibit a set of 100 objects 
and have the children select various 
subsets from this to illustrate con- 
cepts of percent. For example, you 
might exhibit 100 objects, repre- 
sented by nine 10-strips and 10 
units, so that they can easily be 
counted, and then call attention to 
34 of these objects and observe 
that this represents 34% of the set. 
In presenting such demonstrations, 
however, take care that the chil- 
dren do not conclude that percent 
is associated only with zoo of a 
region or with a set of 100 objects. 
The purpose of such demonstra- 
tions is to emphasize the basic 
meaning of percent and the fact 
that percent can be applied to a 
variety of physical concepts. 








Lesson Schedule 


This chapter is designed to be 
covered in about three weeks. 
However, since the school year is 
nearing an end, you may want to 
vary this schedule according to the 
time available. Because of the wide 
variety of percent problems avail- 
able, you could easily spend con- 
siderably more than 3 weeks on the 
material in this chapter and on 
similar problems. On the other 
hand, if time is short, you may 
choose to treat only the basic con- 
cepts of ratio and percent so that 
you can move on and expose the 
children to integers and graphing, 
the topics covered in the last two 
chapters of the book. 


Evaluation of Progress 


While working with the ideas of 
ratio, the children should rely heav- 
ily on their experience with frac- 
tions and fractional numbers. In 
fact, ratio and the comparison of 
two numbers is so closely related 
to fractions and fractional numbers 
that the children may even wonder 
why it is considered a new topic. 


It is important for you to note that, 
although ratio concepts have been 
presented many times prior to this, 
the language of ratio was not used. 
Certainly, much of the work in- 
volving fractions and_ fractional 
numbers could be interpreted in 
terms of the ratio language, but we 
believe that it should be employed 
primarily when it can be useful for 
describing certain situations. 

Since much of the material on 
percent involves applications and 
word problems, your task of evalu- 
ating children’s grasp of this con- 
cept should not be difficult. It is 
desirable for the children to under- 
stand the idea of percent, and you 
can usually find out whether they 
do by giving them problems. Much 
of your evaluation for this chapter 
can be based on a written test. 

Although percent is associated 
with fractional-number concepts, 
most of the work with percent 
should be centred on_ practical, 
everyday problem-solving — situa- 
tions, because our use of percent 
is almost always associated with 
computing interest, discounts, and 
so on. Throughout your work in 


this chapter, supply a wide variety 
of physical situations ‘involving the 
use of percent. 

The chapter review on pages 326 
and 327 will help you evaluate the 
children’s understanding of the con- 
cepts developed. Maintenance of 
skills and concepts previously in- 
troduced can be checked on pages 
328 and 329. 


Resources for Active Learning 
GENERAL ACTIVITIES 


Developmental Math Cards, J?7 
and 10, Addison-Wesley [Rate 
problems } 

Experiences in Mathematical 
Ideas, Volume 2, “Ratio,” pp. 
69-95, NCTM 

Freedom to Learn, “Ratio and 
Proportion,” p. 147, Addison- 
Wesley 


MANIPULATIVE DEVICES 


Map Measurer (Edmund Scientific; 
Math Media) 


COMMERCIAL GAMES 


Stocks and Bonds (Selective Edu- 
cational Equipment) 
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PAGES 304-305 
Objective 

Given two numbers, the child 
will be able to compare them using 


the language of ratio, such as 2 to 
4 or 3 to 5. 


Preparation 
Materials 
colored strips 


13 Ratio and Percent 


@ What is the meaning of ratio? 





Investigating the Ideas 


Since the purple strip is 4 

as long as the brown strip, Ee i) 

we say the ratio of the 

strip is 1 to 2. Since the 

purple strip is 4 units long and the brown strip is 8 units, we 
also say the ratio of the purple strip to the brown strip is 4 to 8. 


Although the language of ratio 
was introduced in Book 5 of Inves- 
tigating School Mathematics, you 
will want to treat this concept as 
new material. To prepare for this 
lesson, review the number names of 
the strips when the number one has 
been assigned to the white strip. 
You might also review relation- 
ships between certain strips, since 
the investigation uses these rela- 
tionships to introduce the concept 
of ratio. For example, review the 
fact that 2 purple strips match a 
brown strip, or that 3 light green 
strips match a blue strip, and so on. 


To record your strips, give 
the ratio suggested by 
the unit marks on the strips. 


How many other pairs of 


strips that have a ratio 
of 1 to2 can you find ? 


ee \nvestigation. 








iCentimetestiaen | ane iy ona pes. SP or 
1. The ratio of the length of the red pencil to that of the blue 


pencil is 12 to 6 or 2 to 1. What is the ratio of the length 
of the blue pencil to that of the red pencil ? 6 to12 or |\to2 


Investigation 

Read the introductory material with 
the children. Point out that a ratio 
may be thought of simply as another 
way of comparing two numbers. 


2. When we use ratios to compare the numbers of objects in 
two sets, we say: 


When the children see that the ratio 
of the purple strip compared to the 
brown strip is | to 2, encourage 
them to continue with the investi- 
gation independently. You might 
suggest that they use the following 
format to record their findings: 
















Strips Compared Ratio 
yellow to orange (5 to 10) 
red to purple ~ (2 to 4) 
It. green to dark green (3 to 6) 
white to red (Gliatore) 


(Answers are shown for your con- 
venience.) 


You might suggest that children 
who finish quickly combine some 
of their strips and compare one 
strip with a train of two strips; for 
instance, they might compare the 
black strip to the orange and pur- 
ple, or the blue strip to the orange 
and brown. 
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Discussion 
Before discussing the exercises in 
the text, it would be helpful to dis- 


cuss the investigation material. 
When children have given the ratios 
they found for the strips, it would 
be helpful to show that for each 
pair, different ratios may be con- 
sidered. When we consider the 
length of the light green strip in 
comparison to the dark green strip, 
we Say the ratio is 3 to 6, or | to 2. 
However, we might consider the 
dark green strip in comparison to 
the light green strip, in which case 
we say the ratio of their lengths is 
6 [0,306.2 tout. 


Discussion exercise 1 stresses 


GOS 8y 


The ratio of the number of boys to girls is 3 to 6. 
The ratio of the number of boys to girls is 1 to 2. 
Give two ratios that compare girls to boys.éto3, 2tol 


the idea that the numbers of two 
sets may be compared to each other 
in two different ways: the ratio of 
the length of the red pencil to that 
of the blue pencil is 12 to 6; the 
ratio of the length of the blue pencil 
to that of the red pencil is 6 to 12. 
Also, emphasize the fact that either 
of these ratios may be expressed 
in different ways: we may say the 
ratio of the length of the red pencil 
to that of the blue pencil is 12 to 6, 
or we may Say that it is 2 to 1. 

Emphasize these same points in 
exercise 2. Be sure children see why 
we can Say that the ratio of the num- 
ber of boys to girls is 3 to 6 as well 
as calling it 1 to 2. 


OF 2O9 








. Give the ratio of these lengths. 


A 


moo ow 


paper clip to nail 2to5 
nail to pencil 5to8 
knife to nail © to5 

nail to paper clip 5to2 
pencil to nail $to5 


. For each exercise, give the ratio 


of the lengths. Use two different pairs of numbers. 


A dart to nail p dart to knife |lOto6, 5to3 
Answer: 10 to 5,2 to 1 E knife to dart @tolO,3toS 
B paperclip to knife 2toG,it.3 FF pencil to paper clip 8to2,4to! 
c knife to pencil Gto8, 3to4 Gc dart to paper clip\Oto2,5to\ 
. Give the missing numbers. AA AA 
a The ratio of triangles to Bee eB 





Using the Ideas 




















squares is 4 to ||. © 
The ratio of triangles to squares is 2 to |ll|. 3 


c The ratio of squares to triangles is 6 to ||. 4 
bp The ratio of squares to triangles is 3 to |i. 2 





In an auto factory, each car produced 
requires 5 tires. Give the 
ratio of cars to tires, |to5 
Each car requires 

2 headlights. Give 

the ratio of tires 

to headlights. 5to2 


Each 8-cylinder car has 4 wheels. Express the ratio 
of wheels to cylinders in two different ways.4 to8, |to 2 
A machine makes 24 parts for an automobile in 8 hours. 
Give the ratio that compares parts with hours. 24 to8 
How many parts does the machine make per hour ? 3 


During this discussion, mention 
the fact that ideas concerning ratio 
are often much like those involving 
fractions and fractional numbers. 
For example, some of the children 
may notice that 3 to 6, and I to 2 
suggest += #. However, this con- 
cept will be more fully developed 
in subsequent lessons. 

Encourage the children to use 
ratio terminology when discussing 
the problems on this page and the 
next. It is important for them to 
become familiar with the language 
of ratio that is used throughout this | 
chapter. 
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Using the Exercises 

Ask the children to do the exercises 
on page 305. When they have fin- 
ished, allow time for discussion and 
checking papers. 

Again point out that the ratio of a 
first number to a second is different 
from the ratio of that second num- 
ber to the first. Thus, the ratio of 
the length of the paper clip to the 
nail (2 to 5) is different from the 
ratio of the length of the nail to the 
paper clip (5 to 2). 


Assignments (page 305) 
Minimum: 1-3. Average: 1-4. 
Maximum: 1-4. 


Resources for Active Learning 

Teaching Aids for Elementary 
Mathematics, ““Correspondence 
and Mapping,” pp. 126-127, 
Holt, Rinehart and Winston. 


Workbook, page 93 
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PAGES 306-307 
Objective 

Given two ratios, the child will 
be able to determine whether they 
are equal and will be able to ex- 
press equal ratios in an equation. 


Preparation 

Materials (optional) 

red circles (12 per child) and blue 
squares (8 per child) or construc- 
tion paper and scissors to make 
these 


To prepare for this lesson, you 
might think of sets of objects in the 
classroom and ask children to give 
certain ratios. For example, ask 
them to compare the number of 
desks to the number of children; or 
the number of windows to the num- 
ber of doors; or the number of 
children to the number of teachers 
and teacher aides; or the number of 
erasers at the chalkboard to the 
number of children sitting in a row 
or at a table. 

Investigation 

Although children may do this in- 
vestigation simply by drawing the 
groupings on paper, you might pre- 
fer to have some children use actual 
circles and squares. Point out that, 
with each grouping they form, they 
should always have 12 circles and 
8 squares. Remind them to express 
the ratio of their grouping numeri- 
cally, as they did in the previous 
lesson. Since the sets of objects 
remain constant here, the ratios for 
this investigation are equal ratios. 
The ratio of the number of circles 
to the number of squares may be 
expressed as 3 to 2, 6 to 4, 9 to 6, 
and 12 to 8. 
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There are 3 circles 
for every 2 squares. 


The ratio of circles 
to squares is 3 to 2. 


3 — 09g 
AA = 12 
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Discussion 

Ask children to show their group- 
ings on the overhead projector or 
chalkboard, writing the ratio for 
each. 

One important point to continue 
to stress is that work with equal 
ratios is much like work with equiv- 
alent fractions and fractional num- 
bers. Use exercises 2 and 3 to dis- 
cuss this point and to help children 
understand that ratios may be ex- 
pressed in different ways. The ratio 
of books to children in exercise 2 
may be shown as 2 to 4, as 2:4, or 
as }. Similarly, equal ratios may be 
shown as 2 to 4= | to 2; as 2:4= 
1:2; or as 3 = 4—all of which are 


2. To express the ratio of the number 
of books to children, you can write 
2 to 4 or you can write 1 to 2. 


@ What are equal ratios? 


Investigating the Ideas 


Can you show some other groupings of these figures that 





suggest other ratios ? See Investigation. 


Discussing the Ideas 


1. The Investigation shows that different pairs of numbers can 
be used to express the same ratio. Give other ratios that 


are the same as 3 to 2.Anewers may vary 
6to4, Ito G, IZ to B, etc. 


3. Work with equal ratios is much like work with equivalent 
fractions. Explain how to find the missing numbers in a and B. 


Bp 3:4=l:12 
9 


read “2 is to 4 as 1 is to;2.” Use 
exercise 3 to show how the prob- 
lem of finding a missing number in 
a ratio may be thought of as finding 
a missing term in a statement with 
equivalent fractions. 

It would be helpful to create a 
variety of comparisons to give chil- 
dren an opportunity to work with 
equal ratios. For example, you 
might construct several problems 
similar to the Short Stories on page 
307. Or, you might distribute a 
duplicated sheet like the one sug- 
gested in the follow-up section. You 
might also use tables on the chalk- 
board, such as those in exercise | 
on page 307. 


We often use a colon (:) to write a ratio. 
The ratio of books to children is 2 : 4. 
The ratio of books to children is1 : 2. 


Since 2:4 and 1 : 2 are the same ratio, we write: 


Give three more ratios that are equal to 1 : 2. 
Answers may vary. 2:4, 3:6, 4:8, etc. 





24. Splipee 











‘ 





A 







ql 














b= 4 vd 4=84 
1:2=ll:84 — |l:3=8:6 4 
10=9: Ill SO |ll:8 =1 15: 245 

a=% ng f=31 3 
3:4=6:Ill 8 = 2:\Il=14:213 


Short Stories RATIO 


Write a fractional-number equation and solve it to answer 
these ratio problems. 


Ratio of men to women, 4:5. 
20 women. How many men ? 
(Solution: ¢ = 





Ratio of candy bars to cents, 1:5. 
3 candy bars. How many cents ? 
\ 3 
B=H Ne \5 


G 


H 


Sy 


3 lll 


a 
i: 


—) Ratio, kilometres to litres, 15:1. 


Using the Ex 


0) Q litres. How many kilometres ? 


. Each table gives several number pairs for the same ratio. 
Give the missing numbers. 





. For the first part of each exercise, think about fractional numbers. 
For the second part, think about ratios. Bus the missing numbers. 


2 :, J 3=2 lo 
LZ 5:2= 25; lll \o 
2 2 Ss Ls fr=15 3 
30:203 an a 


4 100 5 DO L 
1:2= tl: 10050 10: a = = Hl 40 \00 


2 


aol = 10) How many batteries ? 
2-0 5 lgleike! 
Ratio of scouts to tents, 3:1.7 Bi nai2 
4 tents. How many scouts _ 
Ratio of length to 
width, 3:2. Length, 12. 
What is the width 23. 





16 1 =136 


More practice, page A-23, Set 46 


Eo: 





ercises 


Ask the children to do the exercises 
on page 307 independently. If nec- 
essary, review the method of finding 
a missing term in a pair of equiv- 
alent fractions. Note that the direc- 
tions for the Short Stories call for 
writing fractional-number equations 
to solve them. When children finish 
and as you are helping them check 
their work, have children write sev- 
eral of these equations and their 
solutions on the chalkboard. Re- 
mind children that when statements 
such as += #5 are used with ratio: 
problems, they should be read in 
the language of ratio: “4 is to 5 as 


misito,207" 


Ratio of batteries 
to flashlights, 2:1. 
9 flashlights. 


Using the Ideas 


ee 
n 


Assignments (page 307) 

Minimum: 1, 2. Average: |, 2, Short 
Stories. Maximum: 1, Short 
Stories. 


eat 





Follow-up 

A worksheet such as the following 
may be useful during the discussion 
or as a follow-up. 





Give at least two equal ratios 
for each of these situations. 


A *kKK* D 2 cars 
QMOOOCOC 8 people 
Be TA 

el {isa} 





Cc E 12 times at bat 
[et a Rete ape! 
Resources for Active Learning 


Math Activity Cards, “Ratios,” 
E38, Macmillan. 








Workbook, page 94 
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PAGES 308-309 
Objective 

Given problems whose solutions 
may be found by using ratios, the 
child will be able to solve the prob- 
lems. 


Preparation 

Materials 

scale for weighing children (if avail- 
able) 

Children would benefit from a 
review of writing equations with 
ratios and finding missing terms. 
You might display on the overhead 
projector or chalkboard a few tables 
of equivalent ratios such as those 
in exercise | on page 307 and have 
children find the missing numbers. 





























Investigation 

Since many children might not 
know how much they weigh, try to 
have a scale available. (Otherwise, 
each child can simply estimate his 
weight.) Even though each child 
has to use his own weight or an esti- 
mate of his own weight, some may 
benefit from sharing ideas about the 
solution. Children will have to un- 
derstand that the ratio for their lift- 
ing weight to their body weight must 
follow the same order of the ratio 
for the ant’s lifting weight to its 
body weight. Suggest that they 
study the problem and set up a 
statement of equal ratios. If achild’s 
weight is 45 kg, his statement should 
be 50:1 = 0:45, or 32 = 48, so his 
lifting weight would be 2250 kg! If 
children find the answer to the ques- 
tion by straightforward reasoning, 
without actually setting up an equa- 
tion, that is acceptable; such a child 
already has a firm grasp of the rela- 
tionships involved in equal ratios. 


308 


308 





Discussion 

Have children compare results and 
explain how they found them. Point 
out the balance in their statement of 
equal ratios. 


ant’s lifting weight: its body weight = 
their lifting weight: their body weight 


This may be read as “‘The ratio of 
the ant’s lifting weight to its body 
weight is the same as the ratio of 
their lifting weight to their body 
weight.” However, be sure children 
realize that this statement repre- 
sents a supposition, or an imaginary 
situation. Use some of the remain- 
ing discussion questions to make it 
clear that in actuality the ratio ofa 


An ant can lift about 
50 times his weight ! 


If you could lift as much for your weight as an ant can 


for his weight, how many kilograms could you lift ? 








® How can you use ratios in problem solving? 





Investigating the ideas 






See ) 
Investigoatiat 








Discussing the Ideas 


1. Explain how you found the weight you could lift if the 
ant ratio were true for you. See Discussion. 


2. Is the weight you found more than one tonne ?vyes 


3. Suppose 20 000 ants weigh a total of one kilogram. If they 
could all lift together, how much weight could they lift ? 50 kg 


4. Suppose that a man can safely lift twice his weight. 

a What is the ratio of his “lifting weight’ to his weight? 5., 
sp How many kilograms should such a person weigh to lift 
150 kilograms ? 200 kilograms? 90 kilograms ? 

75 Kq 
5. Suppose you could lift only 18 kilograms. What is the ratio 
of this weight to your body weight? answers will vary. 


190 Kg AB Kg 


man’s lifting weight to his body 
weight is far from SO to 1. 





Patio Rantasy 


1. Assuming that for a man, as 5. The ratio of the number 
for an ant, the ratio of the 
weight lifted to body weight 
is 50 to 1, how much could a 
90-kilogram man lift ? How 
many tonnes is this 74500; 4-5 


A 


. The ratio of the weight a bee 
can pull (on wheels) to the 
bee’s body weight is 300:1. 


How many kilograms could 
you pull at this ratio ? 
Answers will vary. 

The ratio of a grasshopper’s 
length to the distance he can 
jump is about 1:20. Use this 
ratio to find how many metres 

a 2-metre man could jump40™ 


The ratio of a flea’s body 
length to the distance he can 
jump is about 1:200. How far 
could you jump if you could 
jump in the 1:200 ratio ? 







o 


If the ratio were the same 
for a man, how many 

kilograms could a *6,. The ratio of a champion 
90-kg man pull ?27 000 


How many tonnes is this ?2 7 





Answers will vary. 





Using the Exercises 

Before assigning the exercises on 
page 309, be sure children realize 
that the statements are purely 
hypothetical. Allow the children 
considerable freedom in the solu- 
tion of these problems. Some may 
be able to set up equations involv- 
ing equal ratio (proportions) and 
use the ideas of equivalent fractions 
to find the solution. Others may use 
more intuitive reasoning tech- 
niques. For example, in exercise 1, 
a child might reason: For every | 
kilogram of his own weight, a man 
can lift 50 kilograms, so a 90-kilo- 
gram man could lift 90x50 kilo- 
grams, or 4500 kilograms. When 


of metres travelled to the 
number of minutes to 
travel that distance is 5:1 
for the very slow giant 
tortoise of the Mauritius. 
(AD alae a How long would it take 
ee I the tortoise to “run” 
the 100-metre dash ?20 min 
B How long would it take 
the tortoise to ‘‘run’’ the 
400-metre dash ?80 min 


athlete's height to the 

distance he can broad 

jump is 2:9. 

a Given the same ratio, 
how far could a 2-cm 
cricket jump ? 9¢™m 

B Accricket can actually 
jump about 60 cm. 
How many of the “short 
jumps” must he make to 
pass the 60-cm mark ?7cm 


*7. In Diane's math class the 
ratio of girls to boys was 5 
to 6. 3 new girls came into 
the class. Now there are 
as many girls as boys. 
How many students are 
now in the class ?36 


Using the Ideas 


309 


the children have finished, ask vol- 
unteers to explain the solution for 
each problem. Although exercises 
6 and 7 are starred, all might benefit 
from an explanation of them. 

If children have difficulty with 
exercise 7, they might use a trial- 
and-error method, finding equal 
ratios until the difference of the 
two numbers is 3. For example: 
5 to 6; 10to 12; 1S toolS "Since 
18 — 15 = 3, the original count must 
have been 15 girls and 18 boys, so 
3 more girls gives a total of 36 
students. 

Assignments (page 309) 
Minimum: 1-5, oral. Average: I-5. 
Maximum: 1-7. 





Resources for Active Learning 

A Cloudburst, Vol. 2, No. 3713-53, 
Midwest Publications. 

Developmental Math Cards, “How 
much do your feet suffer?” L?4, 
Addison-Wesley. 

Math Activity Cards, “Inclined 
Plane,’ E30, Macmillan. 


Workbook, page 95 
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PAGES 310-311 
Objective 

Given a scale drawing and the 
scale used, the child will be able to 
find the actual distances repre- 
sented by the drawing. 
Preparation 
Materials 
centimetre ruler (1 per child) 

If you think children need a re- 
view of equal ratios, present a few 
problems like those below and ask 
children to find the missing term. 


nl ro 


Sees 


Depending on the time you wish to 
spend on this preparation and the 
ability of the children, you might 
include a few ratios in which the 
missing term is a mixed numeral: 


ESSE? = l 
TOS > 0s = x<ls > Hn 105 
i = => =5§ 
su, 8Xn=3xX l4>n=55 


If you prefer a less formal prepa- 
ration, you might simply discuss 
scale drawing. 


Investigation 
Many children will find the dis- 
tances requested by the investiga- 
tion question without thinking of 
equal ratios. For example, since 
the distance on the map from Lake- 
view to Seashore is 5+ cm, they 
can readily see that the actual dis- 
tance is 54 times 5 km, or 26; km. 
This is the expected approach. 
However, if children have done 
very well with the ratio concept or 
if they themselves think of apply- 
ing the ratio, encourage them to 
attempt to express the problems in 
the form of a proportion: 
Lakeview to Seashore 

lom:54 cm=Skm:n 
Seashore to Crusoe = 

1com:32 cm=S5km:n 
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@ How can you use scale drawings? 


Investigating the Ideas 


Maps that are drawn to scale 
give information about 
distances. 1 cm on this 

map represents an actual 
distance of 5 kilometres. 

We say the scale is: 


1 centimetre = 5 kilometres 





Can you use your ruler and the map to find the distance 


from Lakeview to Seashore and the distance from 





Seashore to Crusoe Island 2&:kmlOFkm See investigation 


Discussing the Ideas 


Explain how you used your ruler on the map to find distances. 
See Discussion. 
How can you think of the scale on the map as a ratio ? 


Give the two distances for the map above if the scale is: 


B 1mm= 4km2\0; \5O 
c 2cm = 10 km1344, 934 


1. 
2. 
3 See Discussion. 
a tcm = 8 kml6B8, 120 
4. 


34a City A to City Bizzn City D to City E 
648 City B to City Czoe City Eto City F 


D Som =e) km 210; 150 


Sometimes the scale for a map is Sire rr eagaery 
shown as a segment that represents 
a given number of kilometres. On this 
map the segment is 30 mm and 
represents 15 kilometres. Explain how 
to find the following distances:pisccsion. 
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Discussion 

Give children ample opportunity to 
discuss exercises | and 2 and share 
their findings from the investigation. 
If the use of ratio and ratio state- 
ments arises naturally, develop it 
with the examples from the inves- 
tigation. However, this lesson 
stresses the concept of scale draw- 
ing, SO ratio statements need not 
be emphasized. 

In exercise 3, the children are to 
find the same two distances, Lake- 
view to Seashore and Seashore to 
Crusoe, with various scales. Ob- 
serve with them that the smaller 


the scale, the more miles are rep- 


resented. 





loc City Cto City Dzor City Fto City D TEE 





3 
s4, 


* 5. 


* 6. 


. Use this map and scale to 


. Where on the map would you 


Using the Ideas 







give the following distances: 

a Newville to Clearlake (08 kw 
B Vista Villa to Clearlake | 26 km 
c El Rancho to Newville \38 Km 
p Vista Villa to El Ranchoi20 km 
E Clearlake to El Rancho 90 kw 


show a city that is 18 km 
from Newville and between 2™* "2 


Newville and El Rancho ? 


cm from Newville, between Newmile! 

Use the map and the scale to 

give the following distances: 

a Fort Chimo—Fort Rupert 

Bs Fort Rupert—Montreal ES 
km 


c Montreal—Fort Chimo 
N26-4 km 


Toronto is about 560 km from 
Montreal. On a map where 

1 cm = 60 km, how many 
centimetres would Toronto be 
from Montreal ? 9.33 cm 


Study the maps carefully. [a] 
a Use your ruler to find 
the scale for map a.\cm=33 km 
sp Use your ruler to find the 
scale for maps. \ «m=l4 Km 


Draw your own map, using 
the scale 1 cm = 10 km. 
Show 3 cities, A, 8B, and C, 

and tell the distance pyewers 
between each pair. wi\l Vary. 
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Using the Exercises 

It is not essential to encourage chil- 
dren to write statements with equal 
ratios for the problems on page 311. 
Many will prefer to work directly 
for the answer using their under- 
standing of scale drawing. When 
children finish, have volunteers 
explain their solutions. 


Assignments (page 311) 
Minimum: |, 3. Average: |-4. 


Maximum: 1-6. 





Follow-up 

Encourage children to make a scale 
drawing of their route from home 
to school. They should choose their 
scale of centimetres to kilometres 
according to the distances they 
travel. 


Resources for Active Learning 
(See the resources listed on page 
199 for maps and scales.) 


Workbook, page 96 
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PAGES 312-313 
Objective 

Given a fraction with a denomi- 
nator which is a factor of 100, the 
child will be able to express it as a 
percent and as a decimal. 


Preparation 
Materials 
graph paper, no smaller than - 
em grid (Duplicator Masters, 
pages 62, 63): crayons or colored 
pencils; demonstration 10-by-10 
Square grid 
Children would benefit from a 
review of changing lowest-terms 
fractions first to fractions that have 
a denominator of 100, and then to 
decimals. For example, display the 
following chart on the chalkboard 
and ask them to complete it. 


Fractions Decimals 
BS bcs : 
10 100 ; 
r 100 ul ae 
> 40 : 
~ 100 ; 
lege ; 
4 100 5 
Investigation 


In the investigation, children simply 
identify and color fractional parts 
of a 10-by-10 square region. Since 
the square is a 10-by-10 grid, the 
children are working with fractional 
parts of 100. It is important that 
they identify and color each frac- 
tional region correctly, since this 
10-by-10 square provides back- 
ground for introducing the concept 
of percent. 


BZ 
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Discussion 

If possible, use a large demonstra- 
tion grid or a 10-by-10 grid on the 
overhead projector for this discus- 
sion. 

As you work through discussion 
exercises | A and B, relate the frac- 
tions, =, 4, and 7» to equivalent 
fractions with a denominator of 
100. Also, ask the children to ex- 
press the green region as a frac- 
tional part of the 100 small squares. 
Use part C of exercise | to point 
out how 750, too. 100, and yen may 
also be thought of as ratios. 

Call particular attention to the 
explanation of percent in exercise 
2. Children might be interested in 





Outline a 10-by-10 square 
region on graph paper. 


and the rest green ’sc6 gbove ond\nvestigation. 


® What is the meaning of percent? 


Investigating the Ideas 




















Can you color 3 of the square red, } blue, + yellow, 





Discussing the Ideas 


1. a How many small squares make up the region in the 
Investigation ?;5o6 

p How many did you color red %, blue 2, yellow 4, green? 

c What is the ratio of red squares to all squares feos Gide? 


2. Aspecial ratio which compares a number to 100 is called 
a percent. The symbol for percent is %. 
Examples: 50% means 50:100, 33%, or .50. 

13% means 13:100, 33, or .13. 

a Inthe Investigation, what percent of the square region 
was colored blue 205%, 

B One-tenth of the square region was colored yellow. 
What percent was colored yellow ae > 

c What percent of the square region did you color green 415% 


the fact that the word percent is 
derived from the Latin words; per 
meaning “‘for,’ and centum mean- 
ing ““one hundred.” As you work 
through exercise 2, stress that per- 
cent is simply a special case of the 
ratio concept and the percent nota- 
tion is simply a new way of repre- 
senting fractional numbers. Again, 
use the regions of the 10-by-10 
grid to relate the various ways of 
indicating a particular area. 


1 = 33, or 25: 100 
25 = (.25= 25% 


100 











Follow-up 

To give children practice in con- 
verting fractional notation to deci- 
mal and percent notation, and back 
again, provide them with a work- 
sheet like one of the following. 


Using the Ideas 


1. Study the first row of the chart to see how the percent 
symbol (%) is used. Give the missing symbols for the rest 
of the table. 


Names for Fractional Numbers 





Decimal Percent 


Complete the table. 
i ‘ = 
Fraction 2 z 


I 


4 








Decimal 





Percent 
Se Ie 
































Cross out the expressions which 
do not name 75%. 























2. Give the missing numerators. 
a 25% = 72> B 20% = 729 


3. Give the correct percent. 
too = MW 25% © 365 = Il 157% 
ae I 757% pv AS = Il 87% 





Resources for Active Learning 

Developmental Math Cards, “‘Per- 
centage,’ K1I12, Addison-Wes- 
ley. 


4. Give the percent for each exercise. The average of 8 numbers 


a Since2 = 100, we know ? = lll. _| is 56. Three of the 
numbers are 72, 57, and 
‘ : 49. What is the average 
c Since; = 180 we know 4 = Ill. of the other 5 numbers NS 54 i 
p Since + = 75, we know 4 = co —=—_ 






. a Q 
B Since % = 10 we know % =|. 
254. Workbook, page 97 








Using the Exercises 

Encourage the children to work in- 
dependently on the exercises on 
page 313. As they work, you might 
emphasize for some that they are 
simply dealing with various ways of 
expressing one fractional number. 
In particular, stress that in exercise 
1, in each of the four columns to the 
right of the column labelled “Re- 
gion,” there is a different name for 
one fractional number. 


Assignments (page 313) 
Minimum: 1-3. Average: 1-4. 
Maximum: 1-4. 
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PAGES 314-315 
Objective 

Given decimals such as 0.125, 
0.33—,. and 0.005. the child will he 
able to express them by using per- 
cent notation. 

Preparation 
Materials 
graph paper (Duplicator Masters, 

page 62) 

Children would benefit from a 
review of changing fractions to 
decimals by using the dividing pro- 
cess. You might list some fractions 
on the chalkboard and ask children 
to give the decimal equivalent for 
each. Remind them that 4 may be 
thought of as | divided by 4. When 
they consider a fraction such as 4 
remind them that it may be written 
as a mixed decimal numeral: 0.33+. 


Decimal 
0.50 
0.25 
0333 
0.20 

3 0.40 


Fraction 


wie ole BIR te 


Investigation 

For the first part of the investiga- 
tion, children may simply count the 
shaded squares to find that § of the 
large square consists of 125 small 
squares. They should then be able 
to think of a variety of ways to 
shade % of the large square. Some 
of the possible shadings are: 





While the children work, it would 
be helpful for you to move around 
the classroom and pose questions 
for them to consider: ‘“‘What frac- 
tional part or percent of the 10-by- 
10 square is each small square?” 
(00 Or 1%) “What fractional part 
or percent of the 10-by-10 square is 
the medium-size square?” (35 
or 25%) ‘“‘How much of the square 
have you been shading?” (4) 
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Discussion 

Give the children an opportunity to 
show their shadings on a demon- 
stration 10-by-10 square or on the 
overhead projector. Use the vari- 
ous shadings to discuss some of 
the questions suggested in the in- 
vestigation. Then use the discus- 
sion exercises to stress that, if they 
have shaded 123 squares, then they 
have shaded 123% of the large 
square. Point out this relation: 

zs = 0.123= 123% 

If necessary, for” exercise” 2, 
again review how the dividing pro- 
cess may be used to express 3 as a 
decimal. You might ask these same 
questions for such other fractions 


One eighth of the large 

square region is shaded. 

How many small squares 

make up 4 of the large square ? I22 


Can you show some 


other ways to shade 
of a 10-by-10 square ? 





What percent of the coins 

are copper ? 257% 

sp What percent are lead ? 307 

c What percent are silver ? 45% 

p What percent are not lead ? 707 


Investigating the Ideas 

















See Hicks 
Investigation. 


Discussing the Ideas 


1. The shaded region above is 123 small squares. 
What percent of the large square is shaded ? !22 % 
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as 3, +, and 3, being mindful that 
this lesson particularly emphasizes 
percents which may be written as 
mixed decimals. Continue to stress 
how a fractional number such as 
+ may be expressed as a fraction, a 
decimal, or a percent. Thus+, 0.75, 
and 75% are simply different ways 
of expressing one fractional num- 
ber. 

As you work through exercise 4, 
you might ask other questions, such 
as: ‘““‘What percent of items illus- 
trated are coins?’ (100%) ‘‘What 
percent of the coins are iron?” 
(zero percent) Questions involving 
100% and 0% will aid the children 
in future work with percent. 








GOGOO/GOOO00 








Since 4 = 0.333, how many small squares would you have 
to shade if you wanted to shade 3 of a 10-by-10 square ? 335 
sp What percent of the large square would be shaded ? 333% 


@ 
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® Let’s explore more about percent notation. 


\ 


3. a Each small square is what percent of the 10-by-1 O square ?!7 
Bs How would you shade 3% of the large square ? 2 of | sma\\ Square 


lead 

















Using the Ideas 


1. Find the numbers for a, 6, and c. 
Since § = 4 = 25%, we know that 3 = a%.125 
Since 3 = a% and 2 = b%, we know that 2 = c%.12$ ,25, 375 
Since § = a% and 4 = b%, we know that 3 = c%.50,123 62% 
Since 3 = a% and 3 = b%, we know that § = c%.100, 124 , 875 
Since 3 = a%, we know that } = b%.1\00, 234 
F Since} = a%, we know that § = 6%.335 , 66S 
% « Since 1.25 = 143, we know that 1.25 = a%.125 
je u Since 2 = 288, we know that 2 = a%.200 
te 1 Since § = 0.16%, we know that § = @ 16% 
% su Since 4 = 123%, we know that + = = a%.o5 


moo wow p> 


2. Copy each table and give the missing percents. 











Using the Exercises the number of squares that show 2 
Some children may need some asa factor or 5 as a factor and then 
guidance regarding the kind of arrive at the correct percentage for 
reasoning they must use In exer- that particular part of the problem, 
cise | on page 315. Help them see _ since there are exactly 100 squares. 
that the first missing numbers they 
find for each statement should be 
used to find the remaining missing 
numbers. In exercise 2, be sure 
children realize that the dividing 
process may be used first to write a 
fraction as a decimal and then to 
write the decimal as a percent. 

Even though the Think problem 
is challenging, you will probably 


find that all the children will under- Assignments (page 315... Duplicator Masters, page 56 
stand and enjoy a discussion of it. Minimum: |1A-F, 2A-T. Workbook, page 98 
They should all be able to count Average: 1, 2. Maximum: 1, 2. Skill Masters, page 56 


315 


PAGES 316-317 
Objective 

Given word problems involving 
a percent of a number, the child 
will be able to solve the problem by 
using either the decimal or fraction 
equivalent of the percent. 


Preparation 

Since the method of solving most of 
the problems in this lesson will be 
multiplication with either decimals 
or fractions, you might want to pro- 
vide areview of multiplication simi- 
lar to the following: 


428 X0.38 =n 

637 X0.04=n 

905 x0.67=n 

PVA QAR = ih 

A422. — 7 

762 X¥t=n 

22h 

81 xt=n 

Investigation 


This investigation presents the 
child with two problems: First, he 
must change 663% to a fraction or 
to a decimal; then he must deter- 
mine how much of his body weight 
is water. There are a variety of 
ways in which a child might reason 
to solve this problem. For example, 
he might use the fact that 663% = 5 
and find } X body weight = water. 
Or, he might round the decimal 
equivalent of 664% to 0.67 and use 
this equation: water=0.67 x body 
weight. 

Encourage the children to share 
ideas since this investigation should 
prove challenging to many. If some 
do not know how to begin, help 
them change 662% to the fraction 3. 
Then give them an opportunity to 
try the rest of the problem. 
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@ Let’s solve some percent problems. 


Investigating the Ideas 


Your body is about 
663% water. 


Can you change this percent to 
a decimal or a fraction and then 


find out how many pounds of 


See 
your body are water "Investigation, 








Discussing the Ideas 


When you work with percent problems, you use either fractions 
or decimals to do the computing. You will find that sometimes 
it is easier to use a decimal, while other times it is easier to use 
a fraction. In each problem below a decimal and a fraction are 
given for the percent. Tell which one you would use to solve 
the problem and explain why. 


1. Aman saved 25% of $848. How much did he save ? 
25% =0.25 =() $212 
2. 44% of the people in a small town are adults. 


There are 725 people. How many adults? 44% =@.49) =H319 


3. In a basketball game, Tom made exactly 373% of the shots he 
attempted. He attempted 24 shots. How many shots did he 
make? 373% = 0.375 =) 9 

4. About 68% of 97 square kilometres is covered by water. How 
much of the area is covered with water ? 68% = = 


5. Aman paid 24% of his yearly income in taxes. His income 
was $8357. How much tax did he pay? 24% = 0.24) = $£42005.68 
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Discussion 

Ask children to explain the meth- 
ods they used to solve the investi- 
gation ‘problem. Help them com- 
pare methods and discuss which 
one seems easiest. Point out that 
sometimes it is easier to use a deci- 
mal and sometimes it is easier to 
use a fraction. In some cases, it is 
not obvious which method Is easier 
and you might encourage children 
to then use the method, fraction or 
decimal, with which they are most 
comfortable. In discussion exercise 
1, it is easier to use the fraction +. 
In exercise 2, multiplying by 0.44 
involves fewer steps than multiply- 


ing by 33: The use of $ clearly is 





easier than 0.375, in exercise 3. For 
exercises 4 and 5, most will proba- 
bly agree that it is easier to use the 
decimals: 0.68x97=n and 0.24~x 
8357 = 701 





Short Stories VWvate i< 


1. Earth’s surface: 75% water. 6. 
a What fraction is this ? 2 
B What percent of Earth’s 


surface is land ? 
25 %o 





2. Ocean: water and dissolved 
minerals. Minerals: 33%. 
What percent water? 9647 


3. Acertain type of rock is 3% 
water. How much water ina c 
45-kg rock of this type ?|-35 kg 


4. Blood: 90% water. D 
A Adult: 4.75 litres of blood. 
How much water ?4-28 litres 
B Child: 2.38 litres of blood. 
How much water 22.14 litres 





5. Floating ice: 124% above 

the surface. 

a What percent is below 
the surface ? Bia, 

B What fraction is above 

the surface ? s 


More practice, page A-24, Set 47 


Using the Exercises 

With some children you will want 
to work through several of the 
problems on page 317 together. 
Continue to relate the percent given 
in each problem to its fraction or 
decimal equivalent. Many children 
will find a problem easier to inter- 
pret when thought of as a problem 
involving fractions. Others may 
prefer to interpret most of the prob- 
lems in terms of decimals. 

When they have finished, en- 
courage discussion and comparison 
of solutions. Notice that problems 
8 and 9 are particularly challeng- 
ing. You might also note that the 
theme of the problems on this 





When water freezes, its volume 
increases by about 9%. Freeze 
500 cubic centimetres of water. 
A How much does the volume 
increase? 4-5 cm? 

B What is the volume of 

the ice? 545 cm? 

7. a Milk: 873% water. 

What fraction is this? 3 
B Boiled potato: 80% water. 

What fraction is this ? & 

Fried chicken: 52% water. 

Give the lowest-terms 

fraction for this percent. 2S 

Egg: about ? water. 

What percent is this ? 757, 

Bread: 36% water. 

How many grams of water 

in a 480-gram loaf ?!72-84 

Apple: 85% water. How 

many kilograms of water in 10 

kilograms of apples ? 

. About 4% of all water on Earth 
evaporates each year. Give a 
fraction for this percent. aooe 

. When water changes to steam, 

its volume increases by 

167 000%. What is the volume 

of the steam from 1 cubic 

centimetre of water 21670 cm? 


Using the Ideas 
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page 1s water, and the children may 
become interested in the various 
facts presented about water. There- 
fore, you should allow time for dis- 
cussion of the word-problem theme 
as well as for the arithmetic in- 
volved in finding the solutions for 
the problems. 


Assignments (page 317) 


Minimum: 1-6. Average: |-7. 
Maximum: 1-9. 


Resources for Active Learning 
A Cloudburst, Vol. 3, No. 3515-45, 
Midwest Publications. 
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PAGES 318-319 
Objective 

Given the regular price and the 
discount rate, the child will be able 
to find the amount of discount and 
the sale price. 


@ How can you find the amount of 
discount and the sale price? 





Investigating the Ideas 


Preparation 
Material 


advertisements for sales (optional) 
Boys ORGIR 


REGULAR PRICE 


$8.00 | 
SAVE 25% 


DURING OUR SALE! 


To prepare for this lesson, ask 
the children the meaning of the 
phrases 20% off and save 25%. 
Discuss sales and how stores ad- 
vertise for sales. You might read 
from an advertisement a variety of 
expressions used to indicate sales. 
Do not give them explanations 
such as those suggested for the dis- 
cussion section. Simply be sure 
they have a general familiarity with 
sales and the terminology used. 





Save $2.00 Save $12 


Can you find how much you would save by buying one 


of the items on sale ? See above and Investigation. 








Discussing the Ideas 
Investigation 

With some children, you may want 
to distribute samples of newspaper 
advertisements of sales to provide 
a source of practical problems, but 
be sure they do not involve difficult 
arithmetic. The three examples in 
the investigation deal purposefully 
with the easier percents that are re- 
lated to familiar fractions. Encour- 
age children to work together, pos- 
sibly in assigned groups, and share 
their ideas for solving one of the 
problems. If some children finish 
quickly, suggest that they solve the 
other two problems or that they use 
advertisements you give them. 


1. The amount you save by buying on sale is called the amount 
of discount. The percent off the regular price is the 
discount rate. 

a Which of the discount rates above is largest ? 335 % 
B Which item has the largest amount of discount, 
the bicycle or the record player ? Bicycle 


2. What fraction is the discount rate for the record player 2s 


3. Explain how you would 
find the sale price 


of the bicycle. 
$75-15=$60 


“Reg-Price ~ 875 Sale Price ¢ 
~ Discount Rate x0.20 — | 





Discount ES HE00s9 2. 2 on } 


4. How would you find the sale price of a tennis racket ? 
$8-($8x .25)=$8-$2 =$e 
Sills] 





Discussion 
Use discussion exercise | asabasis tracted from the regular price to 


that this number must be sub- 
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for explaining the meaning of the 
phrases amount of discount and 
discount rate. Be sure the children 
can identify the discount rate in 
each of the investigation problems. 
Discuss the procedures they sug- 
gest for finding solutions. You 
might find it helpful to express cor- 
rect solutions in equation form, as 
in this example, for the bicycle: 


20% of $75.00 =n 
0.20 x 75 =n 
tX7S=n 


Once children understand how to 
find the amount of discount, stress 


find the sale price. Thus, each prob- 
lem in the investigation has two 
steps. 
(1) discount rate X regular price 
= amount of discount 
(2) regular price — amount of 
discount = sale price 


: 


Follow-up 

Suggest that children clip advertise- 
ments of sales from newspapers 
and then make up and solve some 
problems these advertisements sug- 
gest. The problems could be pre- 
sented in the form of a chart, as 
shown below. 


li Inventory Sale 


Original | % Sale 
Item Price Off Price 


Using the Ideas 


1. Study the first two rows of the table. 
Then give the missing entries. 











Record $4.79 | 22% ? 





Sandals $4.94 | 20% ? | 





Guitar $31.00 2 $18.60 

















TV set $752,005 2% ? 
USER RIE OSI EE 








if the discount |s 10%. $6.76 

$9.00, $10.00 “ c $50.00 E $6.40 
$3.60B $4.00 p $25.00 F $1.80 Solution, Think, page 319 

Aerie eiee, Organizing guesses in a table may 

help the children solve the Think 


3. Give the sale price for each part of Ee ebiom asa class activity 


exercise 2 if the discount is 25%. 
See Answers, TE. page 319. 





4. Use the given price and percent STHONS | GUESS Men 

















G l 2 B 
discount to find the sale price. ents 
$950a $10.00; 5%$i250n $25.00; 50% Lost 2 4 6 
$4.00gR $5.00; 20%$3000e $50.00; 40% 
$7.20¢ $9.00; 20% $2400 $36.00; 334% Won u E ay a om ee 
STORE A oa 
%* 5. Which store will sell the 42790 Total - 4 Os le: a 9 





dress at the lowest price ? 



































What is the sale price ? Gk 
Store B; $18.00 
319 
Check | Too big zy 2, 

Using the Exercises Answers, exercise 3, page 319 

Depending on how well children 2. A = $7.50 

understand the concepts of dis- B $3.00 Workbook, page 99 
count and sale price, you might pre- Ci6937.50 

fer to use several of the exercises D $18.75 

on page 319 as a basis of discus- E $4.80 

sion. In exercise 2, point out that, Bip bil. 35 


since 10% = zoo = zo. Using a 10% 

discount rate is the same as divid- 

ing by 10. Dividing by 10 may be 

done mentally, and indicated by 

moving the decimal point one place 

to the left. Similarly, in exercise 3, 

using a discount rate of 25% is the 

same as using the fraction 4, or 

simply dividing by 4. Properly Assignments (page 319)* 
used, relationships such as these Minimum: |, 2. Average: |-4. 
simplify the work. Maximum: 1I-5S. 
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PAGES 320-321 
Objective 

Given word problems involving 
the use of percents, the child will be 
able to solve the problems by using 
his understanding of percent. 


Solving Story Problems 


GREETURID 


Greenland is the world’s largest 
island. It is a county of Denmark, 
even though it is separated from 
Denmark by 2080 km of ocean. 


Preparation 

Review any concepts pertaining to 
percent which have been trouble- 
some for the children. In particular, 
you might review the fact that a 
percent is a special kind of ratio. 





Arctic Circle 
Godtha 
Greenland is about 20% Julianefae — Ls a. 


of the size of Canada. 


1. Greenland is about 20% of the size of Canada. 
The area of Canada is 9 975 800 square kilometres. 
About what is the area of Greenland ? ) 995 160 Km? 


2. The area of Denmark is about 2% of the area of Greenland. 
About what is the area of Denmark ? 39 903.2 Km? 


3. The ratio of the population of Greenland to the population 
of Denmark is 1:150. If the population of Denmark is 
4 581 000, about what is the population of Greenland ?30 540 


4. About 85% of Greenland is covered with ice. 
About how many square kilometres is that ?! ©95 886 km? 


5. Greenland is 2670 kilometres from north to south. The northern 
tip of Greenland is just 716 kilometres from the North Pole. It is 
the world’s northernmost land. About how far is the 
southern tip of Greenland from the North Pole ?3 386 km 


6. Most of Greenland lies above the Arctic Circle. Look at the map above 
and estimate the percent of Greenland that lies above the Arctic Circle. 





80% 
320 
Discussion depends on the answer obtained for 
Since many children will find the exercise 1. 
problems on pages 320 and 321 Also stress how fractions may 


challenging, you might want them sometimes replace percents, as in 
to work in groups of three or four, problem | of page 320. It is easier 
or you might want to use some of to multiply 3615000 by + than 
the problems in a teacher-guided by 0.25. 
discussion. However, if you think 
the children have a sufficient under- 
standing of the concept of percent, 
you probably will want to encour- 
age them to work through the exer- 
cises individually. 
Point out to them that the infor- 
mation needed to solve some of the 
problems must be found from a_ Assignments (page 320) 
previous problem. For example, Minimum: 1-6, oral. Average: 1-6. 
the answer to exercise 4, page 320, Maximum: 1-6. 
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Solving Story Problems 


Using Our Natural Resources 


1. The circle graph shows approximate 

percents of three major uses of wood. 

a The amount of wood used for 
lumber is about how many times 
the amount used for paper ?\% times 

B If wood were measured by the oy 
kilogram, how many kilograms of each 
tonne of wood are used for fuel ?@0 kg 








2. This graph shows the approximate percent 

of petroleum used for two products. 

a Anaverage oil well produces about 2160 litres 
of oil a day. According to the graph, how many of 
those litres are used for gasoline ?950 = litres 

B Oil is measured by the barrel. A barrel contains 158 litres. 
According to the graph, about how much petroleum from each 
barrel is used for fuel oil ? 58.46 litres 

c About 4 litres of each barrel of petroleum is used for jet fuel. 
Is this less than 1%, about 2%, or about 20% ? 


3. The graph shows approximate percents 
for some common uses of coal. 
a Industry and production of electric 
80% power together use what percent of 
the total amount of coal produced ? 
B Of each tonne of coal, how many 
70kg kilograms are needed for fuel ? 
c Railroads use about 10 kilograms 
\% of each tonne of coal mined. 
What percent is that ? 





Follow-up 


Children would benefit from apply- 
ing their knowledge of percents to 
interesting topics in the classroom. 
For example, they might collect 
data on various means of transpor- 
tation the class members use to get 
to school. Suggest that they set up 
a graph showing in percent nota- 
tion the number of children who 
use each means of transportation. 
Here is sample data and a graph 
for a class of 32. 











Data 
Means of Percent 
Transport No. of Class 
Walk 1200 433 = 373% 
Bus 8 ts = 25% 
(Gar 5 zx = 0.156 = 16% 
Bike 7 me O29 922% 
Other 0 a5 = 0% 
Graph 
% 
100 
WS 
50 
25 


Walk Bus Car Bike 


Resources for Active Learning 
Nuffield Project: Problems —Red 
Set, No. 24, Wiley. 


Using the Exercises 

Do not give the entire class any 
rules for solving the problems on 
page 321; encourage them to rea- 
son through each problem on their 
own, using their knowledge of per- 
cent. If any children do need help 
with the problems, you might re- 
mind them of certain facts about 
percent. For example, percent ex- 
presses a special kind of ratio, so 
in problem 2, they might think of 
44% as 44 in relation to 100, and 


set up the ratio statement 44: 100 = | 


n: 2160. Or, they may realize that 
44% of 2160, or 0.44x 2160, is the 
number they are looking for. 

Do not expect children to work 


these problems quickly. Allow 
them time to think through each 
problem carefully, and discuss their 
solutions with each other. 


Assignments (page 321) 
Minimum: 1, 2, oral. Average: 1-3. 
Maximum: I-3. 
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PAGES 322-323 
Objectives 
The child will understand the 
meaning of the terms savings, inter- 
est rate, and amount of interest. 
Given the amount of savings and 
the interest rate, the child will be 
able to find the simple interest 
saved in one year. 


Preparation 

To prepare for this lesson, give 
children an opportunity to discuss 
savings accounts. If any children 
have accounts, ask them to describe 
what they know about them. De- 
pending on the familiarity children 
have with bank services, spend as 
much time as necessary to help 
them understand the terms deposit, 
borrow, savings, loans. Also be 
sure they realize that to borrow 
money, they must pay for it accord- 
ing to a certain rate, and when they 
deposit savings, they earn money 
according to a rate because the 
bank “pays” the depositor for let- 
ting them use his savings. The more 
familiar children are with these 
banking processes, the better they 
will understand the concepts re- 
garding interest that are treated in 
this lesson. 


Investigation 

This investigation gives children an 
Opportunity to participate in the 
role of banker, borrower, or deposi- 
tor. Suggest that the children divide 
themselves into these three groups. 
Then, members of each group can 
take their part in acting out the in- 
vestigation. Children might also 
make play money to use in their 
transactions. Encourage children to 
try to figure out among themselves 
how to apply the 5% interest rate 
and the 10% rate for loans. It would 
also be helpful to write other, simi- 
lar problems on the chalkboard, for 
those who already understand this 
banking process. For example, ask 
children what the bank would earn 
on these transactions: 

Deposits (5%) Loans (10%) 


$250 $300 
$300 $200 
$ 50 $250 
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® What is the meaning of interest? 





Investigating the Ideas 





Can you find how much the bank would earn all together 


in these two transactions? $5 See Investigation. 





Discussing the Ideas 


1. When you put your money in a savings account, the money 
the bank pays you for the use of your money is called interest. 
How much interest would $100 earn at a 5% yearly 
interest rate ? $5 


2. When you borrow you must pay interest for using the bank’s 
money. How much interest would you pay for $100 if the 
yearly interest rate for loans were 10% ? $10 


3. How would you find the interest on these savings ? 


Yearly interest rate Amount of interest 


for one year. @ $12 








4. How much money would you have at the end of one year ?$3!2 
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Discussion 

Use discussion exercises | and 2 
to explain the terms used in the 
investigation and to encourage chil- 
dren to share their results for the 
investigation. Work exercise 3 to- 
gether. Note that exercise 4 refers 
to the problem in exercise 3. Help 
children realize that the amount of 
interest should be added to the 
amount saved in order to find the 
total amount referred to in exer- 
cise 4. 


. 
| 


Follow-up 

If children’s understanding of sav- 
ing and borrowing money is suffi- 
ciently well developed, and they 
can find amounts of interest with- 
out too much guidance, suggest that 
they “‘simulate’” what they would 
do if they had a certain amount of 


Using the Ideas 


1. Follow the interest flow chart to find the amount of interest 
for each amount of savings and rate of interest. 






ae 


c Savings: 


A Savings: B Savings: 


p Savings: money. You might “give” most 
$200 $500 $1000 $700 children a starting amount, such as 
Rate: 4% Rate: 5% Rate: 6% Rate: 3% $200 or $300, and call them “‘Spen- 

$8.00 $25.00 $60.00 $21.00 ders” or ‘‘Savers.” Also, appoint 


bankers to whom you “give” about 
$2000 or $5000. Then suggest that 
the “Spenders” and ‘‘Savers” can 
deposit their money in the bank or 
borrow for some particular pur- 
chases you suggest: 

Guitar: $385 Bike: 
Skis: IO" “Stereo set: 
Ski boots: 80 


2. Study the first row of the table. Then give the missing 
entries for the rest of the table. 


a 





$102.00 


B $10.40 


S77 
350 


You might also set a fixed interest 
rate for savings and loans: 





Savings: 5%, every six months 

Loans: 7% of amount owed to be 
added to monthly 
payments 








$ 25.00 





$ 76.00 | A% 3979.04 


%* 3. Suppose a man invests $1000 at 5 percent per year. 
At the end of each year, he leaves his interest in the 
account to draw interest the next year. How much would 
he have in his account at the end of 3 years ? $!!57.63 


This type of project would best be 
extended so that each day of school 
is equivalent to a month in the proj- 
ect. Thus, after two days, children 
who borrowed money would have 
made two payments. After 6 days, 
any amount they have saved would 
have earned 5% interest. You might 
also give them a monthly “salary” 
of $15.00 or $20.00. 

A project such as this must be 
adapted to the ability of the chil- 








$124.00 L $28.34 


More practice, page A-24, Set 48 323 





Using the Exercises 
According to the need of the chil- 
dren, work through several of the 
exercises on page 325 together. 
Many children may still need help 
with the computation processes. 
For example, be sure no one con- 
fuses 4% and the fraction repre- 
sentation of 25%, +. Point out how 
with percents such as 4%, 5%, 6%, 
and 3%, they may simply multiply 
by the single digit 4, 5, 6, or 3 and 
then place the decimal point ac- 
cording to the rule for hundredths. 
In exercise 2, you will probably 
want to explain the column headed 
‘“‘Savings + Interest.’’ Be sure the 
children understand that, since 


interest on savings is an earning for 
the saver, it is added to the original 
Savings amount deposited. 

The starred exercise is intended 
for children who have understood 
the concepts of the lesson quite 
well. With such children, you might 
want to be sure they understand the 
idea of compound interest de- 
scribed in the problem. 


Assignments (page 323)* 
Minimum: |, 2. Average: 1, 2. 
Maximum: I-3. 


dren. However, even if it takes a 
while for them to learn the proce- 
dures involved, a continuing project 
which simulates an aspect of actual 
money transactions can have great 
educational value. 


Workbook, page 100 


323 


PAGES 324-325 
Objective 

Given an equation which in- 
volves percents and which has an 
unknown factor or product, the 
child will be able to find the missing 
term. 


Preparation 

To prepare for this lesson, you 
might simply review equations with 
missing terms, like those in discus- 
sion exercise 1. For example, write 
the following equations on_ the 
chalkboard and ask children to find 
the missing terms. 


4S i () 
8 X6=n 

nx9= 54 
7X n=21 
12 X¥ n= 144 
nx8&=56 


Stress how division may be used to 
find a missing factor. You might 
use more difficult numbers also. 


324 





* Can you solve percent problems? 





Discussing the Ideas 


1. 


Three types of simple equations are given in the examples. 
To solve example a, you must find the product of the two 
factors. In examples B and c, the products are given and 
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Discussion 

Note that this entire page is starred, 
because it is designed primarily for 
the more capable children. How- 
ever, you can use it for all the chil- 
dren in a carefully supervised situ- 
ation. 

Work through the exercises, 
stressing the method of finding 
missing factors by dividing. 

When the children work percent 
problems which require finding the 
missing factor, it is important for 
them to recognize automatically 
that the process of division will 
yield the missing factor. Such equa- 
tions often contain division prob- 
lems involving decimals, and natu- 


Complete the sentences. 
a Youcan solve a if you multiply 5 by jill. 7 

sB Youcan solve s if you divide 35 by ll. 5 

c Youcan solve c if you __? __ 35 by 7. divide 


3. How can you express 
the number for n in 2c 
as a percent ? 25% 


4. It is often helpful to write an 
equation before attempting 
to solve apercent problem. 
Study example a, then give 
the number for n. 


5. Study example s. Then give 
the missing percent. Note 
that you must change the 
fraction to a percent. 


you must find the missing factors. 






2. Problems using percents are solved much the same as the 
examples in 1 above. Give the missing numbers. 
a Tosolve8 x 25% = n, you multiply 8 by | 
B Tosolven x 25% = 2, you divide 2 by |ll..25 
c Tosolve8 x n = 2, you divide ||| by 8.2 





25 





rally, the work is more difficult than 
it is for these problems. Therefore, 
keep in mind that the most impor- 
tant thing for the children to gain 
from this discussion is the ability to 
apply the division operation auto- 
matically in the missing-factor 
problems. In exercises 4 and 5, 
note how the percent being thought 
about may be expressed as a frac- 
tion. It would be helpful to present 
examples in which the percent is 
expressed as a decimal. 
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Tosolve9 x n= 
To solve n x 4 = 48, you _ 
To solve 30 x 10% = n, you _ 
To solve n x 10% = 3, you _ 
To solven x 50% = 4, you aie 4 by |l.-5° 


. Give the missing words and numbers. 
To solve 6 x 7 = n, you multiply 6 by |. 7 
54, you sige 54 by |lll.? 
als by AG divide 
ES 30) by; 10%. multiply 
__ 3 by 10%. divide 


? Sglve each of the Fauavens in exercise 1. 


42, BG, C12,03,eE 


Using the Ideas 


Solve the equations. When your solution is a decimal 


or a fraction, give a percent for the solution. 

c nx 10% = 12\20F n x 60% = 1220 
Answer: n= 20% vp 60 x n= 1525% 6 n x 25% = 728 

eE 20 x n=1050% Hn 16 x N= 2123% 


‘A. 10RXtn = 2 


B12xn=325% 


For each exercise below, write and solve an equation. 


Be sure to give a percent when you are asked to. 
4. 
5; 
6. 


10. 1 
11. 
12. 
13. 


25% of what number is 8 ? 
Nx 25% =8, n=32 


What percent of ae is5? 


25xn= 


20% of what Re or 
equals 9? nx 20%=9, n=45 


. What percent of 50 is 40 ? 
50xn=40, n=80% 
10% of what number is 15 ? 


NxlO%= 15, n=|50 


What percent of 60is 45? 15. Jane bought a $12 mini skirt. 
It was on sale for $9. What 
was the percent of discount ? 


ieee N= 75% 
24% of what number is 6? 


nxi2y ‘bh =6, n= 48 IZxn= 
What percent of 8is 1? “ 


GRE lO 22.7 16. Tim had $20. If h ne2! 
50% of what number i is 73? Up he ee 
nx 50% =72,n=|5 

What Bol of 4is 3? 


nx4= 


, N= 75% ZOKXn= 


Using the Exercises 

According to the ability of the chil- 
dren, assign the problems on page 
325 as independent work or use 
them as a basis for further discus- 
sion. Although children should 
know how to work with percents 
expressed as decimals, note that 
many of the problems involve per- 
cents for which children may use a 
fraction equivalent. Problems 14, 
15, and 16 might stimulate worth- 
while discussion. 


14. The sign inthe store window 
said 20% off on all items. 
=5, n=2 Tom figured that this sale 
would save him $2 on the 
football he wanted. What 


was the original cost of the 
football 2x20% = $2.00 
we 


=$10.00 


»,nN=25% 


what percent of his money 
did he OEE i 


Oe 


325 


Assignments (page 325)* 


Minimum: 
Maximum: 


1-3. Average: 


1-16. 





1-16. 


Duplicator Masters, page 57 
Workbook, page 101 
Skill Masters, page 57 
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PAGES 326-327 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

Review any topics from the chap- 
ter which the children found diffi- 
cult. Concentrate your efforts on 
problems like those in exercises 4, 
5, and 6, and on a variety of word 
problems. 


326 


1. Give the following ratios. 

Sam's height to Sue’s 4:3 
Father's height to Mothers@:5 ¢&y 
Sue’s height to Father's 3:6 or 1:2 & 
Sam’s height to Father's 4:6 or 2:3 


> 


0 0 8 


2. Copy the table and 
give the missing 
numbers. Each pair 
should give the 
same ratio. 








IgO cm 
iSO cm 
120 cm 


90 cm 


60 cm 
30 cm 





Mother 


Sue 


Father 


3. Give the missing numbers. 
a 2:1 =4:ll2 v 5:2 = 10:14 
B 2:\| = 8:123 & 3:Kl| = 30:404 
c 4:1 = |fl:312 fF [ill:8 = 77:887 


4. Give the correct percent for each decimal. 





a 0.7575% B 0./070% c 0.077% p 0.23232% & 1.00 100% 
5. Give the lowest-terms fraction for each percent. 

a90%4 28 80%2 cc 87%F p 36% E 45% 2 
6. Compute. 

a 10% of 707 —E 333% 0f 3612 1 40%0f104 s 10% 0f 404 

Bp 25%o0f205 Fr 75%o0f 43 z ee: aE 

c 30% 0f 40 '2 « 20% of 5010 

p 25% 0f 10025 un 50% of 20 !0 

* 7. Solve the equations. 

iooa 2X10%=10 & Nx333%=1236 


iop Nx 10%=1 
2oc nx10%=2 
32D Nx 25%=8 
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F nx 50%=1836 
Gc Nx 20%=20iI00 
H mx 40%=80200 








Discussion 

Depending on the level of under- 
standing children reached with 
these concepts, you might use 
pages 326 and 327 for evaluation 
or you might use them as a review. 
Continue to stress that percent is a 
special kind of ratio. Help children 
notice that in exercise 6, rather 
than multiply with the decimal form 
for each percent, they might find it 
easier to replace the percents with 
their fractional equivalents. For 
exercises 9 and 10, suggest that the 
children turn back to the lessons on 
discount and interest (pages 3 18- 


319 and 322-323). Even if children 


do these exercises independently, 


spend ample time in checking the 
solutions and discussing the prob- 
lems. 








% 8. Give the percent for n. 
25%A 8xnN=2 0% 8O0xn=8 


50%B 8xn=4 sze 80xn=4 Example: 





gee Sxn—1 wyyr 8Oxn=10 Tees GaGa 
9. If the discount is 20%, give | Putnete-— 

the sale price for each of the A Describe the 

following. oo location of b..5uE and Y 

a $10.00$8.00 & $15.00$i2.00] 8 Describe the location of e.tng and v ; 

B $5.00¢4.00 fF $100.00$8000 Describe the location a ind but a 

D Describe the location of g. 

c $1.00%80 «4 $25.00§20.00 hone cae not Aw : 

D $4.00$3.20 H $1 7.00412.60 aT SAE RU SSS rae aren ere rau 


10. For the following amounts, give the amount of interest earned 
in one year at 4% per year. 
a $100$4 B $10$0.40 c $50$2 


p $25$1 E $1546 






11. 

13. Robert said, ‘3 of the children 
in this school are in my class.” 
What percent of the children 
are in Robert's class 2125 % 


14. Pam said, “| spend 9 out 
of 12 months in school.” 
What percent of the months 
does Pam spend in school 775% 


meals and relaxation 

The circle graph shows how Bill 
might spend an average 24-hour 
period. Give the numbers of hours 


for each of the four activities. i 
School, 6} sleep,9 ; work and play,6; % 15. Tim brought home 6 boxes 


eals,3, : . 
12. In Alice's class, 333% of the of strawberries. He said, 
“This is 10% of what | 


children ride the bus. If there 
picked.’” How many boxes 


are 36 children in the class, 
how many ride the bus ?!2 of strawberries did Tim pick ?G¢0 


327 


Follow-up 
A worksheet similar to the follow- 


ing 
the 


may be used to help evaluate 
children’s understanding of the 


relationship between fractions, dec- 
imals, and percents, or simply as a 
reinforcement activity. 





Write >, <, or =in each CO. 








. 50% OS 
x © 100 x 0.5 
| O 100% 

. 15 +0.5 O 0.5+ 15 
Bye5 3.755 LO 
0)..4 OC 4% 

3 © 300% 

5 O 75% 
Peel) eS @Qis 40a 
. 5280 Ors 28110 
fac © 40% 
OG KO 

3 O #% 
~~ OOS) © 4% 

. 124% Gr; 

. 80% OF 








Workbook, page 102 
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PAGES 328-329 
Objective 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 

Review any topics covered so far in 
the text which the children have 
found particularly difficult. It might 
be especially helpful at this time 
to review the basic principles for 
addition and multiplication of 
whole numbers and of fractional 
numbers. 


328 


. Give the correct sign (<, >, =) for gach TALE 
a 4{ll 0.334 


B 2 il) i 


. Solve the equation s. 
a 587+395=n c 324 x 32= on 
Bp 803—695=n_ bv 1421+53=n, F n—374=297 
108 2655 G7 


c 56 754 lh 57 654 
p 3.07 {ll 3.007 


. Solve the equations. 
1z D 


| 
—_ 
Blo 
lI 
jos 


Nie 


x 
WIN cI 

x 

J 


= N Ol 
Wie 


x 

II 

3.3 
A-ul- 5 
- z= 0 
+|- 

Oo 


i 
DW Wi GQ) 


x 
OO 
Nie 


|| ore 


3 


= 
aa 


I 
3 
a 


a| 


< 


e 33 fll) 3.25 
F 28 i) 2.50 


368 459 a7 
—E 617+nm=1076 «6 21xn=1827 


Hh n-45=19 
855 


NI- 


alt 
rx G 


Cole IW coo 
Tl 

333 
HH Io Or 


COW NIH KD 


. Find the perimeter of each figure. Write the answer by using the 


greatest possible number of the larger unit. 
A l14Qm 


a fi 


3.7m 





6.8 m 


. Find the area of this triangle. 
30 cw? 


. Find the volume and 


surface area of this 
. V= GO cu units 
figure. 54-94 6q units 





Discussion 

With most children, assign the ex- 
ercises on page 328 as independent 
work. Note that exercise 7 is in- 
tended as a special challenge. The 
column for area involves numbers 
that are perfect squares of whole 
numbers. You should encourage 
the children to explain how they 
reasoned in order to obtain the 
various answers. For exercise 7A, 
they should think, “‘If the perime- 
ter is 8, each side would be 2; 
hence, I multiply 2 X 2 to get the 
area, which ts 4.” 


* 7. This table is about 


squares. Find the 
missing numbers. 
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. Your body contains 206 bones. 
About 3 of these bones are in 
your head. About how many 


6. 


bones are there in your head? 29 


. Muscles make up about 0.4 of 
a man’s body weight. What 
do the muscles of an 


80-kg man weigh ? 
32 Kg 
. In one day, aman 


breathes in about 
11.4 cubic metres of 
air. About 0.05 of this is oxygen 
that is absorbed into the blood 

stream. How many cubic metres 









de 


A man’s brain is between 0.02 
and 0.03 of his body 
weight. Between 

what two numbers 
is the brain weight * 


of a 70-kg man ? 
\.4and 2.\ QV 
The brain of a baby is about 3 


its body weight. About how 
many grams does the brain 
of a 3.7-kg baby weigh ? 
70q 










Your heart beats 
about 80 times a 
minute. About how 
many times does it 
beat in a day ? 


Follow-up 

Children may enjoy learning an 
old method of multiplication known 
variously as “‘lattice,” “‘grating,” 
or “‘gelosia’” multiplication (be- 
cause it looks like a medieval win- 
dow grating called ‘‘gelosia” in 
Italian). 

In this method of multiplication, 
the factors are written across the 
top and down the right side of a 
lattice and multiplied, as shown in 
Figure A. The products are then 
written within bisected rectangles, 
and the diagonal columns are added 
(beginning in the lower right cor- 
ner), using the usual regrouping 
process, as shown in Figure B. 
Study the first example, and then 
try aproblem such as 231 X 45. See 
Figure C for the solution. 








: ‘ 15 200 
of oxygen Uae is 9. The body of an adult contains 
. mn 5 
eeameyainiinks about 4.7 litres of blood. A blood 
i donor usually gives 470 ml of 
about 25 times : 
blood. What fraction of his blood 
each minute. d nea ee ae 
About how many times does BESan’- CONOHONEY tre 
it blink in a day (24 hours) ? 10. Your body contains about 160 900 ane ae 
36 000 ; x 
. Yourintestines (large and an © BORG esa uly le Figure A 
this number as a power of ten. 
small) are about We09 5010 
7.6 m long. Your 11. The liver is the largest gs 6 


small intestine 

is about ¢ of 

this length. How 
long is your small 
intestine? 608m 





Using the Exercises 


gland in your body. 
Ina 66.5-kg 
person, the liver is 
about + his body weight. How 
many grams would that be ? \900g 
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16 X 98 = 1568 
Figure B 


You might assign the problems on 
page 329 as a group activity, en- 
couraging children to discuss their 
ideas for solving each. Each group 


of 4 or 5S children might work on i tio oa 
three or four problems and then re- 0 4 A 5 
port on their work to the whole 

class. ee ee on 5 


231 x 45 = 10,395 
Figure C 
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CHAPTER 14 


Probability 


Pages 330-339 


General Objectives 


To provide experiences with simple 
concepts of probability 

To develop an intuitive feeling for 
some of the basic ideas of proba- 
bility such as outcomes, equally 
likely outcomes, and simple prob- 
ability 

To provide experience in conduct- 
ing probability experiments and 
tabulating the results 

To give children the opportunity to 
draw conclusions from experi- 
mental data 


This chapter is designed to intro- 
duce the children to some concepts 
of probability by means of simple 
experiments. To achieve the most 
effective results with this material, 
encourage all the children to par- 
ticipate fully in the activities. 

In the first lesson, children per- 
form a simple experiment in which 
there are only two possible out- 
comes. Following this lesson, ex- 
periments are suggested in which 
the number of possible outcomes is 
increased and then extended to in- 
clude the possible outcomes of 
pairs of objects. Other equally like- 
ly outcomes are explored, and fi- 
nally, the last lesson of the chapter 
provides material that involves 
more difficult reasoning and basic 
concepts of probability. 


Mathematics 


Although the study of probabil- 
ity involves an extensive body 
of mathematics, the mathematical 
concepts needed to present the 
material in this chapter are already 
available to you. Knowledge of the 
arithmetic of the fractional num- 
bers together with the simple defi- 
nitions presented in this chapter 
should provide adequate back- 
ground for an effective presenta- 
tion. For example, the probability 
of a particular event is expressed in 
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fractional form according to the fol- 
lowing rule. 


Number of ways 
Probability] _ outcome can occur 
of an ~ Total number of 
outcome equally likely 

outcomes 

The probability of getting a | or 
a 5 with a toss of a die would be 
calculated as follows: 


Number of ways outcome can 
occur (either a 1 ora 5) 
Total possible outcomes 
(6 faces on a die) 


Dlr 


Hence, the probability of throw- 
ing a | or a 5S in a single toss of a 
die is 3, or 4. From this conclusion, 
we may infer that over a large num- 
ber of tosses we will get either a 
1 or a 5 about 3 of the time. If we 
toss the die 1000 times, we would 
expect to get a 1 ora S alittle more 
than 300 times, since 4 X 1000 = 
Boos 


Teaching the Chapter 


Materials 


Almanac or encyclopaedia 

Brass paper fasteners 

Cardboard, oaktag, or tagboard 

Felt-tip pens or colored pencils 

Gummed labels 

Hexagonal pencils, one per child 

Index cards 

Paper clips 

Pennies (one per child) 

Rods, one 1|-by-2-centimetre rod 
per child, and two 1|-by-4-centi- 
metre rods per child (if available) 

Scissors 

Student dictionaries 

Tracing paper 

Transparent tape 

Wood, cardboard, or plastic cubes 
(one per child) 


Vocabulary 


chance 
equally likely outcomes 


experiment 
outcome 
probability 

The key to a successful experi- 
ence with material in this chapter 
is the full and active participation 
of all of the children. Notice that 
no specific concepts or skills to 
be learned or mastered are listed 
among the objectives. Although the 
children are expected to acquire 
certain skills in conducting an ex- 
periment and recording results, 
they should not be required to mas- 
ter particular facts or concepts. 
Treat the chapter with a light touch 
so that the children will enjoy it 
and not be burdened by having to 
memorize these concepts and facts. 
Plan to have enough materials to 
permit all the children to partici- 
pate in some of the activities. Even 
if full participation is impossible for 
some activities, every child should 
have a chance to experiment with 
coins. When there is a shortage of 
materials, group the children and 
divide the tasks among them; that 
is, let some tally, let others take 
turns conducting events, and let 
still others summarize and an- 
nounce the results of the events as 
they occur. 


Lesson Schedule 

The amount of time you spend on 
this chapter will be determined by 
the time left in the school year. 
Even a very few days ts better than 
none. Notice, however, that there 
is probably enough extra material 
provided to occupy the children for 
more than two weeks. 


Evaluation of Progress 


The child’s attitude toward this 
material and his enthusiasm for it 
are far more important factors in 
his achievement than particular test 
scores. Evaluate participation in 
day-to-day activities rather than 
relying on a chapter test. 





Resources for Active Learning 


GENERAL ACTIVITIES 


Franklin Series: Probability, Lyons 
and Carnahan (Available from 
McGraw-Hill Ryerson) 

Nuffield Project: Probability and 
Statistics, Wiley 

SMSG: Probability for Intermedi- 
ate Grades, Stanford University 
[The following activities relate 

to Pascal’s Triangle. | 

Inquiry in Mathematics via the 


Geo-board, Geo-cards 6/1-4, 


Walker (Available from Fitzhenry 


& Whiteside) 

Mathex: Numeration No. 7, pp. 
12-16 (pupil pages 11, 12), En- 
cyclopaedia Britannica Publica- 
tions Ltd. 

Notes on Mathematics in Primary 
Schools, pp. 204-223, Cam- 
bridge University Press. (Available 
from Macmillan) 

Nuffield Project: Problems—Green 
Set, No. 4, 9; Red Set, No. 9-9B, 
Wiley 


MANIPULATIVE DEVICES 


Blank dice and blank gummed la- 
bels (Creative Publications) 

Blank playing cards (Creative Pub- 
lications) 

Hexstat (Gamco: Lano) 


COMMERCIAL GAMES 


Probability and Statistics Lab Kit 
(Gamco; Lano) 

Yahtzee (local 
Media) 


supplier; Math 
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PAGES 330-331 
Objective 

Given an experiment which will 
produce only two possible out- 
comes, the child will be able to 
perform the experiment and record 
his results. 
Preparation 
Materials 
coins: one penny per child 

To prepare for this and subse- 
quent lessons, you might briefly 
review with the children how im- 
portant it is to record results of 
experiments, whether in science or 
mathematics. Much of their work 
in this chapter depends on the re- 
sults of their experiments. 


Investigation 

This investigation is actually a very 
simple experiment. Point out how 
a tally can be kept to record not 
only the number of heads or the 
number of tails but also the num- 
ber of tosses, so that the total num- 
ber of tosses can be calculated. 
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(Ae Probability 


® Let’s explore some probability experiments. 





Investigating the Ideas 


Here is a probability experiment for you to try. 





sn 
ég eS) 


Keep a tally 
of the outcomes. 


Toss a penny. Heads Tails 


How many times do you think : 
Try itand record |$5Scstigation 
your results. and 
Discussion. 


you will have to flip a penny 
before you get 50 heads ? 








Discussing the Ideas 


1. a What fractional part of the tosses of a coin should 
come up “heads”? 3 

s What part should come up “tails” ? > 

Do you think you will always get the same number of heads 


as tails when you toss a coin several times ? Probably not 


2. Predict, as closely as you can, the number of heads and tails 
that you think will appear after 
a 10 tosses. B 20tosses. cc 50 tosses. p 1000 tosses. 
—E your classmates each toss a penny once, and the results 
are combined. 


Give reasons, if any, for your predictions. See Discussion. 
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Discussion 

Have children explain the results 
of their experiment. You might 
make a chart of the various results 
so that children can compare their 
tallies. 

As children respond to discus- 
sion exercise |, have them estimate 
the average number of tosses 
everyone needed in order to get 50 
heads. This example should help 
them see that about 3 of the tosses 
come up heads. Emphasize the 
meaning of the word outcome and 
begin to use the phrase equally 
likely outcomes. Help them see 
that a question such as IC may be 
answered as ‘probably not’ be- 


cause you will not always get the 
same number of heads as tails even 
after several tosses. 

Discuss the effects of greater and 
greater numbers of tosses on the 
outcomes. Some children may feel 
that one or the other side of the 
coin is biased (i.e., that the out- 
come Is prejudiced toward one side 
or the other) so that the outcomes, 
a head or a tail, are not equally 
likely. The applications of probabil- 
ity theory will often not be seen 
until a great number of tosses are 
made, even though for every toss 
there is | chance out of 2 that heads 
will occur. 











Results will varu. 


1. Complete a table like the one below for the coin-tossing 
experiment. Use the combined results of your class. 


Te 


Using the Ideas 








2. Use the table in exercise 1. 
total number of heads Results will vary, 








A Write the ratio: 


total number of tosses 
B ls this ratio more than $ or less than 3? Answers will vary. 


. The spinner is divided into 3 parts of equal 
size. If you spin the arrow several times, 
for what fractional part of the spins will 
the arrow probably stop in region B ? + 


How many times do you think you would have to spin — 
the arrow to get 10 ’B” outcomes ? 30 


. Suppose a cube has the letters 

A, B, C, D, E, and F on its faces. 
If you toss the cube several 

times, for what fractional part of 
the tosses should the cube land 
with the face lettered C on top ? = 


Predict, as closely as you can, the number of times each 
letter on the cube in exercise 5 should appear after 
c 72 tosses. 


a 24 tosses. B 48 tosses. 


Each letter should appear about | in every 6 tosses. 








Using the Exercises 

Before assigning the exercises on 
page 331, stress again the impor- 
tance of accurate record-keeping. 
You might want to treat exercise | 
as a class activity, figuring out to- 
gether the results of exercise 2E, 
on page 330. 

Exercises 3 and 5 may also be 
used as the basis for additional 
probability experiments. Children 
might each take a turn with the 
spinner and the cube and record 
their results on a class chart. These 
combined results should be fairly 
close to theoretical expectations. 

Note in exercise 6 that, since 
each letter has a chance of occur- 





p 600 tosses. 
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ring | out of 6 times, this ratio can 
be expressed as 4 out of 24, or as 
8 out of 48 tosses, and so on. Chil- 
dren may also think of the chance 
of appearance of one particular let- 
ter as % of the total number of 
tosses. Continue to stress that the 
discussions here have to do with 
expected outcomes. 


Assignments (page 331) 
Minimum: 1-4. Average: 1-6. 
Maximum: 1-6. 


Mathematics 
In a simple probability experiment, 
there is a definite result from each 
trial of the experiment. Each result 
of the experiment is called an out- 
come of the experiment. The set of 
all the possible outcomes for a 
probability experiment is called the 
sample space for the experiment. 
If a die is tossed, exactly one of 
the numbers |, 2, 3, 4, 5, or 6 must 
come up on the top face. Thus, the 
sample space for the experiment of 
tossing a die is the set of outcomes 
hw 2345152.6}. ul f themdietisetrue, 
that is, it is an evenly balanced die, 
each of the six outcomes is equally 
likely to occur on a given toss of 
the die. Hence the set of outcomes 
are called equally likely outcomes. 
Not all probability experiments 
have equally likely outcomes. If an 
experiment consisted of tossing a 
conical paper cup on the floor and 
noting whether it came to rest on 
its circular base or on its side, we 
would probably find that these two 
outcomes were not equally likely. 


Follow-up 

Discuss what effect a large num- 
ber of tosses will have on the re- 
sults of a probability experiment 
(for example, 10 000 tosses in the 
penny experiment or 6000 tosses 
in the cube experiment). Urge the 
students to devise a method of get- 
ting a great many tosses. (One way 
is to have each child carry out the 
experiment in his free time for a 
few days until 200 tosses have been 
recorded, and then combine all the 
results.) 

Collecting results from the whole 
class will help the children develop 
some intuition about the equal like- 
lihood that certain events will 
occur. In addition, they should 
glean some notion of the laws of 
large numbers, that is, the evening- 
out effect of a large number of 
tosses on early differences in the 
number of heads and tails. 


Resources for Active Learning 

Developmental Math Cards, “What 
are the chances?” L!3, Addison- 
Wesley. 


Workbook, page 103 
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PAGES 332-333 
Objective 

Given a description of a proba- 
bility. experiment with outcomes 
which are ordered pairs, the child 
will be able to perform the experi- 
ment and record his results. 


Preparation 
Materials 
2 spinners of different colors for 
every lor 2e:childrenye paper 
clips: cardboard 
Instead of the arrow spinner 
shown in the text, children might 
find this disc spinner easier to con- 
struct and use: 


4-cm cardboard 


CASS <—~ disc spinner 
Sc S 
ae Cardboard 
washers 
< aa 5-by-5-cm square 
ss To 


cardboard hase 
Paper clip with one 
end bent up (Tape 
clip to bottom of 
the square.) 


Investigation 

Direct the children to follow the 
instructions in the text. Be sure 
they realize that the first number 
should always come from the same 
spinner, and the second number 
from the other spinner. The coor- 
dinate system need not be written 
on graph paper; children might find 
it easier to make their own, similar 
to the one in the text. You might 
have children work in pairs and 
have each record the results of 
50 trials. 


Discussion 

Before asking children to share 
their results for the investigation, 
which may be done in exercise 2, 
you might ask the children to ex- 
plain why (2,4) and (4, 2) repre- 
sent different outcomes. Help them 
see that. for the pair (2, 4), the first 
spinner showed a 2, and for (4, 2), 
the first spinner showed a 4. Thus, 
both would be recorded differently 
in the coordinate system. Empha- 
size that, since there are 16 pos- 
sible pairs or outcomes, each pair 
“should” occur 7g of the number of 
spins. However, the fact that any 
of the sixteen possible outcomes is 
equally likely is not obvious. In 


oo2 


First 
spinner 


1. a 
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fact, a typical result of the spinner 
experiment of 100 spins might yield 
the following: 


Number of Occurrences 
of Each Pair 


2a) 

Bead) 

4— (2,1), G33), (3. 4) 
eee aaa hee ae RO) 
eranar 

Ten Ae eae) 

8— (4, 3) 

0 2(Sal) 

Olas 44) 
fteaaioesy 


Since there were 100 spins, theo- 
retically, each possible outcome, 





Can you use spinners 


like these to carry 
out this experiment ? 





® Let's experiment with pairs. 


Investigating the Ideas 


Second 
spinner 


Second spinner 


First spinner 


For 100 spins, tally 
the number of times 
each number pair occurs. 





Discussing the Ideas 


Tabulate the combined results of your class for this 
experiment on a co-ordinate grid like the one above. 


s Did each outcome occur about the same number of times ? 
Results will vary. See Discussion. 


that is, each pair, should occur 7¢ 
of 100, or between 6 and 7 times. 
However the results show great 
divergence from this: only the pair 
(1, 1) occurred 6 times and (4, 1) 
and (2,4) occurred 7 times. Fur- 
thermore, one pair, (2, 3), occurred 
as many as I1 times and one pair, 
(4, 1), occurred as few as 2 times. 
Work through a sample such as 
this. Be sure the children realize 
that even though each pair is equal- 
ly likely to occur this is often not 
obvious. If possible, have children 
combine and chart their results to 
see if a greater number of spins 
gives a result nearer to 7g of the 
number of spins. They should find 









See _ 3 
Investigation 
and 
Discussion, 





How many different outcomes can this experiment have ?'6 
Do you think each outcome has the same chance of happening ?Yes 
c For what fraction of the spins should each outcome occur ?+z 





Using the Ideas 


. A Write the ordered pair 
that represents the 
outcome shown here. (4,3) 
B How many times did this 





outcome appear in your First Second 
class experiment ? SfiPvacg. PRP HCL SPARS 


c Did this outcome appear for more than, less than, or exactly 
ze of the number of spins ? Results will vary. 


. An experiment consists of 
spinning the pointers on 
both spinners and recording 
the outcomes. The outcome First Seca 
shown is (2, 3). spinner spinner 
A List all of the possible outcomes for this experiment. 


B For what fraction of the spins should outcome (2, 3) occur 25 
Cela ca ly ea 2,3), ( SN), 2), (33) 





3. Suppose a penny and a nickel are tossed at the same time. 


a Complete the table 
of outcomes. 

B How many outcomes are 
possible ? 4. 

c If both coins are tossed 
several times, for what 
part of the time would you expect to get heads on both coins ? 

pb For what part of the time would you expect the coins 
not to “match” ? > 


Outcomes 
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that a greater number of spins tends 
to smooth out the data, because the 
differences in occurrences seem to 
be less extreme. You might ask the 
children what effect they think in- 
creasing the number of spins to 
1 000 000 would have on the out- 
come of this experiment. 


Using the Exercises 

The exercises on page 333 provide 
additional probability experiments. 
Encourage children to combine 
results and chart them, discussing 
any conclusions they think are 
valid. One of the main purposes of 
these activities is simply to provide 
experiences in probability experi- 
ments, so children should not be 
expected to make conclusions or 
try to give reasons for the results. 
Encourage them simply to “think 
aloud” with each other. 


Assignments (page 333) 
Minimum: |, 2. Average: |-3. 
Maximum: 1-3. 


Mathematics 
This lesson introduces a sample 
space in which each outcome is an 
ordered pair. The notion that the 
outcomes of this experiment are 
equally likely is not readily ap- 
parent. Some children may feel that 
pairs in the centre of the co-ordi- 
nated quadrant are more likely to 
occur than those at the edges, or 
that the ‘“‘middle” numbers (2 and 
3) occur more often than the “‘ex- 
treme’? numbers (1 and 4). 
Experiences with ordered pairs 
and in keeping a record on the co- 
ordinate system extends concepts 
and skills of graphing. This lesson 
should also deepen the children’s 
understanding of the outcome of an 
experiment and prepare them for 
the vocabulary and ideas intro- 
duced in the next lesson. 


Follow-up 

More capable children may wish to 
extend their experimentation with 
two-dimensional spaces by using 
lettered cubes to work out predic- 
tions for two cubes. Suggest that 
they apply exercises | and 2 on 
page 333 to the rolling of the two 
lettered cubes. 


Workbook, page 104 
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PAGES 334-335 
Objective 

Given a probability experiment, 
the child will be able to state 
whether or not it has equally likely 


@ What are equally likely outcomes? 





Investigating the Ideas 


OUTCOMES. 


Preparation 

Materials 

hexagonal pencils (preferably, un- 
used; | per child); cubes; paper 
fasteners 


Label each side of a six-sided 
pencil with one of the digits 
1,2, 3, 4, 5, 6. Roll the pencil 
along a table and record the 


; top number when it stops. 
Review any experiments which 


children found interesting. If some 
children worked out the sugges- 
tions in the follow-up section of the 
preceding lesson, have them share 
their results. 








How close can you come to predicting the number of rolls 


j ‘sg ? About CO rolls 
yey must make before recording ten 2's! 





Investigation 

Most pencils which the children 
use are hexagonal, so simply be 
sure each child has a six-sided pen- 
cil which he can label. (This in- 
vestigation might equally well be 
carried out with cubes or dice in- 





Discussing the Ideas 


1. If all possible outcomes of an experiment have the same 
chance of occurring, we say these outcomes are equally 
likely. Do you think the outcomes in the Investigation 
are equally likely ? See Discussion. 


stead of pencils, if you prefer.) 
Remind the children how important 
it is to keep an accurate record of 
the outcome of every roll. Notice 
that the investigation question calls 
for a prediction, so be sure the 
children make their prediction be- 
fore undertaking the experiment. 
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Discussion 

The main point of this lesson is for 
children, to compare probability 
experiments which have equally 
likely outcomes with those which 
do not. The investigation experi- 
ment is designed to help children 
understand the idea of equally like- 
ly outcomes. If the pencil used is a 
fair pencil, then each of the six 
sides has an equal chance of ap- 
pearing on top when the pencil 
comes to rest. This does not mean, 
of course, that each side will come 
up exactly the same number of 
times in a given number of rolls, 
but, if the experiment is carried out 


a great many times, there would not — 


What are the possible 
outcomes for the spinner 
if ‘liners’ are not counted ?0,.6,8 
B Do you think the outcomes 

are equally likely ? No 
c Which outcome do you think 
will occur most often ?O 


2. Explain how you made your prediction in the Investigation. 
Answers will vary. 





be a large difference in the number 
of times any two of its sides come 
up. On the other hand, a pencil (or 
other object) which is bent, scarred, 
or irregular in shape or weight is 
likely to be biased; that is, one or 
more sides are likely to come up 
much more frequently than others. 

In probability experiments, an 
attempt is made to achieve random- 
ness by imposing conditions under 
which each outcome is equally like- 
ly to occur. Thus, we try to use 
cubes which are as nearly perfect 
as possible. 

In exercise 3, the unequal divi- 
sion of the dial suggests that the 
outcomes are not equally likely. 








Using the Ideas 


For each probability experiment below, tell whether or not the 
outcomes are equally likely. If the outcomes are not equally 


likely, tell which outcome is most li 


1. Toss a cube with faces 
numbered 1 to 6. Record 
the number on the top face. 


6 


Equally likely 


3. Drop a 20-cm pencil 
on a paper with lines 
drawn 7.5 cm apart. 
Record whether or not 
the pencil touches a line. 


kely to occur. 


2. Open a dictionary at random 
and choose the last digit of 
the page numeral. 





Equally likely 
4. Open a paper fastener 
as shown here, and toss 
it onto your desk. Record 


which way it lands. 
Results may vary depending 
On tupe of fastener. 


. Toss an object like this 
and record the letter 
on the top face. 





Not equally likely. 
“C’ will probably be 
on top most often. 










Not equall 

ikeue 

The pencil 
probably will 
touch a line 
more than half 
the drops. 


types.) 


Using the Exercises 
It is recommended that children 
perform as many as possible of the 
experiments on page 335. If fea- 
sible, set up stations around the 
classroom and have pairs of chil- 
dren carry out each experiment 
with at least 100 trials for each ex- 
periment. By combining results, a 
large number of trials can be ob- 
tained, thus making it easier to 
decide whether each experiment 
has equally likely outcomes. 

If cubes are not available, chil- 
dren can make a pattern for a 
l-centimetre cube. Tagboard would 
be best for both objects; the patterns 
may be cut out of paper and then 


Encourage children to 
experiment with different 


teas 


6. Spin the arrow and record 
the letter of the region 
in which it stops. 





Equally likely 
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pasted onto the tagboard to be cut 
and folded into the object. The 
object in exercise 5 may be made 
from the following pattern: 


lcm 





Make faces A, D, and F exactly 
the same as face E. 


Assignments (page 335) 
Minimum: 1-6. Average: 1-6. 
Maximum: 1-6. 





Follow-up 
If number rods, such as the Cuisen- 
aire rods, are available, you might 
have children choose the 1-by-1- 
by-2 centimetre rods, and_ label 
each face: 





Then direct the children to toss the 
rods on their desks and answer 
questions like these: 


1. What are the possible outcomes 

for this experiment? 

. Do you think the outcomes are 

equally likely? 

31h. thes rod, were |-centimetre 
on each edge, would the number 
of possible outcomes change? 
Would the outcomes be random? 

4. What if the rod were 15 centi- 

metres long rather than 2 centi- 

metres long? 

. Discuss the effect of using rods 

of different lengths in this ex- 

periment. 


i) 


th 


Encourage some children’ to 
make predictions and then design 
experiments to verify or deny their 
guesses. 


Resources for Active Learning 
Nuffield Project: Problems —Red 
Set, No. 15-ISA, Wiley. 
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PAGES 336-337 
Objective 

Given a simple probability ex- 
periment with equally likely out- 
comes, the child will be able to 
give the probability of each out- 
come. 


Preparation 
Materials 
spinners like those recommended 
on page 332 or like the one illus- 
trated in the investigation section 
of this lesson; coins: cubes; rods 
(if available) 
For this lesson, each child needs 
a spinner. The spinner used for 
page 332 may be used here simply 
by replacing the top circular disc. 
Or children may make one like that 
pictured at the top of page 336. 


Pin or Cardboard base 


thumbtack 


Paper clip 
Tagboard 
circular disk 
Investigation 
Remind the children that they 


should first write their prediction 
and then tally the outcome of each 
of 30 spins to test their prediction. 
As children finish, you might have 
them write their results in columns 
on the chalkboard so that they can 
compare results. 













Child’s 
Name 


Odd 
Number 


Even 
Number 








Discussion 


Lead children in a discussion of 
their results from the investiga- 
tion. Then compare them to the 
responses children give for dis- 
cussion exercise |. The children 
should see that we can determine 
the probability of an outcome, even 
though the results of the experi- 
ment may not exactly agree with 
the results predicted by probability 
theory. Because there is one num- 
ber out of three that is even and 
because each of the three numbers 
is equally likely to occur as an 
outcome, we say, “There is 1 
chance in 3 of getting an even num- 
ber.” Another way of expressing 


BeG 
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the same idea is to say, ‘““The prob- 
ability of getting an even number 
s 3. The probability of getting an 
odd number is 3, because 2 out of 
the 3 numbers are odd. Note with 
them that the sum of both proba- 
bilities is 1; that is, the probability 
of getting ei an odd or an even 
number is 3 or 1. Thus, the proba- 
bility of an “event that is certain to 
happen ts I. 

Similarly, in exercise 2, since 
there are only two equally likely 
outcomes, the probability of getting 
a head is 3 and the probability of 
getting tails is 3. The probability of 
getting either heads or tails is 1. 
The probability of getting neither 


Make a spinner like this one. 
When you spin the paper clip, 
do you think you are more 
likely to get an even number 
or an odd number ? Oda 


2. The chances of getting 
a head are 1 in 2. 
What is the probability 
of getting a head ? z 


3. a What are the chances 
of getting a vowel ? 2 in@ 
B What is the probability 
of getting a vowel ? 


® What is probability? 


Investigating the Ideas 










How closely can you predict the number of odd 


lk ed 


obabl 
get in Q spins ¢ ? about 2 
Discussion. 





Discussing the Ideas 


1. a Are the three outcomes for the spinner experiment 
equally likely outcomes ? Yes 
B The chances of getting a2 are 1 in 3. The probability 
of getting a 2 is 4. What are the chances of getting a 3 ?lin3 
c What is the probability of getting a 3 ? Za 


Toss a cube that has one 
of the letters A, B, C, D, 
E, F on each face. 


heads nor tails is 0. The probability 
of an event that is certain not to 
happen is 0. 

In exercise 3, since there are six 
equally likely outcomes, the proba- 
bility of each outcome is ¢. Since 
there are 2 vowels, A and E, the 
probability of getting a vowel is 
& + ¢ or %, which may be expressed 

4. According to the ability of the 
children, develop this discussion 
with other examples and include 
ideas from the mathematics section 
of this lesson. However, with most 
children, you will want to empha- 
size particular experiments rather 
than stress any generalizations. 





Pin or 


thumb tack 


Paper clip 


Heavy 


cardboard 


or board 














—— ee ee 


1. These two cards are turned over and shuffled. 


If one card is then turned up, two equally 
likely outcomes are possible. 


a What is the probability that a star will be turned up ? = 
B What is the probability that a square will be turned up ?4 


A 


A cube with letters A, B, C, D, E, F is tossed. 


What is the probability that the letter A 


will appear on top? } 


Think of the 6 equally likely outcomes. 


What are the chances that a consonant will appear on top ?4 in @ 
c What is the probability that a consonant will appear on top ?Eorg 


Certain letters, like E, look about th 
same after they have been turned 
upside down, as in this picture. 
Which of the letters A, B, C, 

D, E, F have this property ? &.¢,0,€ 
Think of the 6 equally likely 
outcomes. What are the chances 
that a letter with this property 
will appear on the top face ?4 inG 
What is the probability of getting 
a letter with this property ? Bera 


3. Two spinners like these are spun. 


a What is the probability that 


B Inthe 9 possible outcomes, 


% vp What is the probability of getting a pair that has 


the pair (2,2) will appear 23 


how many chances are there 


of a pair appearing with both numerals the same ? 3 
c What is the probability of getting a pair with both 


numerals the same ? 3 or 5 


o 
a sum less than 5? 6 er 3 


Using the Exercises 


e 








Although some children will be 
able to think through each experi- 
ment on page 337 without actually 
working with the objects, others 
will want to make the materials and 
perform each experiment. 

After children have completed 
them, these exercises would pro- 
vide excellent material for further 
discussion. Help the children see 
how the ratio of outcomes, that is 
the probability of each single out- 
come, is related to the chance of 
occurrence of particular outcomes 
to probability of an event. For ex- 
ample, in exercise 2, the probability 
for the occurrence of an equally 


Using the Ideas 





Second 
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likely outcome is ¢; each letter has 
1 chance in 6 to appear on top. 
Since 4 out of 6 letters are conso- 
nants, the chances of getting a con- 
sonant are 4 in 6, or 4 out of 6. This 
ratio may be expressed as the frac- 
tional number ~ and we say the 
probability of a consonant appear- 
ing is ¢. 


Assignments (page 337) 
Minimum: 1, 2. Average: 1-3C. 
Maximum: 1-3. 


Mathematics 

In this lesson one of the basic defi- 
nitions in probability theory is 
developed. The probability of a 
particular outcome may be ex- 
pressed as follows: 


Number of ways 





Probability outcome can occur 
of an = Total b f 
Datoonie otal number o 


equally likely outcomes 


In other words, if, in a given ex- 
periment, there are n_ possible 
outcomes, all of which are equally 
likely, and x of these are regarded 
as favorable, then the probability 
of a favorable outcome is simply 
the number 4 The chances of a 
favorable outcome are “x in n.”’ If 
all the n outcomes are favorable, 
then the probability of a favorable 
outcome is |. If none of the n out- 
comes is favorable, then the prob- 
ability of a favorable outcome is 
zero. Thus, every probability will 
be zero, 1, or some number be- 
tween zero and |. 


Duplicator Masters, page 58 
Workbook, page 105 
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PAGES 338-339 
Objectives 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 

The child will demonstrate his 
ability to work with the concepts 
indicated for cumulative review. 


Preparation 


If you do not count spins that end on a line, how many 
outcomes are there for this spinner? + 

Do you think these outcomes are equally likely ? Yes 
What are the chances of spinning a 2 in one spin ?lin4 
What is the probability of spinning a2? = 








Since evaluation of children’s grasp 
of probability concepts should not 
be determined by a test, you might 
briefly discuss the various prob- 
ability experiments made through- 


moo 8 


Of the 4 equally likely outcomes for the experiment, 
how many are even numbers ? 2 

rt What are the chances of spinning an even number in one spin ?2 in 4 
c What is the probability of spinning an even number ? 2 or 





out the chapter. If you prefer, you 2. The outcome shown in the picture represents the pair (3, 4). 
might review odd and even, and a List the 16 outcomes. Are they equally likely ? 22, - vere, 
prime and composite numbers in B (2,1) is one of the 16 outcomes. What are the 


preparation for page 339. chances of spinning a (2, 1) in one trial ? } inte 

c What is the probability of spinning a (2, 1) ? 7¢ 

p Of the 16 equally likely outcomes for the experiment, 
how many have both numbers the same, like (1,1) ? 4 

e What are the chances of spinning the same two 
numbers ? 4 in 16 

rF What is the probability of spinning the same two numbers ? + or ec 





eae 
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Discussion 

The experiments on page 338 will 
help the children summarize what 
they have learned about probability. 
As you discuss the experiments, 
remember that the most important 
goal of this chapter has been to 
create a positive attitude toward 
the idea of probability. 


Answers, exercise 2A, page 338 
(4, AL) ede) Seal 443) 
(2al)m: (232 ales) (Zan) 
(SyAlije Cre?) a(S AS) ono 45 
(4, 1), (4, 2), (4, 3), (4, 4) 
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Remember that a prime number has exactly 2 factors. 


A Name an odd number that is not prime. Many possible answers: 


15,21, 
B Namea prime number that is not odd.2 es 


c List the prime numbers between 20 and 40. 23 29, 31, 37 


. Compute the following. 





Using the Exercises 

Page 339 may be used as an evalu- 
ation page for basic skills, particu- 
larly with whole and fractional 
numbers. Help any child who has 
difficulty with the basic concepts of 
exercises 2, 4, 5, 6, and 7; these are 
fundamental to continued work in 
junior high school mathematics. 


A 7428 B 7/090 c 924 p 2052 ~ 38 
6917 —3774 x3e 54 
+3844 3316 S512 ig 
18 189 C 
. A Which two triangles 
are congruent ?AGHI = ADEF L 
B Whichtwoare similar / A D 
triangles 2AABC and AJKL eee B IE, 
: | G H J K 
. Find the sum or difference. 
. 
agthis ome ae e 34 o 7h + %e 
Bie ala 0-35 F 13—1¢ H 63 — 541 
. Change each fraction to lowest terms. 
cm 7 3 4 
A164 26 10 c ibs > OS E % 
. Express as an improper fraction. 
A 33 B 133 c 43 2 p 734 E 34 
. Express as a mixed numeral. 
3 
a Biz 8 82% c $o3 > $oz cy 


ln 


iS) 


° 





Sw 


| 


po 





Follow-up 

More capable children may wish to 
carry their probability investiga- 
tions further. Suggest they make 
spinners like those shown below. 


Raley 
HE 


The children might 
questions like these: 





investigate 


1. On which spinners will the out- 
comes be equally likely? 

Can you predict the probability 
of each possible outcome for 
each spinner? 


i) 


Or, they might design and carry out 
experiments to test their ideas. If 
you wish, ask them to try to figure 
out the possible outcomes and then 
the probability for a given event or 
combination of events. For exam- 
ple, using spinner C: 


|. What is the probability of your 
first spin landing on gray? 

. What is the probability of your 
second spin landing on gray? 

. What is the probability of both 
spins landing on gray? 


tO 


eS) 


The children in your class may 
enjoy reading “‘Fires, Coins and 
Pinball Machines” from_ Irving 
Adler’s Giant Golden Book of 
Mathematics (New York: Golden 
Press, 1960) or ‘Chance and 
Chanceability” in Kasner and New- 
man’s Mathematics and the Imagi- 
nation (New York: Simon and 
Schuster, 1940). 

See also “Books to Explore” at 
the back of this manual and ““More 
Books to Explore” in the resource 
section at the front of this manual. 
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CHAPTER 15 


Positive and Negative Numbers 


Pages 340-354 


General Objectives 
To introduce negative numbers 
To introduce the set of integers 
To provide additional experience in 
using the basic principles 
To introduce addition and subtrac- 
tion of integers 
To relate the integers to familiar 
physical situations 
To show how the number line can 
be extended to the left and la- 
belled with the negative integers 
To provide experience in graphing 
with integers 
The first investigation in this chap- 
ter introduces the integers in a 
variety of interesting situations 
which require the children to think 
about physical concepts. The in- 
tegers are then shown on the num- 
ber line and related to the practical 
applications. Next, basic principles 
are assumed for the integers, and 
work is presented in which these 
principles are used to find sums of 
pairs of integers. Following this, 
the children find sums of this type 
by using color-coded counters rep- 
resenting negative and positive 
integers. 

Subsequently, the inverse rela- 
tion between addition and subtrac- 
tion is used to present subtraction 
of integers. Material is then pro- 
vided to develop problem-solving 
skills for addition and subtraction 
of integers. The last lesson in this 
chapter provides experiences in 
graphing integers and relates func- 
tion rules to number pairs with 
integers. 


Mathematics 

In certain ways the set of whole 
numbers is inadequate. Subtraction, 
for example, is not always possible 
in the system of whole numbers, 
since there are no whole-number 
solutions for equations such as 


OQ =: | 0 = be Oa are 
0—4=d,and0-—5= 
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These considerations motivate an 
extension of the whole-number sys- 
tem. 

For each subtraction equation 
above, there is a corresponding 
addition equation with the same 
solution: 


a+1=0,b+2=0,c+3=0, 
d= 4— 0) and 7 =>) — 0; 


The following figure shows the 
suggested position on the number 
line of the points for the solution of 
each of these equations. 


32 ae 
a c go lg oe 
2 e 
C e 


With these ideas in mind, we 


accept the following principle, 
sometimes called the opposites 
principle. 


For each whole number a there 
is a corresponding number ~a, 
which has the property 


Was a=). 


The numbers indicated by ~a are 
called the negative integers. These 
are Opposite the whole numbers on 
the number line. The whole num- 
bers are also called the positive 
integers. For ~a, we read “negative 
a’ or, Sometimes, “the opposite of 
a.” The set containing the positive 
integers, the negative integers, and 
zero is Called the set of integers. 


The Set of Integers 
“3:74.23, 327150 oe ee 


a) 
The positive 
integers 


a ee ae 
The negative 
integers 


The following basic principles, 
which hold true for the addition 
and multiplication of whole num- 
bers, are now assumed to hold true 
for the integers. For any integers 
A. peandscs 


Commutative Principle 


Add. a+b=b+a; 
2-4-3 = oe 
With,  @ <I) = Ip <a 
A Ree ee 


Associative Principle 
Add. 
at (b=c) = (Get b) + «- 
5+ (3:82) =e a) a 2 
Mult. . 
ax (bxXc)=(axXb) Xe; 
“3% QOG=4) =3C3ea2 ee 4 


Distributive Principle 
On Ge 
(a ab) 1a ac), 
“§ X (44+3)= 
5X 4) 3) 


Zero Principle 
a+0O= a; ax0=0; 
“3+0=73; -2x0=0 


One Principle 
axl=a; 
“2X 1=72 


These principles and the opposites 
principle help us to establish tech- 
niques for adding and multiplying 
integers. 


Teaching the Chapter 


Materials 


Counters, 10 red and 10 blue for 
each child 

Demonstration number line show- 
ing integers 

Graph paper (+ -cm grid) 

Overhead projector (if available) 
and integer number-line trans- 
parency with overlay 

Thermometers 

World map showing time zones (if 
available) 





Vocabulary 


integer 
negative 


negative integer 
opposite 
positive integer 
Although only a few objects are 
listed for use in connection with 
this chapter, you are encouraged to 
look for a variety of other items to 
use with the physical situations the 
children suggest in the first lesson. 
Certainly, any materials that help 
demonstrate the ideas will show 
why these new numbers — the nega- 
tive integers — needed to be devised. 
The words opposite and negative 
are both introduced. The word op- 
posite is used to help the children 
understand that each integer other 
than zero has an opposite and that 
the sum of an integer and its oppo- 
site is zero. Opposite is used both 
to promote understanding and as a 
convenience, but more often, the 
terms positive and negative integer 
will be used. 


Lesson Schedule 


This chapter is designed to be cov- 
ered in a little more than a week. 
This schedule can be adjusted ac- 
cording to the children’s needs and 
the amount of time left in the school 
year. You might find your class 
motivated sufficiently to extend 
this chapter to two, or even three, 
weeks’ work if your time schedule 
permits. Since the material in this 
chapter, as well as that in Chapter 
14, will be covered again in junior 
high school, you should feel free to 
be selective in the remaining part of 
the year, if time is limited. 


Evaluation of Progress 


Evaluate the children’s achieve- 
ment in this chapter with a light 
touch. Do not demand a great deal 
of skill in computing with integers. 
Attempt to evaluate the children’s 
progress on a day-to-day basis 
rather than on cumulative achieve- 
ment of skill at the completion of 
the chapter. Ideally, many of the 
children will gain some skill and 
facility with integers, but this should 
not be your primary objective for 
the chapter. 

The major emphasis in this chap- 
ter should be on helping the chil- 
dren develop their intuition about 
integers and on using the basic prin- 
ciples to develop computational 
rules for performing the basic oper- 
ations. It is not easy to tell from 
their work whether or not the chil- 
dren have attained these goals. 
However, a careful, day-to-day 
evaluation of their work, both writ- 
ten and oral, will be very helpful. 

Maintain a spirit of exploration 
and discovery in this chapter. Do 
not allow the children to become 
frustrated by efforts to remember 
particular details. Rather, create 
the air of adventure and enjoyment 
that comes from studying some- 
thing new and interesting. Muini- 
mize the importance of mastering 
specific skills or techniques. The 
attitude the children develop to- 
ward negative numbers is more 1m- 
portant than any specific skill with 
integers. The review pages are in- 
tended for summarizing rather than 
evaluating skills and concepts. 


Resources for Active Learning 


GENERAL ACTIVITIES 


Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
“Graphs: Zero and the Positive 
Real Numbers,” pp. 93-96, 
Lyons and Carnahan (Available 
from McGraw-Hill Ryerson) 

Madison Project: Discovery in 
Mathematics (Teacher’s Text), 
“Can you add or subtract?” pp. 
35-37; “The Matrix Game,” pp. 
43-44; “The Point-Set Game” 
(Go), pp. 55-66; **Postman Sto- 
ries,” pp. 95-98; Explorations in 
Mathematics (Teacher’s Text), 
“Signed Numbers,” pp. 55-68; 
“Postman Stories,” pp. 69-79, 
Addison-Wesley 

Mathex: Graphing and Probability 
No. 6, “Positive and Negative 
Numbers,” pp. 12-15, Encyclo- 
paedia Britannica Publications 
Ltd. 

Nuffield Project: Computation and 
Structure 4, “The Integers,” pp. 
22-39, Wiley 


MANIPULATIVE DEVICES 


“Invicta” Integers Kit (Mafex 
Associates) 

Thermometer (Edmund Scientific: 
Nasco) 


COMMERCIAL GAMES 


Go (Gomoku) (Math Media; World 
Wide Games) 

Vectors (General Learning Corp.: 
Selective Educational Equip- 
ment) 
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PAGES 340-341 
Objectives 
Given negative integers, the child 
will show his understanding of their 
application by describing a physical 
situation in which they can be used. 
Given an integer, the child will 
be able to find its opposite. 


Preparation 

Since the investigation in this les- 
son serves as an introduction to 
negative integers, have the children 
begin immediately with it. 


Investigation 

It would be helpful for children to 
work in groups of two or three, and 
together try to describe the other 
situations requested. If children 
have difficulty, even after consider- 
able thought, you might suggest one 
of the following: stock market, up 
and down; thermometer, above and 
below freezing; ammeter, positive 
and negative charge; elevators, 
above and below ground level; game 
scores “‘in the hole”’ and “‘out of the 
hole’; above and below sea level. 
The important thing here is for 
children to see how many familiar 
situations can be thought of in 
terms of positive and negative num- 
bers, that is, in terms of opposites. 


Discussion 

Use the situations children thought 
of in the investigation to expand the 
explanation given in the text. Stress 
the idea of opposites. When you re- 
fer to the number line, be sure the 
children understand that in relation 
to the centre-point 0, ~1 is opposite 
1, -2 is opposite 2, and so on. Ask 
the children to read the negative 
integers and observe with them the 
distinguishing symbol for these new 
numbers, the small dash, or nega- 
tive sign, at the upper left-hand cor- 
ner of the numeral. Do not call this 
a minus sign. Also, point out that a 
positive integer is sometimes writ- 
ten with a positive sign, such as *3, 


340 


Integers 


@ Let’s explore positive and negative numbers. 


Investigating the Ideas 


Here are some situations that can be described by using 
positive and negative numbers. 


Can you show some other situations like these ? 
See \Wwestigation. 





Discussing the Ideas 


Situations such as those above suggest the invention of numbers 
for the points opposite the whole-number points on the number 
line. The symbols for these numbers are given in red on the 
number line below. These numbers are called negative numbers. 
The non-zero whole numbers are often called positive numbers. 





T6NaiSivT4! ~“S ye s2siesi Obey 2iadse H47 5 6 


1. Why do you think pairs of positive and negative numbers, 


such as 4 and -4 are sometimes called opposites ? 
a f See Discussion. 
2. Choose some positive and negative numbers and give the 


opposite of each one. 
Answers will vary. 


3. How could you locate the point for —27 on the number line ? 
Count 27 places tothe left of zero,or find the Opposite of 27. 
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or *6, but this sign usually is not 
used. It would also be helpful to 
point out that the positive and nega- 
tive integers, together with zero, 
form a set of numbers called the 
integers and are often written as: 
Lhe set. oftintegers==-10. lala. 
POReSPree iy 

Help the children observe that 
opposites, such as 4 and “4, are 
equally distant from 0 on the num- 
ber line, but in opposite directions. 

Note that when the set of integers 
is listed, the numbers need not be 
put in ordered form, as on the num- 
ber line. The set of integers is some- 
times listed 10> ly 152 sa see 4 
~4,5,~5,...}; and at other times 


they ares listed) {os sean -emn mena 
0,1,2,3,...}. Also, have the chil- 
dren observe that zero is an integer 
even though zero is neither positive 
nor negative, because zero has 
no opposite. 





de. 


Imagine cutting 
out a number-line 
strip and folding 


it along the blue line. 


a The point for 3 would fall on the point for what number ?~3 
B The point for—4 would match with the point for what number ?+ 
c If the strip were long enough, —62 would match with what 


number ? 62 
p What number would match 103 ? ~!03 


seer 


. The planet Pluto has 
an estimated surface 
temperature of 194°C 
below zero. 

a How could you 
represent this 
temperature ? “194% 

s Give the opposite 
of this temperature. 


. What is the opposite 
of the opposite of 
the opposite of 9?°9 


. Give the opposite of each integer. 
a22c-22-4£99 


c 56°50, 


. Copy and complete this number-line picture. 





=o) Sek “Slay Saye 


c 


Using the Exercises 

Assign the exercises on page 341 as 
independent work. If children have 
understood the general notion of 
integers as opposites they should 
not have difficulty with these exer- 
cises. Note that exercise 5 is in- 
tended as a special challenge, but 
all the children would benefit from 
a discussion of it. The best way to 
think through the problem is to be- 
gin with the last phrase and find the 
opposite of 9, which is ~9. You 
might point out that the whole 


question may be expressed with. 


parentheses: ~(~(9)). 
The Think problem gives chil- 
dren an opportunity to discover the 





-18\8 x -268268m -786786 
B 6° pv -6@ & -2020n 1001 -5959. 597°597n -260260 


(ZS gyre elise lee) 





Using the Ideas 
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meaning of the square root symbol, 
but discuss this with the children 
after they have worked on it, to 
make sure they realize that V4 = 2 
may be read “‘the square root of 4 
equals 2.” 


Assignments (page 341) 
Minimum: 1-3. Average: |-4. 
Maximum: 1I-S. 


Resources for Active Learning 

Developmental Math Cards, *‘ Add- 
ing with Arrows, ‘“L!16; ‘“Sub- 
tracting with Arrows, ‘“‘L!17, 
Addison-Wesley. 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
“Graphs: The Number Line for 
Integers,” and ‘Comparing In- 
tegers,” pp. 39-44, Lyons and 
Carnahan. (Available from Mc- 
Graw-Hill Ryerson) 

Nuffield Project: Computation and 
Structure 4, ““Application of the 
Integers,” pp. 40-49, Wiley. 
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PAGES 342-343 
Objective 

Given any two or three integers, 
the child will be able to apply the 
opposites principle or the basic 
principles of addition to them. 


Preparation 

To prepare for this lesson, you 
might review how the number line 
is used to show negative and posi- 
tive integers. Or, you might give 
children practice in finding the op- 
posites of integers, giving them 
phrases such as the following to 
interpret. 


What is the opposite of positive 
4? (~4) 

What is the opposite of negative 
3? (3 or positive 3) 

What is the opposite of the oppo- 
site of negative 7? (Since the oppo- 
site of ~7 is positive 7, the opposite 
of the opposite of ~7 is ~7.) 

What is the opposite of 5? (~5) 

What is the opposite of the oppo- 
site of —5 27 5) 


Children may need to think through 
questions such as these very care- 
fully. If you think such a review 1s 
too difficult for your children, recall 
with them how addition on a num- 
ber line is thought of as a move to 
the right and subtraction a move to 
the left, as a specific preparation 
for the investigation. 


Investigation 

Encourage children to work on this 
investigation independently. Sug- 
gest that they try other examples of 
addition before they try to write a 
rule. You might write the following 
on the chalkboard: 


4h 4 ==? 
ees) 


= 2 
“| b=) 


Suggest that they check their an- 
swers by using a number line. Fi- 
nally, they should summarize their 
conclusion in a rule. 


342 





Study the patterns. 


A 
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Discussion 

Have children compare the rule 
they wrote in the investigation to 
the opposites principle given in the 
text. Point out that by assuming that 
the basic principles for the addition 
of whole numbers and the addition 
of fractional numbers hold for the 
addition of integers, they should 
soon be ready to learn to add inte- 
gers. Note that, when children are 
asked to give an example of each 
principle, they need not be able to 
find the sum of the integers they 
use. Thus, —6*6 8 = 8-256 sis@an 
acceptable example of the com- 
mutative principle even though a 
child may not be able to find the 


Use positive and negative numbers to give examplés* 


® Let’s explore basic principles 
for addition of integers. 


Investigating the Ideas 








Can you find each of these sums and then write a rule 


for adding any negative number and its opposite ? 


Discussing the Ideas 











sum ~6 + 8. However, it would be 
best to discuss examples in which 
the opposites principle can be ap- 
plied, such as 


~“Ocr (64> 2) = be G6) to 2 er 














amples 
\l vary. 





. The number line 
suggests that we can “CS Gt Ser a 
solve the equation —1 + 1 = n by thinking about a jump 1 unit 
to the right from —1. What is this sum ?Solve each equation. 





It may help to think about the number line. 


A ~2+2=Nno c —44+4=noe —10+10=n06 —97+97=n0 
B ~3+3=MNo0 bo ~5+5=no F —53+53=noun —508+508=n 0 


. Find the sums. Because of the commutative and associative 
principles, you can first find the sum of the addends given in red. 
a1+2+-2!c¢ 4+1+ -14e€ 64+5+4+ 566 244+ 6+ 624 
B2+3 +7320 -44+4+ 66rF -7+7+33n 8+ 84+44 


. The basic principles will help you complete each exercise. 
Give the number for a. Then give the number for b. 
a Since —25 + 25 = a, we know that 25 + —25 = b. 0.0 
B Since ~3 + 0 =a, we know that 0 + —3 =b. -3,-3 
c Since 10 + —7 = a, we know that —7 + 10 = b. 3,3 
p Since —5 + (~4+ 4) = a, we know that (-5 + —4)+ 4 = b-5-5 


These temperatures were recorded on board a trawler in the 
North Atlantic. Tell whether the temperature rose or fell and 
give the number of degrees of change for each morning. 












Using the Ideas 


1 2 3 4 











9a.m. noon 
1st day =5°C Sec 
2nd day -6°C Se 









Here are 4 rows of a 
“triangle.” Can you 

_ discover the pattern 
and make 4 more rows ? 


Using the Exercises 

On page 343, exercises | and 2 
give the child an opportunity to 
apply the rule from the investiga- 
tion—the opposites principle. The 
parts of exercise 3 can be solved 
by reasoning with the basic prin- 
ciples. 

When children finish these exer- 
cises, help them check their an- 
swers and clarify any troublesome 
points. Continue to stress the use- 
fulness of the opposites principle 
and the regrouping which can be 
done because of the commutative 
and associative principles. 










. Assignments (page 343) 


Minimum: 1, 2. Average: 1-3. 


Maximum: 1-3. 





Mathematics 

The following basic principles, 
which hold true for the addition 
and multiplication of whole num- 
bers, are now assumed to hold 
true for the integers. For any inte- 
gers a, b, and c: 


Opposites Principle: The sum of 
any integer and its opposite is zero. 
6+ 6=0 


Associative Principle: 
Add. 
a+(b+c)=(at+b)+c; 


SER 43122) = (54-8 a 2 
Mult. 
axXUD Xic)= (a Xb) Kx 
Ba(2 KS4/'= BHo2pxr4 


Distributive Principle: 


axtb+c)= 
(aX Doe’): 
“5x (443) = 
CSc a SX a1) 
Zero Principle: 
a+0= a; ax0=0; 


“3+ 0=73;,-°2xX0=0 


One Principle: 
ax1l=a; 
2 Xi 2 


Commutative Principle: 


Add. at+b=b+a; 
pe et 
Mult. ae aa 


4x “3=3x4 
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PAGES 344-345 
Objective 

Given two integers, the child will 
be able to find their sum. 


Preparation 
Materials 


10 red and 10 blue checkers, discs, 
or counters for each child 


To prepare for this lesson, you 
might recall with the children how 
various objects can be used to sym- 
bolize different mathematical ideas. 
For example, the colored centi- 
metre strips were used for many 
topics, such as fractions, whole 
numbers, and so on. In this inves- 
tigation, colored counters are used 
with a particular meaning given to 
each color. 


Investigation 

If necessary, children can simply 
cut out and color small squares 
or circles to be used in place of 
counters. It is essential, however, 
that there be at least 8 red and 
8 blue. Then a study of the text 
should help the child relate the red 
counters to negative integers and 
the blue counters to positive inte- 
gers. Encourage them to think care- 
fully as they work out each sum 
with the counters. If a few children 
have difficulty relating the red and 
blue colors to negative and positive 
integers, help them understand how 
one red counter and one blue coun- 
ter cancel each other. For those 
who grasp the ideas quickly, you 
might suggest other sums such as 
GS eG = 2 S| 
7+7-3=? 


344 


as opposites. 


StuA 


344 





Discussion 

As children respond to discussion 
exercise |, emphasize that negative 
numbers are represented by red 
counters; and positive numbers, by 
blue counters; also, stress how op- 
posites “‘destroy each other” or 
eliminate each other. A red and a 
blue counter may be thought of as 
combining to make zero. For exer- 
cise 2, use other examples to ex- 
plain how the opposites principle 
may be used along with the group- 
ing principle to find the sum of a 
positive and a negative integer. 
Point out how these principles may 
be used to help them find sums with- 
out the number line or physical 


Investigating the Ideas 


Use counters or checkers. 
Think of the two colors 





“24+ 5= 


Can you use this idea 


and your counters to 
find these sums ? 


2. a One student found the sum 
of —2 and 5 by finding the 
sum shown in the box. 
How is this method like using the counters ? opposites ave"canceled 

sp What basic principles were used to find this sum ? 

Opposites principle and grouping principle 

How would you find the sum 5 + —8 by using counters ? 

By using the method in exercise 2 ? 5+-5+~-3="3 

B Can you think of another way to find this sum ? 

See Discussion. 


Can you add positive 
e and negative numbers? 








See Investigation. 


Discussing the Ideas 


1. What key ideas did you need to find the sums by using 
the counters ? See Discussion. 


| 


2p Ooi 


-Equal numbers of 


models. That is, by rearranging and 
breaking numbers apart by using 
the opposites, commutative, and 
associative principles (which means 
merely rearranging addends), they 
can arrive at correct sums. For ex- 
ample, 11 + ~4 may be thought of 
as ‘‘~4 cancels out 4 of the 11, leav- 
ing 7 as the answer.” 

As you discuss exercise 3B, be 
sure children observe the way a 
number line may be used to find 
sums of integers. For example, 5 + 
~8 may be thought of as ~8 + 5, in 
this manner: 








A pot d= LAE tee 2 
B 8+ -5= 23 Ott reatie a 








Mathematics 
The sum of two integers can be 
found by using the basic principles. 
It is also helpful for children to see 
physical examples that 


Using the Ideas 


; Find the sums. It may help you to think about the counters. 


_ suggest 

s) Si =: i cam) what the sum of two integers should 
-3 Gh Bee 2 be. In the following examples, a 

situation from the physical world 

“ 2 ige - illustrates finding the sum of two 
ie integers first. Then the sum is found 

2-3 = 1-2 mathematically by using the basic 





principles. 
Example 1 
Using a physical situation: 


. Find the sums. The red and blue numerals may help you think 
of the counters. 





9411 47-343) 
« Mian e410 c aida Loa Spend Spend Richer or 
9+ 20=n\I 7ro=M * $4.00 $2.00 poorer? 
4 5 i SMAICSaAr ita 
o meets) = = RABORIEDNG r (peeit aathinh aaa bape 
5+-18=n-13 30+-6=n24 —12+4=n-8 : : ; 
F 4 Ae pa = A 
. Find these sums. 
aA 44-22 c 24-375 e 945-4 « 8+-17-9 Using basic principles: 
BiaG bi e100 oO 4 to 4-20 Ow A h56 fr-5 5 (-4+-2) +6=(-44-2) + (442) 
=a4(F4bS EN) Se (sae 2) 
. Think about jumps on the number line, starting at 0. Comm. and Assoc. Principles 
=0+0 Opposites 
Principle 
= 0 
Now, 6 is the only number that gives 0 
roe ir Dae when added to 6. Since ~4 + "2 gives 0 
when added to 6, we have 4+ ~2=~6. 
E a e BE E a 
Using a physical situation: 


(a) Jump 8 (b) Jump 3 Finish to the 


ae Cer ee units units right or left of 
left. right. starting point? 
. Draw number lines and show the jumps for each sum. (5 units to left) 
Write an equation for each number-line picture. v i: v y 
a4+3 8 4+73 ¢3+7-3 vd6+73 £ 6+3 8 a i 
See Answers, T.E. page 345. fa) 
345 Zo NIKO) 


"8 Migeot Sites eis lt FOU 





; ; Using basic principles: 
Using the Exercises 


; “843 = (5 +73) +3 
Encourage children to work the ex- ica eee Wey ein Peente : 
ercises on page 345 independently. TEA RE HIV BARC 907 a eareches 
If children find the counters help- a Dea) =-5 Zero 


ful, they might use them, but sug- 
gest that they try to work without 
them if possible. 


Answers, exercise 5, page 345 


Assignments (page 345)* 
Minimum: 1-5. Average: 
Maximum: 1I-5. 


1-5. 


These two examples may be gen- 
eralized to provide a technique for 
finding the sum of any pair of 
integers. 


Resources for Active Learning 

Franklin Series: Making and Us- 
ing Graphs and Nomographs, 
‘““Nomographs: Addition with 
Integers,” pp. 45-46, Lyons and 
Carnahan. (Available from Mc- 
Graw-Hill Ryerson) 


Duplicator Masters, page 59 
Workbook, page 109 


PAGES 346-347 


Objective 

Given problems which include 
the notion of opposites in familiar 
situations, the child will be able to 
solve the problems by applying his 
understanding of positive and nega- 
tive integers. 


Solving Integer Story Problems 


Write and solve an equation to answer the question 
in each problem. 


1. These are pictures shown on television during the countdown 
and launching of a rocket. 


Preparation 

To prepare for this lesson, you 
might review some simple addition 
and subtraction equations. Or, you 
might ask the children to suggest 
any applications of positive and 
negative integers they can think of. 
Also, point out how various illus- 
trations, counters, and number lines 
may be used to aid in thinking of 
physical situations in terms of 
integers. 





If you started watching at “minus 4,” which screen would 
you be watching after 7 seconds ? -4+7=3 


2. Jerry keeps track of some of his bike trips on a map like this: 


wes C7] ) Col Go) al Cah a 
nooodooooo 6S 


WH W4 WS W2 Wi HOME EL E2 ES) E4 ED 





If Jerry starts at home, how far from home is he after a trip 


4 blocks west, followed by a trip 9 blocks east ?-44+9=5 
G blocks e0st) 


3. Water freezes at the temperature of zero degrees Celsius. 
We often speak of temperatures above and below zero. 
If the temperature was 12° below zero and rose 24°, 
what was the new temperature ? ~12°+ 24°=12° 


4. a If you spend $5 and earn $8, how much richer 
or poorer are you? ~ 5+ %8=$3 (richer) 

B If you earn $6 and spend $9, how much richer 
or poorer are you? %6- $9=$-3 (poorer) 
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Discussion 

Unless children have had difficulty 

in developing their understanding 

of addition and subtraction of posi- 

tive and negative integers, assign 

the problems as independent work. 

Some children may find it difficult 

to give an equation for each of the 

problems on page 346 even though 

they can find the answer. Do not 

insist that such children write an 

equation. The equations may be 

helpful while discussing interpre- 

tations of the problems, but it is not 

essential that children be able to 

give the equations at this level. Assignments (page 346) 
Minimum: 1-4, oral. Average: 1-4. 
Maximum: 1-4. 
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Solving Inequality Problems 


This number line may help you complete some of the 
exercises below. . 





-12 -11-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2m ace F456) 167 S7aeeca (OM Oats (12 


1. Complete each sentence. Then give the correct 
sign (<, >) for each ll). 


= 
10 ‘tlk -24 





> 
—5 ill) -6 





2. Jed and Sandy are playing a game 
in which they can get scores less 
than zero. They put rings around 
these below-zero scores. Who has 
the higher score for this game ? Jed 








3. —7 is less than the number you get when you add 1 to ~7. 


What number is this ? Write an inequality statement about this. 
~6 =7 <5 


4. Use “greater than” or “less than” to complete each sentence. 
a Any positive integer is __ ? __ a negative integer.greater than 
B An integer is _ ? _ an integer that is to the leftgreater than 
of it on the number line. 


Using the Exercises 

The problems on page 347 deal 
with inequality. You will find these 
suitable for discussion, either as 
you work through them with the 
children or when discussing the 
children’s completed work. Help 
children realize that as the numeri- 
cal value of negative integers in- 
creases, the value of the number 
decréases. Thus,77-< —3, and ~25 
<1. Point out that ~25 is further 
in a negative direction from zero 
than ~1. You might discuss how 
much better it is to be one dollar in - 
debt (~1) than 25 dollars in debt Assignments (page 347) 


(~25); or how much colder 25° be- Minimum: 1, 2. Average: 1-4. 


low zero is than 1° below zero. Maximum: 1-4. 





Mathematics 

The basis of the definition of the 
order relations for the integers is 
illustrated in the following diagram. 


Adding 
S5tor 5 















DESL 
S5als.lessS than wes 245 lessathani> 
because you must]/because you must 

add a positive add a positive 
integer to 5S integer to 2 
to get “2. to get S. 










Integer a is less than integer b if a 
positive integer added to a produces b. 
Notice that, to show the addition of 
a positive integer on the number 
line, a “‘jump”’ to the right is shown. 
Hence, using the number line and 
the preceding definition, we arrive 
at the following interpretation of 
greater than and less than: 


For all integers a and b, 

ita = bethen a as tothe lefti.or 2 
on the number line, and 

if b > a, then b is to the right of a 
on the number line. 


Follow-up 

Illustrate the need for negative 
numbers with a problem like this 
one. 


Two boys ran a lemonade stand 
for 6 days. Find the balance for 
each day, and tell whether the 
boys made a profit. 





(aeay Spent |Received | Balance 





Starting 
$1.50 








Mon. | $1.40 $0.75 
































Final Balance — Starting Balance = 
Profit or Loss? 


Resources for Active Learning 
Nuffield Project: Problems—Red 
Set, No. 8, Wiley. 


347 


PAGES 348-349 
Objective 

Given the co-ordinate plane, the 
child will be able to graph points 
whose co-ordinates include positive 
and negative integers. 


Preparation 
Materials 
graph paper, + -cm grid (Duplica- 

tor Masters, page 63) 

It would be helpful to work 
through the development of con- 
structing the co-ordinate plane. Be- 
gin with a horizontal number line 
showing positive and negative in- 
tegers. Then discuss how children 
might think of this line rotating 90° 
into a vertical position. The grids 
are included as guides to identify 
locations of points on the plane so 
that every point may be matched 
with a pair of co-ordinates. 





Investigation 

Direct the children to study the 
material presented in the text, no- 
ticing in particular the placement of 
points whose co-ordinates are nega- 
tive integers. Be sure they under- 
stand that they are to make up a 
rule first, before graphing any 
points. Since multiplication with 
integers has not yet been developed, 
children should limit their rules to 
those involving addition or sub- 
traction. 
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® Can you graph functions? 





Investigating the Ideas 


The input-output pairs of numbers produced by a function machine 
can be used as co-ordinates. 


Function Rule 


Output 


n+2 





When you draw the graph for the set of co-ordinates produced 
by this function rule, the points all lie on a straight line. 


Can you choose another function rule and draw a graph 


for the co-ordinates of points produced by your rule ? 
See Investigation. 








Discussing the Ideas 


1. Explain how to graph the points for (3, —4), (~2, —4), 
and (2, 4). Are any of these input-output pairs from 
the function rule used above ?No. See graph above. 


2. If you graphed the number pairs produced by the function rule 
ea el { if input is even . 
OurPUT = \1 if input is odd 


would the points all fall on one straight line 7?No. See Discussion. 
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Discussion You might point out that each of 


If possible, have several children 
demonstrate on the overhead pro- 
jector the rules and graphs they 
developed in the investigation. Help 
them see how co-ordinates with posi- 
tive and negative integers are 
placed. As they discuss their graphs 
and exercise 1, you might use this: 





the four sections resulting in this 
diagram is called a quadrant. 

In order for children to under- 
stand discussion exercise 2, have 
them graph some number pairs for 
the function, such as (2, 0); (3, 1); 
(~4, 0); (~5, 1). Clearly, this func- 
tion could not result in one straight 
line. 





Find the missing numbers. Graph the number pairs. 
1. 


4. 








Function Rule 





Function Rule 2, Function Rule 
Tenaaad me salecan 
Output n Output 
= 22 4 
cat a~3 
0 Bo2 
1 col 
Z dO 
3 E | 





5, Function Rule 


(2xnm)+1 (12—n)-1 
n Output n Output 

3 A2 1 All 
14 B+ 2 BS 
23 cé 3 c 3 
33 d8 6 pb ! 
43 E |O 12 EO 





Using the Exercises 

Supply a sufficient quantity of 
graph paper and assign the exer- 
cises On page 349 as independent 
work. Suggest to the children that 
they figure out what the number 
pairs are before they construct a 
graph for each exercise. For exam- 
ple, in exercises 4, 5, and 6, only 
the positive number quadrant is 
needed. 


Assignments (page 349)* 
Minimum: 1-3. Average: 1-6. 
Maximum: 1|-6. 


Using the Ideas 
For graphs, see 
Answers, T.E. page 35. 
3, Function Rule 


O-—n 


Output 





6. Function Rule 
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Answers, exercises 1-6, page 349 
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Follow-up/Curve Stitching 
Children may enjoy curve stitching. 
One of the simplest examples is 
included here; others can be found 
in the resources listed below. 

On stiff card or paper, have chil- 
dren label a pair of axes like this: 








Use a needle to prick a hole at 
each labelled point. Then connect 
the points of each pair of axes that 
form a 90° angle, connecting the 
points farthest from 0 to one closest 
toyzero: Sitocliwato! 296410 R3Rotto4, 
and so on. In the second quadrant, 
the order would be 8 to “1,7 to ~2, 
6 to ~3, 5 to ~4, and so on. In the 
third quadrant, ~8 to —1, ~7 to ~2, 
~6 to ~3, and so on. Finally, in the 
fourth quadrant, ~8 to 1, ~7 to 2,6 
to 3, ~5 to 4, and so on. 

Resources for Active Learning 

Experiments in Mathematics, 
Stage 1, pp. 30-31, Houghton 
Mifflin. [Curve stitching] (Avail- 
able from Mafex Associates) 

Mathex: Geometry No. 9, pp. 37- 
43 (pupil pages 56-59), Encyclo- 
paedia Britannica Publications 
Ltd. [Curve stitching ] 

Mathex: Graphing and Probability 
No. 6, pp. 10-11 (pupil pages 
26-27), Encyclopaedia Britan- 
nica Publications Ltd. 

Nuffield Project: Graphs Leading 
to Albegra 2, pp. 37-43, Wiley. 

Teaching Aids for Elementary 
Mathematics, “Graphing  Pic- 
tures,” pp. 132-137, Holt, Rine- 
hart and Winston. 





Workbook, page 111 
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PAGES 350-351 
Objectives 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 





The child will demonstrate his 1. List the positive and negative whole numbers from -15 to 15. 
ability to work with the concepts “15-14 - I9-12-1079,-8, 1,-675,-4,- 3,25 TOPS Sa ROTB AION, \2,13,14,15 
indicated for cumulative review. 2. Give the opposite of each: 

: 0373 8732 ¢ 9-9 v7 Te (50 (oe oe ems Comes 

Preparation 
Most children would benefit from a 3. Give the sign (<, >, =) for each ill. 2 . 
review of addition and subtraction a 6 ii —6 Bb O li =6 c*—30 ll | p —-9 i —7 
of integers. Keep the numbers in 
the examples small so that children 4. List the whole numbers greater than -10 and less than -5- 9,~8,-7,-6 


can work them out on the number 
line, or if they prefer, with the red 
and blue counters. 


5. Find the sums. 
A 94-514 -94 Sri 18+ Pit Oe 17 40ers 
se 3+ 3750 “84124 & —7 1205) Hoel 2 ole Uno tO 


6. Find the missing addends. 
a4-—--3=n78 —4-6=n"'% -16——/ =n 2900-6 n 6 


7. Use integers to write an addition equation for this problem. 
You lose $9 and then find $12. How much do you have ? 32 +12=3 
Z 


8. Complete each sentence. | 
a Anegative number is _ ? _ than a positive number. jess . 
sp __?__ is the only number that is zero 
never positive or negative. — 

c A positive number is _ ? __ than another positive a 
number that is to the right of it on the number line. 
Would this also be true for two negative numbers ? !¢ss 


se 9. Solve the equations. 
a 2——3 =F 3. 2 po 4-—--2=4+4+n2 
ps -3-—5=n4+-573 @€ 2-7=24n-7 
ce 71—"“3=nee3-| 6 94 —~56 4 ns 


+ 10. Find this sum. 
5+734+74+79+-54+764+714+9=n-3 
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Discussion 

Page 350 may be used as a review 
page worked together or as an 
evaluation page. However, chil- 
dren should not be expected to be 
skillful in adding and subtracting 
integers. It is more important for 
them to develop some intuitive no- 
tions about integers than to be 
able to perform the operations 
quickly. 
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Follow-up/Tic-Tac-Toe 

The children can have fun playing 
Tic-Tac-Toe, adapted to a co-ordi- 
nate system, as a class activity. 
Prepare a co-ordinate system using 
the integers ~5 through 5, either on 
a large chart that can be covered 
with acetate or on a separate trans- 
















. Find the sums and differences. 
Ae O45 «88a 29.0 coc "73.7" p~ 56.2 e""9.643> &~ 58.3 


+47.7 +54.8 —26.5 —37.5 +8.27 — 9.764 ‘ that can b d with 
= Sr oe ee cama eee parency that can be covered wit 


acetate on an overhead projector. 

Explain that the object of the 
game is to get five X’s or @’s ina 
row, column, or diagonal by naming 
the co-ordinates of each X or @. 
Then divide the class into two close- 
ly matched teams. The members of 
each team take turns naming any 
number pair they wish. (It is usu- 
ally wise to insist that each child 
make his own choice, whether it is 
the best choice or not, without help 
from anyone else on his team.) 

As they play, the children will 
learn strategies for blocking the 
other team while they continue to 
build a string of X’s or @’s. Even- 


2. Find the products and quotients. 9\ ve 


9 oT 

a 9.3 8565 c 4.26 ov 0.6)54.6 & 0.04)3.076 F 2.4)1.368 
x0.7 x3 x 5.3 
6.51 16.95 22.578 


3. Find the missing percent or fraction. 





Function Rule 


4. Copy and n+-3 
complete the 
function table. 


5. Old Faithful, a geyser in 
Yellowstone National Park, 
erupts on the average of once 
every 64.5 minutes. 


Output 


a About how many times does 





Using the Exercises 

Page 351 reviews various concepts 
covered in the year’s work. Again, 
this page may be used to evaluate 
children’s understanding or to clar- 
ify certain points which the children 
found troublesome. 

Most children will enjoy the ap- 
proach used on page 352. Encour- 
age children to try first to work the 
problems independently. Then pro- 
vide opportunity for them to discuss 
their methods for solving them. 
Encourage acceptance of any rea- 


sonable method which yields the- 


correct answer. 


it erupt in a 24-hour day ? 


About 22 


B Starting right after an eruption, 
how many minutes pass while 
Old Faithful erupts 56 times ? 


3612 min 





tually, they should become skillful 
enough to make every contest a 
draw. (A draw Is traditionally called 
“the cat’s game.) You can make 
the game more difficult by extend- 
ing the game-board to a larger grid 
and by requiring six X’s or @’sina 
row. 





A Sample Winning Game 





Workbook, page 112 (Use with text 
page 352.) 


e}sy. | 


PAGES 352-354 
Objective 

The child will demonstrate his 
ability to work with the concepts 
presented in this chapter. 


Preparation 

You might review the ‘congruency’ 
of triangles, the properties of a cube, 
and the phrase ‘180° rotation image’. 


a52 











1. Assume that triangle ABC is congruent 
to triangle DEF. Complete the table. A 


A E F 






2. Look at a cube. 
a How many vertices has it ?& 
sp How many edges has it ? \2 
c Whatcan you say about the lengths of the edges ? 
They are all equal 


es 


3. Using centimetre squared paper, copy each figure and mark the 
point P. Then rotate each figure through 180° about P and draw 
its image. Use tracing paper if you wish. 





4. Draw a figure of your own on centimetre squared paper. Rotate 
the figure through 180° and draw its image. 
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Discussion 
As this is a review lesson, the child 
should not come upon undue diffi- 
culties. However it would be a good 
idea to compare the results achieved. 
The children could be reminded that 
all rotations are made in a clock- 
wise direction, and that a plastic 
ruler would be a definite asset to aid 
them in relating the rotations to de- 
gree measure. 











5. Copy each figure on your graph paper. 
Then use the point slider to translate 
the figure and draw its slide image. 


6. How many different lines of symmetry does a square have ? 4 


7. a Give the co-ordinates of the midpoint of the segment 
whose endpoints have co-ordinates (1,1) and (5,5). (3, 3) 
sp Three corners of a rectangle are at (2,2), (2,7), and 
(5,7). Give the co-ordinates of the fourth corner(5, 2) 


8. Look at this pyramid. 






a 
>a 
a Oncentimetre squared paper, 
draw a pattern for the pyramid. 
Be as accurate as you Can. 
es Cut out the pattern, fold it to 
form the pyramid. Use tape to 
fasten the edges together. 


Using the Exercises 

Point out to the children the fact 
that in translations, a point is not 
relocated or actually moved. Rather 
a second point is designated as an 
image of the original point according 
to a particular motion. 








353 


B53 


PAGE 354 

(See ‘“‘Using the Exercises,” page 
353, for teaching suggestions for 
this page.) 


‘“‘copybooks”’ over 100 years ago, in 1856. The exercises eter appee 
Ray’s Higher Arithmetic, by Joseph Ray, M.D. At the time, most No 
Americans lived on farms and bought their supplies at general ate! 


you do some of them ? 
Sample solution methods are shown, but others possible. ‘7 


Both arethe ep ist “$f \y 
1. Which is the nearer number to 920736; 5 Sel seatondeiste 


1816045 or 25427? Ans. Neither. Why : 4 et sii. =, 
. Agrocer gave 153 barrels of flour, worth © 


$6 a barrel, for 54 barrels of sugar: what 


did the sugar ee cost per barrel? Ans. $1 Je4 
C6X\53 
. A grocer Botant 135 barrels of pork 


for $2295; he sold 83 barrels at the purchase price and tal remainder _ 


at an advance of $2 per barrel: how payen one gain? ? Ans. $ 4 04. | 
. Adrover bought 5 horses at $75 each, and 12 at $68 each; 
he sale them all at $73 each: what did he gain? Ans. $50. 
75x11) LOSx75) +Cl2 Xe) 
. Ifa fudige beats 28 times in 16 seconds, how . 


inary Use a minute is that? Ans. 105. 
238 +\0) X60 





. | can pasture 10 horses or 15 cows 
on my ground; if | have 9 cows, how 


many horses can d See Ans. 4. 
15 10:15 ="1:6 





. If 13 men can build wall in 15 days, in how 


many days can it be oe nit en deave.d ? Ans. 39. 
\ -_— 
. If 14 men can perform a job of work in 24 days, in how many days can 
they pgfan it wi ame assistance of 7 more men? Ans. 16 days. © 


. Acompany at 45 ae have provisions for 30 days: how many men must 


depart, that the provisions may last the remainder 50 days ? Ans. 18 men. 
(€50-30):50=N:45 
354 
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ACTIVITY CARD 1 


Use dot paper and try this game 
with a classmate. 





At your turn, you must connect two 
adjacent dots in the same row or 
same column. If the connection 
results in a square, place your 

initial inside, score one point, 

and play again. The first player 

to score 9 points wins. 
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Activity Card 1 

This activity can stimulate interest 
and excitement in_ recreational 
mathematics. The game is easily 
played, and requires only paper 
and pencil and 5-by-5 dot arrays. 
After playing a few games, children 
will develop simple game strate- 
gies. Children should be encour- 
aged to develop alternative rules of 
their own for determining the win- 
ner. For example, they might agree 


that a game ends when all possible 


squares have been formed; the 
person who completed the most 
squares would be the winner. Since 


aaa ay 
th QW 


a total of 16 squares may be formed, 
however, tie games between two 
players would be possible. 
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Activity Card 2 

The purpose of this activity is to 
provide experiences in working 
with the number of possible ways 
that given events can occur, and to 
follow this up by investigating the 
probability that a given event will 
occur. As the children answer the 
last question on the card, you 
should be sure they observe that 
they are more likely to land on A 
since there are six possible ways to 
get to A and only four possible 
paths to get to B. An interesting 
extension of the ideas on this card 
would be to label the other squares 
along the diagonal established by 
squares A and B and then figure 
out how many ways there are to 
get to each of these squares. Of 
course, the squares on the end of 
the diagonal have only one possible 
path that can be used to reach them, 
because in order to get to the square 
at the top of the diagonal, one would 
have to flip four straight heads and 
to get to the square on the far right 
of the diagonal, one would have to 
flip four straight tails. The only 
other unlabelled square on the di- 
agonal would have four possible 
ways to get there, just as square B 
has. The ideas generated in the 
number of possible paths for this 
investigation involve the familiar 
Pascal’s triangle. 





Notice along the heavily shaded 
diagonal that the number of paths 
is indicated as 1, 4, 6, 4, 1, as we 
learned through the activity, and if 
we are to move out to the next row 
on the diagonal, shaded lightly, we 
find the number of paths are 1, 5, 
fOs 10S55 andl : 
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ACTIVIIY CAnw 2 


Put a checker in one corner 
of a checkerboard. To move, 
flip a penny and 


(1) move one space up for a head. 


(2) move one space right for a tail. 


Use graph paper to show 4 possible 


paths to B. 


Can you show all 6 ways to get to A? 
Which square are you more likely to 


land on, A or B ? 


ACTIVITY CARD 3 


Can you find all the numbers less than 50 that can be 
represented by the triangular patterns below ? 


Can you find a pattern ? 


Use your pattern to find the thirtieth triangular number. 


Activity Card 3 
This activity card can be completed 
by nearly all children, although not 
all children will use the same 
method for finding the triangular 
numbers. The most obvious method 
is simply to construct the triangular 
dot pattern and count the number 
of dots. Other children may see 
that the number of dots increases 
in a regular order of 2, 3,4, 5,.. °. 
Still others may see that the number 
of dots in any triangular pattern is 
a sum of consecutive whole num- 
bers starting at 1: 1+2+3+4 
+5.... Then" triangular number 


can be found by the formula which — 


follows: 





n" triangular number = mn) 


Of course, we do not expect very 
many children to discover this 
formula, but it is quite possible 
that one or two children might do 
so. The triangular numbers less 
than50.aregd 3:68 LO 1502, loe2Ss 
36, 45. The thirtieth triangular num- 
ber is 465. 


ACTIVI CAno 4 


The area of the dotted square is 1, 

so the area of triangle Ais__? __. 

The area of triangle B is__ ? _. 

The area of the dotted rectangle is 2, 

so the area of triangle C is__ ? __. | 

The area of square Dis __? _.4 

The area of the figure outlined in red is ___? __.6 


Can you find on the geoboard and draw on dot paper as many 
as 10 different figures with area 6 ? (Find one such figure that 
is unusual and compare it with others in your class.) 


ReTINTY CARD 5 


What is the area of square A? 4 
What is the area of triangle B? 2 
What is the area of triangle C ? | 


Using the information about 
the areas of A, B, and C, what 
is the area of triangle D ? | 


There are 8 triangles of different shapes 
with area 1 that can be formed on the 
geoboard. How many of them can you 
find and draw on dot paper ? 
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Activity Card 4 

In working with this activity card, 
the child should first discover that 
the area of a right triangle can be 
found by finding half the area of an 
appropriate square or rectangle. 
The child should also find out that 
the area of a complicated figure 
can be found by adding areas of 
the smaller figures that constitute 
it. You should give the children 
considerable freedom in attempting 
to construct figures of their own 
that have an area of six. Certainly, 
the children should come up with 
a wide variety of figures, including 


convex figures, concave figures, fig- 
ures made entirely of squares, and 
a variety of other kinds of figures 
composed of squares, rectangles, 
and triangles. These activities on 
the geoboard might encourage the 
children to seek further work with 
the geoboard. Some references for 
additional geoboard work follow 
the suggestions for use of Activity 
Card 5. 


Activity Card 5 

This activity card involves having 
the child find the area of a given 
figure by a subtractive, rather than 
an additive, method. For instance, 
by finding the area of the 2 x 2 


square and subtracting the areas of 
triangles B and C, the child is left 
with the area of triangle D. The 
child may not be able to find all 8 
of the triangles with area 1, but 
should be rewarded for any success 
he may have. Some children may 
see that several of the triangles may 
be found by finding triangles with 
base | and height 2, or triangles 
with base 2 and height 1. 


Boies 





An interesting extension of the 
activities on this card would be to 
have the child find on the 5 x 5 dot 
paper or geoboard all possible tri- 
angles with areas other than one. 
For example, you might suggest 
that the child begin by finding all 
triangles with areas of +, and then 
all triangles with area 23, and so 
on up to 8. Of course, such an 
activity would extend over a con- 
siderable length of time, and one 
certainly would not expect the 
child to find all such triangles for a 
given area. (For example, there are 
12 possible triangles with area 2!) 
Some references for additional geo- 
board activities follow. 

Arithmetic Teacher articles (Na- 
tional Council of Teachers of 
Mathematics, Washington, D.C.) 

Geocards, Trivett (Cuisenaire Co., 
New Rochelle, N. Y.) 

Geosquare Activity Cards, Barson; 
Geosquare Teacher's Manual, 
Bradford and Bartram (Scott 

_ Scientific, Fort Collins, Colo.) 

Inquiry in Mathematics via_ the 
Geo-board, Cohen (Walker, 
N.Y.) 
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Activity Card 6 

This card is intended to help de- 
velop the child’s space perception 
and to strengthen his understand- 
ings of concepts of symmetry. By 
folding and cutting paper, the child 
should quickly learn that the angle 
of the cut determines whether the 
figure will be a square, an octagon, 
or a four-pointed star. Cuts other 
than straight cuts will produce other 
interesting figures. Children should 
be encouraged to try other types of 
paper-folding in order to produce 
other interesting figures. For exam- 
ple, the third fold need not be along 
the diagonal. The activities that the 
children participate in beyond those 
suggested on the card itself can be 
an important part of the learning 
experiences suggested by this card. 


Activity Card 7 

This activity provides a challenging 
Open-ended puzzle which many 
children will enjoy trying. 


Solutions: 
area four 
set nine 
line ten 
cone net 
one unit 
two rate 


Harder or “semi-math’’ words: 


‘sine tare 
rise west 
list cut 
test owe 


The activity might be extended 
by having the children find other 3- 
or 4-letter words which need not be 
mathematical. As a further exten- 
sion of the activity, you might en- 
courage a few students to try de- 
signing a puzzle like this one for 
their classmates to try. 
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ACTIVITY CARD G 


Fold a square piece of paper 3 times, as shown, the last time along 
the diagonal. Then cut off a corner. 


— <—First fold 


Can you make a cut so that the piece you cut off will unfold 
to be a square ? an octagon ? a 4-pointed star ? 
another interesting figure ? 


ACTINITY CARD 7 


There are at least a dozen three- 
and four-letter mathematical words 
hidden in the large square. 

You can spell out each word by 
going from square to square, 
making sure that each new square 
touches the one before it. 

An example is AREA, marked by 
the red path in the large square. 


How many mathematical words can you find in the square ? 


ie a} 
hitt> eld 
, 7 d fTmv fee ; 





Activity Card 9 

While the task to be performed for 
this card is specific, the activity is 
open-ended in the sense that the 
child should be encouraged to use 
his own methods to attempt to find 
out how many times the wheel goes 
around in one kilometre. The guess- 
€s Or approximations are given as a 
motivational feature to get the child 
to want to find out whether or not 
he made the best guess. Of course, 
the key to the solution of the prob- 
lem is for the child to find out the 
circumference of his own bicycle 


ACTIVITY CARD 


Cut out 6 squares. ay ray ew 
Here is one way you could a 
tape the squares together 
to form a pattern that could ea 
be folded to make a cube. , W 
ye 


How many different patterns 
that can be folded into a cube can 
you make by using the 6 squares ? 





(Draw a picture of each pattern you discover.) 


Wheel. The approximations given 
are for a standard bicycle wheel. 
The best approximation is that the 
wheel would go around about 480 
times. 


ACTINITY CARD 


One of the numbers below 

is approximately the number 

of times an ordinary bicycle 

wheel goes around in one kilometre. 

Which do you think it is ? 
48 480 4800 


Can you find out how many times your own 
bicycle wheel goes around in one kilometre ? 
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Activity Card 8 

This card is intended to help the 
child develop space perception and 
to broaden his perspective of the 
cube. Most of the patterns which 
can be made to fold into a cube 
involve a row of 4 squares with the 
2 other squares on the opposite 
sides of this row. There are some 


th cit 


a 
pt 


cscs 
Eh 


fF 


patterns, however, which can be 
folded to form a cube which involve 
more of a stair-step pattern. In all, 
there are || different ways that the 


6 squares can be taped together in - 


order that they can be folded to 
make a cube, as illustrated at the 
right. 


The children should be encour- 
aged to find as many different pat- 
terns as they can, but you should by 
all means be alert to give credit for 
any small success. This investiga- 
tion might be extended to further 
work with putting plane figures 
together to form other solid figures. 


339. 
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Activity Card 10 

You might want to encourage your 
children to make a square larger 
than the one indicated on this ac- 
tivity card. Thus, when they cut out 
the tangram pieces they will be 
better able to work with them to 
form the various figures. To sim- 
plify the matter of making the tan- 
gram pieces, you might also ditto a 
number of sheets containing the 
tangram pattern and simply have 
the children cut the pieces out of 
the dittoed sheet. You will want to 
have the children take care in cut- 
ting out the pieces so that the 
figures they produce will be rea- 
sonably accurate. Once the children 
have accomplished the various 
figures suggested, encourage them 
to continue on their own to experi- 
ment with finding a variety of other 
figures. 


Activity Card 11 

This activity card presents, seem- 
ingly, a paradox that utilizes the 7 
tangram pieces. The two vases 
seem to be the same size and shape, 
except for the chip out of the rim of 
one. It would seem that a contra- 
diction to the principle of conser- 
vation of area has been found. 
However, it can be proved that the 
vase with the ‘‘chipped rim” is 
slightly taller and slightly wider at 
the top—just enough taller and 
wider to make up for the missing 
chip. If the side of the square tan- 
gram piece is | unit long, the height 
of the solid vase is 24 x V2, or 
about 3.53 units. The width of the 
solid vase at the top is 4 units com- 
pared to 3 V2, or 4.23 units, for the 
chipped vase. 


Solution: 
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| PARD 10 


Draw a 10-cm square and cut it 
into 7 tangram pieces as shown 
by the dotted lines. (WV and WN are 
the middle points of the sides.) 


Can you place pieces 1, 2, 3, 4, 
and 5 together to form 
a square ? a parallelogram ? 
alongrectangle? atriangle? 
a trapezoid ? a hexagon ? 
another interesting figure ? 
(Draw a picture to show how you made each figure.) 


ACTIITY CARD 11 


These two ‘‘vases” are almost alike, except that the “rim” 
of one is “chipped.” 


Can you form each vase by using the 7 tangram pieces ? 





ACTIVIIY CARD 12 


Construct several more polygons on dot paper. Make a table 
like the one above. Can you discover a way to find the areas 
of polygons on the geoboard if you know the number of edge 


nails and interior nails ? 


ACIVIY CARD 13 


Figuring gasoline consumption 


Took 6.5 litres to 
fill tank after 


f 


travel per litre of gasoline ? 


Try this with your family’s or someone else’s car. 
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Activity Card 12 

The purpose of this activity card is 
to encourage discovery. By con- 
structing many different polygons 
on the geoboard (either concave or 
convex), the child may discover 
that there is a relatively simple rela- 
tion between the number of nails 
on the edges of the polygon, the 
number of nails in the interior of 
the polygon, and the area of the 
polygon. This relation has been 
given the name Pic’s Theorem. This 


theorem states that the area of any ~ 


simple polygon formed on the geo- 
board is the number of edge nails 





4: 


Can you find how many kilometres this car can 


divided by 2, plus the number of 
interior nails minus I. 


If n. = number of edge nails and 
n,=number of interior nails, 
then the area, A, is given by the 
formula, 


Ne 
”) 


A= n, —1 
Encourage students to fill out a 
table like the one illustrated in the 
text in order to keep a record of 
their results and as an aid in dis- 
covering the theorem. 


Activity Card 13 

This activity involves the practical 
problem of calculating how many 
kilometres a given car can drive on 
a litre of gasoline. The trick to do- 
ing this is to fill the tank and record 
the distance; then drive for a while 
and refill the tank, again recording 
the distance. The figures given on 
the card show that the car used 6+ 
litres driving a distance of 62.3 
kilometres. Encourage the children 
not only to solve the problem given 
on the card, but also to figure this 
out for either their family car or 
someone else’s car. This can also be 
an interesting activity for finding 
the distance for small motor bikes 
or motor scooters. 
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Activity Card 14 

This activity is designed to extend 
student work in finding decimal 
approximation of numbers in frac- 
tional form and to motivate student 
interest in the number 7. 

It has been proved that 7 is an 
irrational number (not a quotient 
of two integers); thus, its decimal 
representation is non-repeating and 
non-terminating. All of the frac- 
tions in this activity represent frac- 
tional numbers, hence repeating 
decimals. 

Decimals for each fractional 
number in the activity are as fol- 
lows. The fraction in part C is the 
best approximation for 7. 


A 27 = 3.142857 (The bar represents 
the repeating part of 
the decimal.) 


B 333 = 3.1416666 (Attributed to 
Ptolemy, ca. 150 
A.D.) 


C 333 = 3.1415929203 . . . (Attributed 
to Tsu 
Ch’ung- 
chih, 430- 
S01.) 


D 423 = 3.1408456371 . . . (Attributed 
to Archime- 
des, 287?- 
212 B.C.) 
Activity Card 15 
The purpose of this card is to help 
children investigate some of the 
tessellation characteristics of vari- 
ous figures. If a certain type of fig- 
ure can be put with others of the 
same size to make a larger figure of 
the same kind, then, clearly, this 
figure could be used to tile a floor. 
Children can save work in cutting 
out these figures of the same size 
and shape by folding several thick- 
nesses of paper, and then cutting 
out the figure once. You might en- 
courage the children actually to 
paste figures together on a display 
chart in order to give their results. 
An interesting follow-up to this 
activity is to have the children in- 
vent other figures to see if they can 
be put together to produce similar 
figures. For example, they might 
choose to try this activity with a 
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ACTIVITY CARD 14 


A decimal approximation for the number 7 
(the ratio of the circumference of a circle 
to its diameter) is 3.141592655389... . 


Which of these fractions is the best 
approximation for a ? 
A 22 377 


B 720 


ACTIVITY CARD 15 


You can put squares together 
to form a larger square. 

You can put rectangles together 
to form a larger rectangle. 


Which of the figures below can you put together to make a larger 
figure of the same kind ? (You may want to draw and cut out 


several of each figure.) : 


lateral Rhombus Parallelogram Isosceles 
triangle triangle 








(Draw pictures to show how you could do it.) 


regular pentagon and find that it is 
not possible to put regular penta- 
gons together in order to form 
another pentagon. It is interesting 
to note that regular hexagons can 
be put together in order to form 
other regular hexagons. 





Quadrilateral 





Activity Card 17 

This activity card is intended to 
provide recreation and motivation 
for children. The three challenge 


| ~~~ | __ problems require reasoning which is 
Can you solve these fractional-number problems ? [| | somewhat unusual. 
1. Can you find the 3 different missing denominators : e | = : es 1. Some children may think this 


inthe equation ++2+2=1 ? problem is very difficult or even 
impossible. However, it is easily 


. What are the next four fractional numbers in the sequence ae . | solved by considering the prime 
30m iz 4 om ih IW > Beate es factorization of | 000 000. 
PE GS AUR Me Me Mee es ie Es ENS Noe the | 
q 1 000 000 = 10 x 10 x 10 x 
. What fractional number is 3 of the way between 3 and ,3,? Vey 10 x 10 x 10 


PLE STO 14,86, OKA 
DE? x 5 
2 x5 
Grouping the factors of 2 to- 
gether and the factors of 5 to- 
gether, we have: 
1000 D00= (2X*2K2xX2 x 
2X DIOS Ko 


ACTIITY CARD 17 


5S 5S 5) 
; = 64 X 15 625 
How many of these problems can you solve ? . ee ae oes © 2. Solution: 6210001 000 
1. Find two whole numbers whose product is 1 000 000 but E we : [|| 3. Solution: 6.7 


neither factor has a zero in its representation. 


2. Write a numeral of ten digits so that the first digit 
on the left tells the number of zeros in the numeral, 
the second digit from the left tells the number of ones, 
the third digit tells the number of twos and so on until 
the tenth digit tells the number of nines in the numeral. 


. Place a mathematical symbol between 6 and 7 so that 
a number between 6 and 7 is represented. 





PAGE 363 is found by doubling the previous 
Activity Card 16 fraction’s denominator and add- 
ing its numerator. Squares of the 
numbers in this sequence are bet- 
ter and better approximations of 
the number 2. 


This activity card consists of 3 
unusual challenge problems con- 
cerning fractional numbers. The 
first problem can be solved by trial 





OS Solution: $8, 388, 18, WS 
Solution: 4$+3+%=1 The third problem requires only 


an understanding of fractional num- 
bers and simple reasoning. The dif- 
ference between 7 and # is ;;. 3 of 
7x is ay. Adding 7 to 3 gives 34 or 


The second problem requires a 
pattern discovery by the children. 
One description of the pattern is as 
follows: 


| 


The denominator of a given frac- © 
tion is found by adding the nu- 
merator and denominator of the 
previous fraction; the numerator 


7 | | 363 


tl 


Solution: 





For use with page 27 


Use al notation to pp ieee each numb 
4: ct Sx 100) (7X1000)+4-x10)+1 (2x10000)+@x100) 
-a7cexio)47 4. a611S0GOat 7. 7041 10. 20631 “10 
Tx 1000) + (3x10), 3X10 000)4(6x1000) + a 
2. Dea eG AXE. 7309 8. 36 482 (4 x\00)+(@xi0}h211. 761 265% (en10.000) 


3. 60%6x100) +3” 6. gp20 erento 83 722(Bx10 000) 12. 900 340 t(2xi00) + 


Coxio)+S 

Give the correct sign (< or >) for each ll. £Coxloc) +2.x10) celanies 
13. 261 | 281 < 16. 6721 |) 6689 > 19. 23621 lll 22899 > 

14. 639j[l}631 > = 17. 12.407) 13006< 20. 32 507'RlI||l 31 607 > 

15. 4368 |) 4568< = 18. 84 732 ||) 84. 901 < 21. 53 688 | 53 788 < 
Gee ete Ae la 

(} % 10) PA OL (A & ae 1 HAE PONG) SF 1D) 10° GS FqhO DOO trid On 400) + 

Reflected answers, Set 1: EE RT te SS Aes 6 a x 1000) + (e@ x 100) 


For use with page 27 


Give the amber for a. Then give the product for b. 


1. 6 x 103 = 6 x a = b\000;6000 4, Ale cole ila Se ieee 
OO 000 32,100 000 

DrliGe<i1 06 13 eas] 100'; \300 5. 42 x 108 dex od och 

Sane 107 —8/ oqgai= b 10000570000 6. 35 x 104 = 35 x b 


poet 450-300 
Give the number for a. Then give the power of ten for b. 


7. 700 =7 x a=7 x b \00; \o* 10. 15000 =15xa=15xb 2 
8. 4000 = 4 x a= 4 x b\C00;\07 11. 60000 =6 x.a=6 x b\Gf>?’ 
Ome 000 = 38 @a-— 38x b\000; 0% 12. 40 000 = 4 x a= 4 x blocce; 
Write each of the following as a product of a number between 1 and 10 ia 
and a power of 10. 
13. 700 7x.102 15. 7000 7x1o2 17. 400 000 4x10® 
14. 30003x\0” 16. 80000 8x\o* 18. 900 0009x\0° 





TO "10007 10, 13 0S 2 0 a Yr 105 
Reflected answers, Set 2: J° 1000: e000° vt 100000: SJ00000° JY 100: J0s5° 





4 





et3 | For use with page 33 


Find the sums and differences. Use base-six numerals. 





























1252 (6) 2. 4(6) 3. 3(6) 4. 10,6) 
+4 (6) +3(6) +5(6) —5(6) 
1Oce) Ne) 12.6) VG) 

5. 106) 6. 15,6) TABiG} 8. 11,6) 
+46) —5(6) +5(6) +4(6) 

l4¢) \O@) 2206) 15) 
Find the products. Use base-six numerals. 

9. 3(6) 10. 5,6) t= Se) 12. 3,6) 
x 4(6) x 2(6) x 5(6) x 4(6) 
206) \46) AVG) 20(e) 

3 eZ (6) 14. 10,6) 15. 13(6) 16. 14 (6) 
x 4(6) x 2(6) x 3(6) x 4(6) 








12 (6) 206) 436) 104 ce) 


Reflected answers, Set 3: J° JO) * gs° JJ * ar SOM)* Jor sel) 


Set 4 | For use with page 417 


Find the missing number in the addition and multiplication equations. 
Then solve the subtraction and division equations. 





1a44=13, 5. c+5=11 2 © Sick 7osg = ign he Oem 
13-—4=a 11—5=e 35 =7=c- 0+6=b— i 

2.5+8=15 _ Oo eras 10. rx 3-187 14. wx5=45, 
15-8=b6 14-6=s 18—3=r 45—-5=w 

Sh Gigs qe Ue PS Ea a) Oe W.sx7=21 15. tx 7=56 
12-—4=x 16-—9=r 21+7=s 56 —7=t 

seevat© NT 6 8. w+6=13 7 12. ax8=56 7 16. dx6=48, 
17-8=w 13-6=Ww 56 —-8=a 48 -~6=d 


Solve the equations. 9 
ieoro = 215. 19. 3cs 4a 21. 72-~w=8 23. 36=tx6© 
18. r—9=4\3 20. (64=8) x 8=a 22. 6=14—b° 24. (68 — 38) + 38 = res 


Reflected answers, Set 4: J° 9° ®@ @* 9° 2®* 33° 0 


A-2 





> For use with page 49 


Give the numbers for a and b. 


1. 


10 x 1000 = a 10 OOO 
10! x 103 = 105 4 

100 x 1000 = a 100 000 
1024 102= 105 5 

10 x 10,000 = a |\00 000 
TOS 104 105-5 


Find the products and quotients. 


4. 40 x 700 = a28000 
40 x 700 = 28 x 1043 


5. 500 x 80 = a40 000 
500 x 80 = b x 10340 


6. 900 x 800 = a 720000 
900 x 800 = 72 x 1044 


7. 30 x 60 1800 12. 4800 — 60 8o 17. 700 x 963.00 
8. 4000 = 80 50 13. 90 x 80 7200 18. 80 x 604800 
9. 9 x 400 3600 14. 1200 + 60 20 19. 4900 + 70 70 
10. 1800 + 2090 15. 60 x 704200 20. 800 x 32400 
11. 4 x 700 2800 16. 50 x 50 2500 21. 3000 + 5060 
8° p0° JS 80° J3° ASOO* JA e300° 48° +800 


Reflected answers, Set 5: J° /Q000'"° #€ S8000'2° MM {800° 


1t6| Foruse with page 53 


Write and solve an equation for each exercise. 


i 


Reflected answers, Set 6: J° 


. If you divide 42 by 6, 


The sum of 6 and 3 C6+3) x 7=63 
is multiplied by 7. | 
What is the product ? 

42 = 
then add 2, and multiply ( So 25 nia 
by 4, what is the result ? 

Find the product of 

5 times the difference 
of 15 and 8. 

What is the quotient (35+5)=5=8 
when you divide the 

sum of 35 and 5 by 5? 


5x(i5-8)=35 


(e+ 3) xX \=@3 





5. If you multiply 4 and 6, 
then add 16 to this product, 
what is the final number ?(4 xc)+\6 


6. If Gis multiplied by9and ~~ 
12 is subtracted from the 
product, what is the result ?(9 xe) 
7. The sum of 6 and 3 V2=42 
is multiplied by 4. 
What is the result ?(6+3) X4=36 
8. Beginning with 36, what is 
the result if you divide by(ao=9) 


9 and then multiply by 8? *?> 92 


BP’ (t¥ x e) + Je = 0 


A-3 


For use with page 69 


Measure each of these segments to the nearest centimetre. 


aa i 





1.) 2 len eee 
2. oécm 3. Bem 
4 12 cm 


Bp De re Fee ee 6. 
Find the perimeter of each figure below. 


8. 
Aocm 





Reflected answers, Set 7: J//o4* JS CW 


For use with page 75 








Give the number of lines of symmetry for each figure. 


Which figures have exactly 1 line of symmetry ? 4 
Which figures have no line of symmetry ? G 


4. 5. 6. 


Reflected answers, Set 8: J°' v* ¢ J 
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For use with page 85 


Find these sums and differences. 
































Beni uA2 28 104.2: 56 oy. oi 144466, 7896, 321 
Bee Se a +48 —19 +78 +468 
6. 640 2987. 461 '!2628. 533 379. 520 61410. 769 
82 —558 —163 +729 —483 +845 
11. 825 14912. 925 621813. 1376 51414. 1761 \20\\15. 6538 
1291 +4466 2776 +4842 eS 12A7 +5473 
16. 5049 208517. 4231 75418. 2642 19. 7487 20. 8076 
1680 _3369 —2146 —1888 [4078 +6591 ITO\\ +8935 
21. 561 22. zh 23. 6483 24. 3651 25. 4863 
970 §6=6.: 48 3693 257 6882 21 8570 4888 1064 295 
+361 +3405 | +378 eee +5906 
Reflected answers, Set9: J° 80° S' Jov’ 3° 48° W Ide" B® \ga 


For use with page 93 | 


Find the products. 


Wa 42 2. 


x56 Zoe 





Gree? 7, ve 


os 2565 





ie 730 
S 42°° 996 


16. 543 


945 
. 43811220 


21. 


Reflected answers, Set 10: 


12. 


17. 


22. 











83 Sea Ve A 17 0. 62 
54 8. 74 9. 243 10. 576 
Saisie sande x 56 4144 x 37 8991 x61 
409 ASAMLOS 14. 465 15. 827 
615 18. 753 lowe ooo 20. 
2648 23. 7407 24. 6532 25. 4309 
3949 008 % gag* 199 136 o 433° 154 956 


J” 3325 ° 














3° 3988 © 








3° J\\2° 


tT yess ° 











2° 5108 


A-5 


25 \36 
x 3629 Three 
408 
5 807229 256 


ee 43! 047 O87 





Find the quotients and remainders. 


For use with page 103 





6 R4 BRB DR Scr BR2 reese RD. 
1. 27)166 2. 51)258 3. 34)243 4. 69)209 _— 5. 56) 226 
wea 5R2 ERS ng 5 paemrsoniesemrurs yo 
6. 42)255 Tue2 107 8. 64)389 9. 73)295 10. 32)262 
6RDS 5R3 5R4 @RS 7R5 
11. 75)455 12. 48)243 13. 81)409 14. 58)353 15. 25)180 
“ORT 6R3 4R3 5R2 AR3 
16. 67)610 17. 19)117 18. 92)371 19. 31)157 20. 88)355 
5 RS 8R3 5 R4 6R3 4R3 
21. 95)478 22. 46)371 23. 70)354 24. 83)501 25. 28)115 
Find the divisor for each exercise. 
48 72 64 52 61 
26° |jll)240 272 \\il)576 28./ |\lll)448 298 |Il)312 30° |lll)549 
Reflected answers, Set 11. 1° @ BY S' 2H3° 3° \ Be TT SBS° 2B HS 





Find the quotients and remainders. 





Set 12 | For use with page 105 








73 RI2 41 R46 56 RIS 23 Rd5S 93 R25 
1. 34)2494 2. 61)2547 3. 24)to27 4. 87)2054 5. 46) 4303 

25RI\I 75Re 73 RIO 66 R2) T5SRI2 
6. 93)2336 7. 41)3083 8. 66)4828 9. 51)3387 10. 22)1662 

42 RI4 6\ RIT 63R8 62 R24 5ERI\5 
11. 38)1610 12. 95)5812 13. 39)2465 14. 63)3930 15. 83)4663 

33 R6 53 R23 B4 R14 72 R8 24RT 
16. 24)798 17. 48)2567 18. 88)3006 19. 55)4023 20. 69)1663 

7IRI2 48RE 56 RT 84 R3I 42 R3l 
21. 96)6828 22. 29)1400 23. 32)1799 24. 60)5071 25. 45)1921 

73 RS 30 R\2 7\ RG 93 R9 36R24 
26. 84)6137 27. 67)2022 28. 73)5189 29. 57)5310 30. 92)3336 
2° 33 W352 
Reflected answers, Set12: J° \3B/5° 3S’ vj bYe* 3° Pe KI2 TT 33 Ha3° 





A-6 





For use with page 177 


Find the quotients. 











328 5006 o4| 434 
1. 36)11 808 Bra 221252 3. 53)33 973 4. 81)35 154 
515 345 408 624 
5. 64)32 960 6. 72)24 840 7. 26)10 608 Ss oZ0 002 
733 416 215 G34 
Ore) sl 10. 84)34 944 iio) Lo 295 12. 46)29 164 
220 453 872 536 
13. 51)16 626 14. 65)29 445 15. 38)33 136 16. 15)8040 
412 31S bit 723 
17. 94)38 728 18. 74)23 310 19. 86)44 204 20. 54)39 042 
642 AG62 385 3565 
21. 20) Lao 7 6 22:7 30) Von ZO 2a: 62)23 870 24. 15)53 475 
Bis 509 4306 941 
25. 34)27 710 26. 52)26 468 27. 81)35 316 28. 46)43 286 
Solve each story problem. 
29. There are 12 eggs 30. Mr. Perez gets 16 km to 1 litre 
in one dozen. How many of gas. How many litres of gas is 
dozen in 60 816 eggs ?5068 needed to travel 2302 kilometres ? 
JN WS 18° 312° J8° 2It* SO" ASB 


Reflected answers, Set 13: J° 258° 


Set ’ For use with page 173 


Find the quotients and remainders. 


5io 


1. 36)18 576 Zi 
A426 


5. 82)34 932 6. 
1346R2 
9. 62)83 454 10. 
2413 


13. 91)219 583 14. 
4638 


17. 28)129 864 18. 





Zi 

48)29 808 
51S 

3) PAT) aes 
G2i2 
15)93 180 





3402RIl 


56)190 523 


Zo5( RIS 


84) 222 699 
ee 
300)2700 


3° 20e° 


11. 
15. 


a 


3 ew oO Y3t° 


345 


66)22 770 
743 


. 38)28 234 


5411 R15 
21)113 646 
6433R 
17)109 370 
5064 RI3 
32)162 061 
ai 


Sg 


aeaeeat 
21. 400)2800 22. ; : 


JM. ve3s* J8° Sep! KI2° 
Reflected answers, Set 14: 


Ja° J8t3 BS! * 


23 


30° 


Jpeere GS’ esl” 


434 
. 71)30 814 4. 
o54R8 
. 2/7)17 666 8 
4318BR2G6 
73 j)310 240 12: 
4064 
45)182 880 16. 
1843 RZ\ 
63)116 130 20. 
4 
544)2176 24 
poet B/I3 


3° $30 aN YcaNeS 


432)3024 


A-7 


Se | For use with page 127 


Copy each factor tree and give the missing factors. 


1.2\(ll x Illl7 2.3 {i x MS sey | 3. 3-7 x il 
Ie Ne Ps, hs a 
pageer 
7 3 2 i 37 
4. iH x II >< Ih til x i x il 6. it x ry x fh j ik 
7 ll. x Alle 7 ae ie a Sec 
2 5 2 13 13 2 5 
Te MM >< x HU Ih 8. iy x MN > 9. i x il x i x f 
10 I. Ize 13 MhlINK oA lllto 5 i x alli x ill 
260 130 = il x ili es 
315 


Reflected answers, Set15: J° 5S \ SY 3/3 BAL) 


| For use with page 133 


Complete the following. 





List the factors of 14. 1,2, 7, 14 . pede Pe Se 
List the factors of 20. 1,2,4,5, 10,20 
List the common factors of 14 and 20. !,2 


ny hhc de oS 


What is the greatest common factor of 14 and 20?2 


Use the method above to give the GCF for each pair of numbers. 





bet 5bAD0 2 67.12, 3612 7. 24,60!2 8. 36,666 
Use the prime factorization method to find the GCF for the two numbers. 
Be SS) LeW A  he, 11. 48,568 13. 49,637 15. 45,729 
10. 26,5226 12. 39,6513 14. 42,7014 16. 36,1604 
Sadly Si te 


Reflected answers, Set 16: J° JS \iv’ SoJoSt2 10 SO° 





A-8 








1. List all the multiples (to 54) of 6. 0,6,12,18, 24,30, 36,42,48,54 


2. List all the multiples (to 52) of 4. 0,4,8,12, 16,20,24,28, 32, 36, 40,44,48,52 
3. List the common multiples (to 48) of 6 and 4. 0,12,24,36,48 


4. Give the least common multiple of 6 and 4. (2 


Use the method above to find the LCM for each pair of numbers. 


oh en FM 7. 12,14 84 9. 4,24 24 
6. 14,18 126 Be 21550 IO 10. 21,9 G3 
Use prime factorization to find the LCM for each pair of numbers. 
13. 30,4 Go 14. 18,28 252 15. 15,36 180 


Find each of the following. 


17. The LCM of 3,9, and 21. G3 


18. The LCM of 4, 7, and12. 84 
19. The LCM of 9, 30, and 42.430 


Xy v8 15 Je 50° Sv S58’ 35° 3e’ tO’ tv tS’ eS * 
Reflected answers, Set 17: 


3 noe ae NS! 
J @ iS 18° S¥ 30° 3e' tS we ed” 


For use with page 135 


Complete the following. 


11. 28,40280 
12. 24,32 96 


16. 21,4242 


20. The LCM of 7, 15, and 20. 420 
21. The LCM of 14, 24, and 33.1848 
22. The LCM of 18, 36, and 42.252 


t 


1S 


For use with page 147 


Tell whether or not these fractions are in lowest terms. 


1 


ce vod 
P| RIO 


20 


Nlo ale als ol 
dl old IY ws 


yes 


yes 


5. 
6. 


19. 


20. 
21. 
22: 


less-yes 7 
2. $4 no 4. 
Give these fractions in lowest terms. 
3 
11.36 15. 
9 
12.2% 16. 
2 
13) se 7h 
z 
14, #2 = 18. 
gao3* ge 2* ya 


Reflected answers, Set 18: 


33° 2° 
Jo Ase ° 


S\ = 


ls Ole 


nN 
~ 


OW Wir AW pip 
rate als als mals 


3° Ase’ 


no 


yes 


Niels wo js 


23. 


24. 
25. 
26. 


. Jo * AW 


ale WwW 


Ie lo 


(o) 


or Nie Ca Sie 
QIN K|00 O1N = QIo 


Yo° 


wi- 16 wl- oN 


27. 


28. 
29. 
30. 


“yo: 


A-9 


ic 
NID 


als 
= 
Oo 


N PW OL 
SIS @ke Sls 
|p Ol 


foe) 


_ 
fo) 


Se For use with page 157 


Give the correct sign (= or #) for each TUE 
Use the cross-product to help you find your answer. 





epi 4. ill 28 7 8b = 10. dD = 
¥6 Il) 28 5. 2 ll) 38 = 8. Silhis # 11. 33 if 38 = 
3. 2 — 6. 43 ill 33 9. Sibs 4 12. ilies 
Give the missing numerator or denominator. “en: 
13. 3 = ie 16. 97 = 10 1902 ae 22.°%i, = 35 
14, 5= 2 ese 20. 12 = #4 a6 23.4 = 12 
15. 13 26 18. =i 21.) Bien & 24, 81 = 4 46 
Give the whole numbers named by these fractions. 
25. 22 9 26. 2 7 27. 2 8 28. 4% © 
ge so° Ja v8° SS 30 
Reflected answers, Set19: J°=° WY S*° MW =* JO =* JZ 12° 





Give the correct sign (< or >) for each i. 


1. alk < 3. Bills > 5. dbs > 7. $l > 
2. $illhs > 4. 53s < 6. Bhs < 8. 5 ibs 7 
Solve the following short story problems. 
9. 57 centimetres. 3 metre. 12. 748 metres. jkilometre. 
Which is longer ?-> m Which is longer : 22 Km 
10. John works 2 of an hour. 13. Sam ate 2 of a pie. 
Ted works 2 of an hour. Mark ate Z of a pie. 
Who works longer? Ted Who ate more? Mark 
11. Mary answered ; of the test 14. Joan bought { of a metre 
questions correctly. There of ribbon. Sue bought 
were 80 problems. How many 88 cm of the same 
did she get wrong? 20 ribbon. Who bought more ?Sve 
Reflected answers, Set 20: J) <* 3) >* @ >* Mw >* ae ne bees 


A-10 





For use with page 159 


Make your own lists of equivalent fractions until you find two fractions 
with the same denominator. Then find the sum or difference. 


1, 3+ x : 2. 2_ 1% 3. 1+ ae A Soe one 
5. ib + bo 6. §- ie 7. 3+ tt 8. 2+ Ath 
9. - 3% ‘Wissen ewghcs 0) aie aedeee 12, $+ p42 
13, 1+ 335 14.2 -2% 15. ¢— 33 16, 1-1, 
ye Shasehe es 18. 34+: 19. 3+ 331 20. 3- 34h 
Reflected answers, Set 21: J)5° SS° 32° ¥ 


| For use with page 163 


Find the sums and differences. Give your answers in lowest terms. 
Mixed numerals may be used instead of improper fractions. 


= Peele 3 {3 
so, 2k Band 3h Je he Se 
ears 23 5 
5. 7 + io 70 oe galt 7. +2 8. 3-54 
abet ul oe or tl ies: 
ie lad TO ee 11.8-i245 12,.$43 2 
\ a 1 
13. $— 475 14. 2+ 335 15. 3-125 18: at te 
sy got eae ree 19. $4343 1 
20.3+3+3133 21, 22 i fae 22. 3414+322 
9g 
23,2424: 24.24 844 28 25. 2444214 


iy i@* ye 82* sar 18 ; 
Reflected answers, Set 22: Jo °° SI BS t 4S 


A-11 


For use with page 167 


Write an improper fraction for each mixed numeral. 







19 SPST Wee D I varie 
acre 2. oy 3 ag ae OA ane 
a 8 ; — iy oes jee ap : 
223 5 1 3 
6. 275-76 7. 52 35 ob Ze aia eRe Ue 10. 105 53 


Tse 12, U5 13. 323 1 Shears 
16. % os 17. 7 o3 18. foole Rb is 2 UREA ae 






21. 74=8+nt L. 32}: 
24. 3619 = 39 +n 1 25. FERRI Ge 26. 92 = 2 
27. 434 = 44 +n 3 28. 122 = 14404 29. 264=n+i2g 





Sik Gou SS =~ S332 
Reflected answers, Set 23: 13° SB’ 3 & wt GS 2B ZB 


For use with page 169 


Find the sums and differences. 


ee 











Ve et ae . 
Seb te eee 

7. gO cea Saat, 
+32 cotet ae tse \Gis 





136522" 14. 46} 315. 122 _16. 43; ain 
+3125355 +101 562 +283 423, 4212,65%5 


19. G12 e200 oe le 22..pe2 25 meed. 


+33 435108 +82 214 _42 At +113,33ie0 





Reflected answers, Set 24: §°/2° soi’ 3S 4 





A-12 


For use with page 175 


Stock Exchange Prices (dollars per share) 





1. In 1968 the average share of transportation stock cost $503. 
Patni 970, the price had fallen to $3275 per share. How much | | 
tiga. more did: an average share cost in 1968 than in 1970?4 ISs 2 more 


2. An average share of finance cost $49 in 1967. How much more 


did an average share cost in 1969 ? $20 2 io More 


3. How much would Mr. Lawson have paid for an average share of 
transportation and an average share of finance in 1968 ?¢ Nos 

4. The price of an average share of utilities steadily decreased from 
1967 to 1970. How much more did it cost to buy an average share 


in 1967 than in 1969?$ 27s more 


Reflected answers, Set 25: J° 2/9> 


| For use with page 177 


Give the numerator for a and the whole number for b. 


Woe se bt 40/10 3. (= 8s 
2, S@=2+3=b + 2055134, 2a 44 


Give the number for g and the number for r. 


Then give a mixed numeral for m. a 
d 


NI- 








= 6 + $9,175. $=44+4=b+3 50525 
4=b + 436;12 6, 2=2+ b+ 


Pat 451; 3 
Zs i =24*+ f= miei33©3 9 57 _ 9 het Henry 11. B= ok44 5 = mi553;155 
2 
8 2 saxeye 10. P= 2*%*24f=m 12. = 9%* 4+ $= M4523 142 
7 2 2. 235 ° NG (ites : . eee 
Give the mixed numeral for each fraction. “ 
2 | 
13. 22193 15. Bia 17. 2323 19, 328465 21, SOs 
14, 1242604 16. 22153 18. 14428 20. 125584 22. 8221062 
Reflected answers, Set 26: J° v0: 10° 3° JJO:JA\° ® PO’ SP 





A-13 





| Set 27 : For use with page 185 





7 aa Ss ares 1 Hl! 
Like =n 5B. 4xf=n 5 2 EXG=NBR 13.35xXG=97, 

at 6 1S 1 
2,4xi=n 2 6. 6 xfZ=n | 610.15\% = ome ld., 2 Xa hos 

12 

3.5 xhb=n> 7.4 X42 syd 12x fee se 

l \ 
4.4xh=0 eo 89x P= nto ee) ee Onde re | 


Write and solve a multiplication equation for each problem. 


17. Mary has read 15 books this year. Joe has read only 4 as many books 
as Mary. How many books has Joe read? ISx5=3 


18. John and Steve decided to run from John’s house to school. Steve 
ran 4 of the way to school. John ran only 3 as far as Steve. What 


— 


part of the wav to school did John run? 2*3~ 6 


Reflected answers, Set 27: 1° °° 2 e* a Sys 13” 3a IM J2 x f= 3 


Set 28) For use with page 189 





Give the number for n. 


a c= T {2a 
al Shope ah 1 2 oes 1 vs we pa 
1.6$x2=5xnx;e 3. 13 xX 2 = 13 he Do. 5 X IO =n xe x 15 
1 = i 1 1 2 i! 1 1 > 
2.2xX5=NXEXG 4.3xz=nx5xe 6.4x2=4;xKnxih 
Give the whole number for a. Give the fraction for b. 
Then give the missing product for p. 
\ 2 
7. 2x 2= (3 x 4) x (3x 4) =a x b=P9izo3 Z = 
dail ertt seSe 
8.2x4=(5% 2) 2 x9) =a b> pion a 
Copy each equation. Give the product for n. 
Ss IZ 2l , : 
9.5% 3 = nz" 12, 3x f= nerve 18..4% Gee Nae Sere Xo ee 
te 
10. 2 6 nee is 13. ip X 2 = 21 16. Tg ee cemaeS 2x 2=n¥: 
11. 3X B= N09" 0.14. ox Se es 1/7. eee 20. 2x 2=n2 


ieee deel Ore 
Reflected answers, Set 28: J° 3° 3° 5* B \* a ost ys SSars' 





A-14 





29} For use with page 193 


Use the distributive principle to find the products. 








1. 3x 7352 2. 8x 92 76% 3. 6 x 442565 4. 5 x 65 4% 
Bags, wiet: 6 iu Tf eed §. 32 
x3 '65 x 73 STIs xg 2° x65 242 

Replace each mixed numeral with an improper fraction to find these products. 

9. 32x 41 16x 13. & x 54 13% 17262 x5 45 21. § x 83 67 
10. 2x 51 3% 14. 71 x 21162 18. 81 x 91.77 22,2x 42 52 
11. 14 x 637% 1s gx Sau, 19. 58x 12\08 23. 2i9 x 4316 
12. 23, x 12244 16> 23x 2.35 20. 32 x 42 164 24. 61 x 34\9Zo 


53S EN es eT | ; | 
Reflected answers, Set 29: J° 25° S' \es* 3 See’ ww vE* a sets 


For use with page 197 


Use the shortcut to find these products. 


deat G <7 ie 5 16 2 7 cyuew 5. 16 | 
Liki ele piets Os a4 Ss Me ES OEY 13. 3X a 5 
4 9 9 3 i ay 27. 24 2 16 35 5& 
7 <a ik 6 eas Ss NOMS. <ose s 14:9, 90 >< 
5 9 3 12 3 14 332 9 32 \e 
3. 3X 2S Teos 283i a 11 os 35 7 15. Ta 45 38 
2 9 2 15 5 6 243 7 55 2 
4.3x 2 3. 5 issn Ween cee i. Gica, 33 4 
Complete the function tables. 
Function Rule Function Rule Function Rule 
25xn 
n Ff (#7) 
2 
ite: 23. 35 lll 2S 
( 
he 24. 33 [72 
ra) 
19. 25. 45 Ih vs 





ia = sa if 
Reflected answers, Set 30: J) °° 2 * a@  * 43 JN 


A-15 





Solve the equations. 


(31 | For use with page 205 


1.723=nx47 2.11 +22nx $i 3.13 p=nx HR! 
a 5 
4.22 22nx&ss 5. i= a diate oe 6.23-2=2xn<Z 
ES 12 
Teeh=§xnB BABAK ne 8 9 Be Banx He 
Find the quotients. 
t ; 4 £ 
10. + 2le 11. 3+ 2 12. 3+ 427 13. 2+1\4 
Z nL : pi ; x 
14. 3+ 325 15. 7 + 2\03 16. 39 =—2\4 17. 3-\s 
3 \ 2 
18. 2+ 35 19% 2 6 es 20.527 ta 21. 2-2-4 
\ e) . 122 ib, 
22. 3-3 '4 23. 2 + #6 24. ~~ 423 25. 4 + Ble 
Is) 53 13° 42 


Reflected answers, Set 31: J° \° 3S 





Find the quotients. 


1. 23 = 3 O53 2 Bite 
5. 13-253 6. 38 = 1128 
9. 41 = 31135 TON 2s ee 
Simplify each expression. 
13. 2 32 14. 2 
+ $28 
8 10 
Find the quotients. Check your work. 
17. 49 +6 8% 18. 37-494 


21. 371 = 5745 


t3 : For use with page 207 


22. 1945-56 305 
25. 2314 = 63852 26. 849 ~ 71219 





3. $+ 4534 4. 73+29 
7. 4p +1325 8. 25 + 3322 
11. 332,19 124 esse 


159 2 te 16. 2 1 
roe a pe 
8 0 


20. 239 = 7344 
24. 165 — 9\8s 


3 
19. 123 ~ 4304 
4 
23. 431 = 7¢l7 


27. 3642 = 94043 28. 4733 = 4\\83% 


Reflected answers, Set 32: J° 0° S' 3°’ 3° : 


A-16 





Rs 


For use with page 217 


wal | Mike kept a record of his last three math test scores. They pete 
DenT8, 83, and 86. What was his average for the three tests? 24 


RT a] 


_ 2. Mr. Haley bought 183; kilograms of wheat and 4653 kilograms of rye. 
cP peer kilograms of grain did he buy all together 7648 \E 


3. Mike weighs 453 kg, John weighs 66} kg, and Tom ake 135K: 
How much do the three boys weigh together ? Ia53 


4. The temperatures in Vancouver for the last 4 days have been 22°C, 


21°C, 25°C, and 23°C. What is the average temperature for the last 
four days ? 222 


5. Sam's beagle weighs 12; kg. Bill has a collie that weighs 222 kg. 
How much more does Bill's collie weigh than Sam's beagle 29% 


Reflected answers, Set 33: J° 852" Ss ers;s 


For use with page 237 


Find the sums and differences. 





























BA, 0:36. 22 320073 4.4.5) 57 88 
+0. 48 a +0.59 — —0.62 —1.81 +4.76 
0:84. 4.31 0.11 2.70 7.64 
6232. / The MAOIs) 8.- 5/631 Oe 12.647. 10, 15.04 
+4.89 —13.95 +4,782 +13.89 —7.65 
37.59 eal 10.413 26.237 1.39 
ite, GOR Hs) V2» OOS2 13. 46.28 14. 54.07 15. 66.9 
+702.9 —0.018 +39.57 —25.95 472.43 
WO06.5 ~ 0.014 85.85 28.12 139.33 
A62072:36 i. eo 2031 1826 326: 19m 52.6 20. 93.66 
—7.88 +46.799 —211.9 —14.91 + 43.77 
64.48 128.830 4.8 37.69 137.42 
21 5.461 22. 6.042 23. soa 2 24. 264.32 25. 48.72 
+ 7.957 —3.789 + 467.95 —95.71 —3.98 
13.416 2.253 B22 «lit. | 8.6 | 44.74 _ 
Reflected answers, Set 34: JOST gs 3) 3 :O!! @ S\O* B Ver 


A-17 


| For use with page 235 


Round each decimal to the nearest hundredth. 


1.0.4760.48 2. 0.5060.51 _ 


Round each decimal to the nearest thousandth. 


8. 0.88385 
0.804 


7. 0.53291 
0.533 


6. 0.62532 
0.625 


ey AS 


3. 0,8760.88 4. 0.732, 


9. 0.73884 


Round each decimal to the nearest ten thousandth. 


117 0.56675 — 12.0°40316 


0.5668 


13. 0.95437 
0.4032 0.9544 


Round each decimal to the nearest hundred thousandth. 


16. 0.013711 
0.0137) 0.72349 


Round each decimal to the nearest millionth. 


17. 0.723488 18. 0.503267 
0.50327 


19; 0.365228 





3 6. 0. Newey: 32 
1 Otel = 


0.739 


14. 0.21382 
0.2138 


0.36523 





10. 0.48741 
0.487 


15. 0.32609 
0.326| 


20. 0.630105 
0.6301) 


21. 0.3651322 22. 0.7040321 23. 0.4379264 24. 0.9846278 25. 0.6437885 
0.365132 0.704032 0.437926 0.984622 0.643789 


Reflected answers, Set 35: J°O VS" 


SOE 


37088" WOA\3° 


Pa 


For use with page 237 


Find the products. 
1.10x 0.5858 9 


36.15 
100 x 0.3615 10. 
821.| 
1003.21 
4.73 
10 x 0.473 12. 
37.6 
10. x. 3.76 13. 
ZNO 
100 x 21.5314. 
3276.2 
se OO07X* 325/62 D: 


DAI 30.5 
100 x 0.0541 16. 


oe 1 Oo a Fw DK 


Reflected answers, Set 36: J° 29° 


0.87 
10 x 0.087 18. 
oz 
TOE Xe3 22 19. 
5603 
100 x 56.03 20. 
5073.6 
100x850 7365024" 
4632 
10 x 463.2 22. 
0.6 
100 x 0.0064 23. 
10 x 3.05 24. 


3° ¢3\0- 


32 

100 x 0.32 27. 
400.6 

100 x 4.006 28. 
602 

100 x 6.02 29. 
5.01 

100 x 0.0501 30. 
30.| 

10 x 3.01 31. 

65.2 
1000 x 0.0652 32. 


IV003* $203 


. 10 x 345.62 







emis 2 


42670.3 
100 x 426. ce 


56.\2 
1000 x 0.05612 
700 
1000 x 0.7 
40 
100 x 0.4 
20 
1000 x 2.006 
TO 
1000 x 0.07 


O6 








A-18 





oe 


ee ee ee ee 


i 


For use with page 239 


Find the products. 


1.06x 0.503 6. 0.32 x 0.04 Ae 
0.0128 
2 Ole 20. o10.56 7. 0.76% 0,21 12. 
0-\15696 
3. 0.4 x 0.720.298 8. 0.05 x 0.45 13. 
0.0225 
4. 0.65 x 0.30195 9. 73 x0.9657 = 14. 
5. 0.42 x 0.8033610. 0.82 x 0.06 15. 
0.0492 
21... 49 22 a 0.6 
<3.2 15/68 x 0.54 3.672 
25a 422 26. 2.43 
x 0.6145 262 x 0.711\.72773 
SI’ joes’ SS’ ze\5' S32 se: St segg 


Reflected answers, Set 37: }°0°2°@' O'O0/S8° Jd° OP! 


0.7 x 0.930.65)16. 


0.21 x 0.56 
0.33 x 0.61 a 
SER xO] 


0.31 x 0.48 
O.1\488 


23. 2/.2 
x 0.513.6 


2I* 61.42 
x 849).36 


gle O-N0S8 - 


24.2 x 0.7 
0.031 x 0.6 0.0\/S6 
0.42 x 3.61 
1.45 x 0.32 0.464 


17. 
176 
18. 
ifs) 
20. 


0.74 x 0.22 0.1628 


16.94 


).5162 


24. 3.84 
x 0.72 o88 


28. 4.26 


For use with page 243 | 


Estimate each product. Then find the product and compare it with your estimate. 


ie 24306 205.6 4 01407 ALTOS 7.2394 5 


240.0 x00) 243 


Find the quotients. Check your work. 








32.1 4.63 

13. 5)160.5 14. 7)32.41 15 

of cag 

17. 9)42.408 18. 12)87.6 | 19 
56.2] 0.5 

21. SIRES 22. 30) 16. 20 23 

25. 20)96.20 26. 70)2275.0 27 

Poe yoeog la g7yeo" > Te" 3e"7 

Reflected answers, Set 38: J° S028: W J \08- 


OOD 96ex /4172 8. 322% 7 229.417, 
mone) ip woes 6.7.64 x 3 °22.92.9.24.7 x3 wA.! 12. 





0.643 x 6 3.858 


714.34 
334 


8.26 x 9 
83.5 x 4 








40)14.440 
is... 26.3 
. 60)1698.0 


11.9210. 
0» 765 

. 4)3.060 16. 
0.326 

: 10)3.260 260 20. 
__ 44.51 

TO) 222. oe 24 

5.63 
. 80)450.40 28 
Ay Jiiko See 10 4.3:828 } 


A-19 


For use with page 245 


Find the quotients. Check your work. 








82 ©.7 \rgneus Breede ees 
LEON, 22a oa +2,,0:5)3:355" Sheet ae Os 
Dee 0.52 
5. 0.21)1.0962 6. 6.3)3:276 
72 eOs3 Wh 
9. 5.7)410.4 10. 4.8)1 1.488 
822 0.05 1.4 
13. 0.06)49.32 14. 0.36)0.0180 15. 8.2)0.574 16. 0.61)0.854 
él 125 46 21.1 
life O.5) 2oe0 18. 0.003)0.375 19. 9.4)432.4 20. 0.26)5.486 
32.1 48 82 2 |4 
21. 0.52)16.692 22. 7.3)350.4 23. 4.4)360.8 24. 0.38)119.32 
22 6 6.| 1.4 
25. 8.6)19.584 26. 4222) 252 27. 7.63)46.543 28. 50.4)70.46 ; 


Reflected answers, Set 39: J° 35° SY GC\l’ 3° 3% ¥° 8 


For use with page 249 


Write a decimal for each fraction. ute denominators are ALIS of 10 or 100.) 





| Tae Lb ey ee eee 

1, $025 2. f04s 3 hos Ave omnes 

6. 240.42 TegeO7 8. 220.92 9. 350.65 10. 55 0.74 
Use division to find decimals for these fractions. 

11. £028 122152: 13. £04 14. 50.35 15°35 0.6 ae 
16. 2018 17. 2012 18. $0.12 19. 350.36 20. 350.05 


Find the repeating decimal for each of these. 
21. 750.41606.. 22. 740.3888... 23. 30.666... 24. 0.444... 25. 750.08333, 
26. 330.272727.. 27. 730.2777... 28. 740.636363... 29. 340.58333... 30. 20.333... 








Reflected answers, Set 40: J'OS2> gs(Ove* 303° gO '0°e8 





A-20 


For use with page 257 


Give each quotient rounded to the nearest hundredth. 








Os Sans 9-73 0:69 0-73 
1. 6)2.088 2. 4)2.93 3. 7)4.836 4. 5)3.6421 
0.52 _0-20 Ug ON 
5. 1.6)0.825 6. 2.4)0.4732 7. 3.6)4.271 8. 4.3)0.6125 
12.22 7-67 O-7! 21-01 
9. 0.26)3.436 UO O73)9°9821 11, 5:2)3.7076 12. 0.34)7.3478 
12.03 0-72 0-79 23.51 
13. 0.89)10.7065 14. 6.4)4.609. 15. 2.1)1.654 16. 0.46)10.8149 


Give each quotient expressed as a mixed-decimal numeral in hundredths. 

17. 7)1.720.24% 18. 4)1.470.363 19. 2)12.716-35% 20. 6)0.730'26 
21. 9)2.369-265 22. 3)2.560.855 23. 8)3.72046% 24. 5)3.680-73= 
25. 0.4)0.2170544 26. 0.02)0.4273, 27. 0.3)4.955'6513 28. 0.6)1.047!-744 





Reflected answers, Set 41: J°O32° SO\3° 3°008° wWO'\3 








For use with page 263 





Find the circumference of each circle with the given diameter. 
ma = 3.14 (to the nearest hundredth) 


qa j507 2. Ty 

3. 34.54 4. 40.8 a 

5. Reise 9d — 15 cm 4: = 13. d = 32.2 cm/Ol.ll 

Ghd =2.5'cm39:25 10.°d = "23cm" 12°22 14. d=19cm 57.66 
7. d = 28.6 cm89.80 11. d=14.6cm 45.84 15. d= 44.1 cm !38.47 
SP d56 4) 2c tong 12. d= 36.4cm |\4.30 16. d= 61cm /'91.54 
Reflected answers, Set 42: J° J2\ SF 
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For use with page 267 


Find the area of each triangle. 





a : Oo} oe ; 
84 . 90 . 
‘ 
ae 
35 
| 
iz | 
ol 
3) 7. 4.03 
Given the base and height, find the area of each triangle. 
5:5) —=21.6 6.202737 J ea 8. b=9 
h=5 40 h=7 12 fa Adee isola 
9. b= 48 102s be 256 1b F107 1250 —"22.0 ; 
poe Ae peter h=g WoT © 
13< De 8145 ee 14. b=8 LOYD ir 16. b = 44.3 
2 = i 1562 
h=7 °4 h = 1014'3 hon260 ae i) ee 
Reflected answers, Set 43: J° ov Y¥ 39e 


For use with page 271 





4 
| 
BE TAPE | 





Find the area of each circle with the radius given. (Use 7 = 3.14.) 


1.r=450.24 2.r=13.14 3. r=8200.96 4, r= 6113.04 
5. r= 201256 6. r= 3.4362984 7. r= 2.621.2264 8. 1. =19254.34 
9. r=12.1459.7274 10. r= 323215.26 11. r= 10.4339.6224 12. r = 425538.96 


1S. 78s 14. r= 7.3167.2306 15. r= 4.666.4424 16. r= 12452.16 


Reflected answers, Set 44: J° 205% SY Biv FB Soose’ FT 11308 
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For use with page 273 


Use the volume formula, V = fx wx h, to find the volume of each figure. 


TeliS 2f=2 3. 
w=6 180 Wee 1 17G 
AiG h=9 

5. f/=9 6. /=4 ih 
w=/ 156 w—7 224 
Het? ang 

9. f= 2.1 10. f= 33 11 
w = 3.6 33.264 w=2h9 
h=44 = E 

Reflected answers, Set 45: J° 80 Seis 3) 


w=4 200 w=4 © 
f=10 g. f= 13 

w = 12 600 w = 6390 
_ £=56 12. f/=51 

h = 1.29 ae) 
Soo’ ¥ ey 


For use with page 307 


Find the missing numbers in each exercise. 


Legit 12: 2.5=20 * 3. 
5. 2=12 4 6. wait ip 
ee 10. = 38 & 11. 


oy Be ie ATL Zo eee Dill 
a= 24 4. 6 = It 30 
ber 1S 5.820 
Chay) 8. 3 = 724 
She valle al\P4 TAB35 

to oA 12. 5 = TIO 


Write a fractional number equation and solve it to answer the following 


ratio problems. 


422, n= 48 


13. Ratio of tires to cars, 4:1. 7 i, 
12 cars. How many tires ? 

14. Ratio of boys to girls, 7:8.g=—n=40 16 
35 boys. How many girls ? 

Reflected answers, Set 46: J°/5 SY 3B SA 


5 on 
Ratio of oranges to cents, 5:22.22> Zu 
66 cents. How many oranges? N= |5 


. Ratio of dogs to cats, 12:1 76 =78) 


68 cats. How many dogs? n=48 


T° 30) tod 32. h8yend Bed 
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For use with page 317 


20 


5 


2.5= Ee So) GA38e Re 103 % glared agg sp ZB , 
Gas 7. 


5, 24— 96 o& o = DOR 7, 





a= 2 = 45_% 8. 2 = 98 % 
Solve the following short story problems. 
ey = SHS 7AM 1 6) A ae ran ee 
9. 80% of Mr. Jones’ orchard: hos eer Rook soot nese needy, 
apple trees.620treesin Bere 1. tt! ead 56%. Read 
all. How many apple trees? 496 - == = howmany pages? 322 
10. 760 students at Thomas High 12. Paint: 16 litres. Used 


School. 45% are girls. 


75% to paint house. 
How many are girls ? 342 


Used how many litres? jz 


41° 355 


Reflected answers, Set 47: J°/2° 3° 80° 3° Je2* + 58° a v¥ae° 


For use with page 323 


Complete the following table. 


Interest | Amount of | Savings — 
rate | interestin | plus | 
(per year) one year | interest 


$.08 $34.68 

$5.00 $130.00 
$2324 $8034 
$1180 $247.80 


$ 272s diz. 
$1.90 $96.90 


$1Z.90 $442.90 


$750.00 4% $30.00 $780.00 


| 15. th | 16. th 
17. lil | 18. till | $26.00 $546.00 
2% | 19. ih | 20. th | $24.60 $1254.60 


Reflected answers, Set 48: J° e8c* §° eaves 
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Adler, Irving. The Giant Golden Book of Mathematics. New York, Golden Press, 1960. 
(Available from Whitman Golden Ltd., Cambridge, Ontario.) 


Have you ever wondered how a tree grows or why a volcano is shaped as it is or what makes 

a card trick work ? This colorful book answers these and many other questions by exploring 

the world of mathematics. Here are just a few of the interesting topics: 
How to find s by dropping atoothpick . . .. . ey EPPO A ns Woes (26 
Your chance of getting two heads and a tail when you toss eee COINS werent te Inoeciyene (2 


Bendick, Jeanne and Levin, MarciaO. Take Shapes, Lines and Letters. New York, 
McGraw-Hill Book Company, 1962. (Available from McGraw-Hill Ryerson, Scarborough, Ontario.) 


This book teases your imagination with mathematics in art, music, and everyday life; with shapes 
and curves in nature; and with drawings, graphs, and secret codes. Ideas to explore in 
this book include: 


The golden rectangle in art .. . Leh, (A SREY STO Sr airitete bbe eee eae 
A strip of paper that has only one ede ned (opted A? eit @ fe ¢ <ul OF eam oA te, 7 2 
Geoneryrorma cOugnnOUTeever ering! weno ln worten’ . aehadd .wobee74 


Boeke, Kees. Cosmic View: The Universe in 40 Jumps. New York, John Day Company, 1957. 
(Available from Longman Canada Ltd., Don Mills, Ontario.) 


If you have a lively interest in the world in which you live, then take a graphic journey through 
the universe. Travel from outer space to the nucleus of an atom and take a look at everything 
between. A series of pictures and drawings begins with a girl shown one-tenth life-size. Each 
successive picture shows her with other objects in the solar system until the scale is 1:10°°. 
Similarly, a small portion of her hand is magnified until the scale is 101*:1 in a picture that 
compares that part of her hand with the nucleus of a sodium atom. 


Gardner, Martin. Perplexing Puzzles and Tantalizing Teasers. New York, Simon & 
Schuster, 1969. (Available from Musson Book Company, Don Mills, Ontario.) 


This book is a collection of many different kinds of puzzles. None of them is very difficult, but 
some are tricky. Try your best before you look at the solutions given at the end of the book. 
Puzzles you may enjoy include: 


En Ru R OE eG legen Ley ao OP ae a er eae, See Cee meeme resem ema Ef 
MEM MAZEGO i ChIGUVIINTORAMGanaee: lee a) wt sn ce Semon ae eee oe ae lt ee ey ee OD, 
Pict Hes DGStNVDICSHe Be Hie a oe i Ges a ge ee es Se nn a ee ee a) 
More sneaky tarithimetiees Wi AGGG a+), 2900S 197998 Tw Wy Ol Saar oe wat we fee 49 
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Other books to look for in your library are listed below. 


Diggins, JuliaE. String, Straightedge, and Shadow. New York, Viking Press, Inc., 1965. 
(Macmillan Company of Canada Ltd., Toronto.) 


Based on historical records and legends, this book tells how men made the major discoveries 
of mathematics by using only three simple tools. It includes an interesting discussion on 
the origin of the word “mathematician.” 


Friskey, Margaret. ed. About Measurement. Chicago, Children’s Press, 1965. (Scholars 
Choice Limited, Stratford, Ontario.) 


Based on ‘A History of Mathematics,”’ a poster published by the Educational Affairs 
Department of the Ford Motor Company, this book traces the history of units of length — 
cubit, foot, inch, fathom, yard, rod, furlong, meter, decimal inch, light-year. 


Kaplan, Philip. Posers. New York, Harper & Row, 1963. (Fitzhenry & Whiteside Ltd., Don 
Mills, Ontario.) 


As you will discover here, posers are not riddles made to deceive, or problems which 
require mathematical skill, or even puzzles which tease without purpose. They are 
statements of fact from which a “logical conclusion can be drawn.” Anyone with a 
“reasonably agile mind” should enjoy the eighty posers in this book. 


Meadow, Charles. The Story of Computers. |rvington-on-Hudson, New York, Harvey House, 
1970. (Burns & MacEachern Ltd., Don Mills, Ontario.) 


Today's computers can tackle problems as intricate as guiding spaceships and predicting 
the weather. This book tells how they are programmed, or instructed to solve these and 
other problems. 


Rogers, James T. Story of Mathematics for Young People. New York, Pantheon Books, 
1966. (Random House of Canada Limited, Toronto.) 


This history explains how man created mathematics to solve his problems. Diagrams 
and photographs trace the lives of great mathematicians and reveal the part that 
mathematics plays in all phases of life, from calculating the curves of a suspension 
bridge to totalling a grocery bill. 


Shimek, William. Patterns: What Are They ? Minneapolis, Minnesota, Lerner Publications, 
1969. (J.M. Dent & Sons (Canada) Ltd., Don Mills, Ontario.) 


Number patterns have fascinated men for thousands of years. This Math Concept Book 
tells how mathematics helps record and explore patterns and how such a study brings 
a deeper understanding of mathematics and even simplifies computation. 


Zim, Herbert S. Codes and Secret Writing. New York, William Morrow and Company, 1948. 
George J. McLeod Ltd., Toronto.) 


Learn to break and make up your own secret codes. This book will show you how. 
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: 





addend Any one of a set of numbers to be added. 
In the equation 4 + 5 = 9, the numbers 4 and 5 
are addends. 


addition An operation that combines a first number 
and a second number to give exactly one number. 
The two numbers are called addends, and the 
result is called the sum of the addends. 


angle Two rays from a single point. 


Doe Sra 


approximation One number is an approximation 
of another number if the first number: is suitably 
“close” (according to context) to the other number. 


area The area of a closed figure or region is the 
measure of that region as compared to a given 
selected region called the unit, usually a square 
region in the case of area. 


arithmetic mean (average) The arithmetic mean 
of a set of numbers is the quotient resulting when 
the sum of the numbers in the set is divided by 
the number of addends. 


associative (grouping) principle When adding (or 
multiplying) three numbers, you can change the 
grouping and the sum (or product) is the same. 


Examples: 2 + (8 + 6) = (2+ 8) +6 
ue (AK Ds, Bx A) xa. 


base of numeration The term “base” refers to 
the type of grouping involved in the system of 
numeration. For example, in base 6: 
23 means 2 sixes and 3. 
321 means 3 thirty-sixes (6 x 6), 2 sixes, and 1. 
In base ten: 
23 means 2 tens and 3. 
321 means 3 hundreds (10 x 10), 2 tens, and 1. 
base of a polygon Any of the sides of a polygon 
may be referred to as a base. The term is normally 
used with reference to the height from a vertex (or 
parallel side) to the given base. See height of a 
triangle. 
bisect To divide in half or find the midpoint. 
centimetre A unit of length. One centimetre 


ae 
is —— metre. 
100 


central angle In the figure below, angle BAC 
illustrates a central angle with respect to a given 
circle with centre A. 


chord A line segment that has its end points on a 
given circle. A 


B 
circle The set of all points in a plane which are 
a specified distance from a given point called 
the centre or centre point. 


centre circle 
point 


circumference The distance around a circle. 
clock arithmetic A mathematical system using only 
the twelve numbers of a clock face. It is also called 
modular arithmetic or remainder arithmetic. 
common factor When a number is a factor of two 
different numbers, it is said to be a common factor 
of the two numbers. 
common multiple A number is a common multiple 
of two numbers if it is a multiple of each of the 
numbers. 
commutative (order) principle When adding (or 
multiplying) two numbers, the order of the addends 
(or factors) does not affect the sum (or product). 
Examples:4+5=5+4+4 
Sy SSeS sal sy Se 
composite number Any whole number greater than 
1 that is not prime. 
cone Generally thought of in terms of a right circular 
cone, illustrated below. 


congruent figures Geometric figures that have the 
same size and shape. 


Me 


congruent triangles 


coordinate axes Two number lines intersecting at 
right angles at 0. 


coordinates Number pair used in graphing. 


cube A rectangular prism (box) such that all faces 
are squares. 


cylinder Generally thought of as a right circular 
cylinder illustrated below. 


decimal Any base-ten numeral that uses place 
value to represent a number. 
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degree A unit of angle measure. 
denominator The number indicated by the numeral 
below the line in a fraction symbol. 


diagonal A segment joining two nonadjacent . 
vertices of a polygon. In the figure, the diagonal is 
segment AB. 


A B 


diameter Achord that passes through the centre 
point of the circle. 
centre 


A B 


distributive (multiplication-addition) principle 
This principle is sometimes described in terms of 
“breaking apart” a number before multiplying. 
Example: 6 x (20 + 4) = (6 x 20) + (6 x 4) 
dividend Inthe problem 33 = 7, 33 is called the 
dividend. 
4 
Example: 7)33 < dividend 
28 


divisor — E 
5 > remainder 


division An operation related to multiplication as 
illustrated: 


12+4=3 
314-120 


12 = S} = 4! 

divisor Inthe problem 33 ~ 7, 7 is called the 
divisor. 

empty set A set that has no objects in it. 

equality (equals; or =) A mathematical relation of 
being exactly the same. 

equally likely outcomes Outcomes that have the 
same chance of occurring. 

equation A mathematical sentence involving the 
use of the equality symbol. 

Examples:5 +4=9;7+[)=8:n+3=7. 

equivalent fractions Two fractions are equivalent 
when it can be shown that they each can be used 
to represent the same amount of a given object. 


Also, two fractions are equivalent if these two 
products are the same: 


C3 6a 4 Oe 
LV IES Gy 


equivalent sets Two sets that may be placed in 
a one-to-one correspondence. 


estimate To find an approximation for a given 
number. (Sometimes a sum, a product, etc.) 


even numbers The whole-number multiples of 2 
(OF-2745,658) 10nd eee) 
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exponent Inthe symbol 10°, the “3” is the 
exponent. It indicates that 10 is used as a factor 
three times. Thus: 10 = 10 x 10 x 10 = 1000 

io ery x ye ey = B25 

face The face of a given space figure is any one of 
the plane geometric figures (regions) making up 
the space figure. For example, in a cube each of 
the square regions is a face of the cube. 


factor See multiplication. The equation 6 x 7 = 42 
illustrates that both 6 and 7 are factors of 42. 


fraction A symbol for a fractional number such 


PRE} | 
as =, —, =, and so on. 
Sy 
fractional number The one number we think about 
for each set of equivalent fractions. 


function The set of number pairs (input, output) 
generated by a function rule applied to a given 
set of numbers (input numbers). 

graph (1) A set of points associated with a given 
set of numbers or set of number pairs. (2) A picture 
used to illustrate a given collection of data. The 
data might be pictured in the form of a bar graph, a 
circle graph, a line graph, or a pictograph. (3) To 
draw the graph of. 

greater than (>) One of the two basic inequality 
relations. 


Examples: 8 > 5, 28 > 25, 80 > 50. 


greatest common factor The largest, or greatest, 
number that is a factor of each of two numbers. 


height of atriangle The height of a triangle from 
any vertex is the perpendicular distance from that 
vertex to the opposite side (usually called the base). 


In the figure, the length of CD is the height of the 
triangle from vertex C to base AB. 


G 


A B 
D 


hexagon A six-sided polygon. 


hypotenuse The side opposite the right angle in a 
right triangle. 


hypotenuse 


improper fraction A fraction in which the 
numerator is greater than or equal to the 
denominator. 
E ek sy 2 7/ 
xamples: &, &, 31 5 
inequality (<, #, >) A relation indicating that 
the two numbers are not the same. 
inscribed circle A circle is said to be inscribed in 
a polygon if the circle lies within the polygon and 
each side of the polygon is tangent to the circle. 





intersection of sets The intersection of two sets 
is the set of elements common to both of the sets. 
lf A and B are sets, A () B denotes the intersection 
of the sets. 


A. (\.B = 1e,.0} 


least common denominator The least common 
multiple of two denominators. The least common 


; 3 oF 
denominator for 7 and rs isa2s 


least common multiple The smallest non-zero 
number that is a multiple of each of two given 
numbers. The least common multiple of 4 and 6 
isms 

legs of aright triangle The two sides of a right 
triangle other than the hypotenuse. 


legs 


length (1) A number indicating the measure of one 
line segment with respect to another line segment, 
called the unit. (2) Sometimes used to denote one 
dimension (usually the greater) of a rectangle. 
less than (<) One of the two basic inequality 
relations. Examples: 5 < 8, 25 < 28, 50 < 80. 
lowest terms A fraction is in lowest terms if the 
numerator and denominator of the fraction have no 
common factor greater than 1. 
metre The basic unit of length in the Metric System. 
midpoint A point that divides a line segment into 
two parts of the same size. 
mixed-decimal numeral Numerals such as 0.74 
and 0.333 
mixed numeral A symbol such as 2} and 5+. 
multiple A first number is a multiple of a second 
number if there is a whole number that multiplies 
by the second number to give the first number. 
Example: 24 is a multiple of 6 since 4 x 6 = 24. 
multiplication An operation that combines a first 
number and a second number to give exactly one 
number. The two numbers are called factors, and 
the result is called the product. 
negative number A number which will add to 
a positive number to give a sum of zero. 
For example: 5+ 5=0 
Tor 19) = © 


number line A line with a subset of its points 
matched with a subset of the real numbers. We 
say that the rational number line has “‘holes” in it 
because some points are not matched with rational 
numbers. The real number line is said to be 

“complete” because each point is matched with 
some real number. 
SR i 
6) 1 2 3 Bice» 
The number line 
gt 
Ses 7! 0 1 2 2 TN 6 
The whole number line 
~<-—e—__-+-___¢—__+__0 _o-+_0 _+ __6 ___0_6__6_6——> 
M2 Eat FS ORFS aa s2 P27 SIS FIA, . 
The rational number line 

number pair Any pair of numbers. Each pair of 
numbers can be matched with a unique point in 
the co-ordinate plane. 

numeral A symbol for a number. 

numerator The number indicated by the numeral 
above the line in a fraction symbol. 

odd number Any whole number that is not even. 

one principle Any number multiplied by 1 is that 
same number. Sometimes called the identity 
principle for multiplication. 

One-to-one correspondence A one-to-one 
correspondence exists between two sets when the 
elements of one can be matched with the elements 
of the other in such a way that each element of the 
first set is matched with exactly one element of the 
second set and each element of the second set is 
matched with exactly one element of the first set. 

parallel lines Two lines which lie in the same plane 
and do not intersect. 

parallelogram A quadrilateral with its opposite 
sides parallel. 

parentheses A pair of curved symbols (_), used 
to indicate grouping or order of performing 
operations. Examples: (5 x 4) — 2 = 18 

5 x 4—2).=10 
pentagon A five-sided polygon. 

percent (%) Per 100; for each 100; a 

perimeter The sum of the lengths of the sides of 
a given polygon. 

period In arithmetic, each set of three digits 
indicated by spaces when writing a numeral 
is called a period. 


Examples cm Or a4 2 Ome 
millions footers ie 
period period period 
perpendicular lines Two lines that intersect in 
right angles are perpendicular to each other. 
pi (am) The ratio of the circumference to the diameter 
of a circle; approximately 3.14. 
place value A system used for writing numerals for 
numbers, using only a definite number of symbols 
or digits. In the numeral 3257 the 5 stands for 50; 
in the numeral 36 289 the 6 stands for 6000. 
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polygon A closed geometric figure made up of line 
segments. A regular polygon has congruent sides 
and congruent angles. 

prime number A number greater than 1 whose only 
factors are itself and 1. 

probability The probability that an event will occur 
in a set of equally likely outcomes is the number 
of ways the event can occur divided by the total 
number of possible outcomes. For example, the 
probability that a 3 or a 4 will turn up in a single 


toss of a die is : since there are 2 ways the event 


can occur and there are 6 possible equally likely 
outcomes. 
product The result of the multiplication operation. 
In6 x 7 = 42, 42 is the product of 6 and 7. 
protractor An instrument used for measuring angles. 
pyramid A space figure which has a polygonal 
base and triangular lateral faces. 
quadrilateral A four-sided polygon. 
quotient The number (other than the remainder) 
that is the result of the division operation. It may be 
thought of as a factor in a multiplication equation. 
radius (1) Any segment from the centre point to a 
point on the circle. (2) The distance from the 
centre point to any point on the circle. 


B 


ratio A pair of numbers used in making certain 


3 
comparisons. The ratio of 3 to 4 is written 3 : 4 or re 


ray The heavy part of the line shows a ray. 


line a 
ray 
reciprocal Two numbers are reciprocals of one 





4 i 
another if their product is 1. Example: 7 and a are 
reciprocals of each other. 

rectangle A quadrilateral that has four right angles. 

rhombus A parallelogram with 4 congruent sides. 

right angle An angle that has the measure of 90 
degrees. 

right triangle A triangle that has one right angle. 

Roman numerals Numerals used by the Romans. 
Used primarily to record numbers rather than for 
computing. Examples: IV, IX, XIV. 

rotation A motion in which a given figure is turned 
about a fixed point. 

scale drawing A drawing constructed so the ratio 
of all the dimensions in the drawing to those of 
the actual object is the same. 

segment Two points on a line and all the points on 
that line that are between the two points. 

sequence A collection or set of numbers given in a 
specific order. Such numbers are commonly given 
according to some rule or pattern. 
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set A group or collection of objects. 
simple closed curve Can be thought of as a loop 
of string on a flat surface that does not cross itself. 


skew lines Two lines that are not in the same plane. 
solution The number or numbers which result from 
solving an equation or a given problem. 
square A quadrilateral that has four right angles 
and four sides that are the same length. 
subtraction An operation related to addition as 
illustrated: 
1510 a7 
7+8= 1B 
15—7=8 
sum The result obtained by adding any set of 
numbers. 
symmetric figure A plane figure which can be 
divided into two congruent halves by a line. 
tangent A line is tangent to a circle if the two 
figures are in one plane and have exactly one point 
in common. 
tessellation A repeated pattern of regions that can 


cover a plane. rv 


translation A motion in which each point of a figure 
is moved the same distance and the same direction. 


trapezoid A quadrilateral with at least one pair 
of parallel sides. 

triangle A three-sided polygon. 

triangular pyramid A 4-sided space figure that has 
triangular regions for all faces. 





union of sets If A and B are sets, then A UB 
(the union of A and 8B) is the set consisting of all 
elements that belong to at least one of the two sets. 


A B 


ice Were Piercy 


unit An amount or quantity adopted as a standard 
of measurement. 

vertex The point that the two rays of an angle have 
in common. 


vertex —> 


volume The measure, obtained using an appropriate 
unit (usually a cube), of the interior region of a 
space figure. 

whole number Any number in the set 
Oma He ey more o4, irda uit 

zero principle Any number added to zero is that 
same number. (Also called the identity principle for 
addition.) 





Tables of Measures 


a 
PENGTH | Perioetar | 8, 0S 





10 millimetres (mm) = 1 centimetre (cm) 1000 millimetres = 1 metre 
10 centimetres = 1 decimetre (dm) 100 centimetres = 1 metre 


10 decimetres = 1 metre (m) 10 decimetres = 1 metre 


1000 metres = 1 kilometre (km) 1/1000 kilometres = 1 metre 


60 seconds (s) = 1 minute (min) 52 weeks = 1 year (yr) 


60 minutes = 1 hour (h) 12 months (mo) = 1 year 
24 hours = 1 day 365 days = 1 year 


1 week (wk) 366 days = 1 leap year 


10 millilitres (ml) 1 centilitre (cl) 
10 centilitres = 1 decilitre (dl) 
10 decilitres= 1 litre (/) 


1000 litres = 1 kilolitre (kl) 


1000 grams (g) = 1 kilogram (kg) 


1000 kilograms = 1 tonne 
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A 


Abacus, 19 
Addition 
of decimals, 230 
of fractional numbers, 156, 162 
of whole numbers, 41, 342, 344 
principles for addition of 
fractional numbers, 168, 186 
whole numbers, 38, 342 
skills, 84 
Angle(s) 
acute and obtuse, 72 
bisecting, 65 
congruent, 66 
constructing, 64 
measuring, 70 


Area 
of circle, 270 
of rectangle, 264 
of square, 264 
of triangle, 72, 266 
Arithmetic mean, 106 
Associative principle 
for addition of 
fractional numbers, 168, 186 
whole numbers, 38, 342 
for multiplication of 
fractional numbers, 186 
whole numbers, 38 


Attribute pieces, 6 
Average, 106 


B 


Base 
exponents, 26 
other than ten, 30-33 
ten, 26 


é: 


Centimetre, 68 

Circle 
area of, 270 
circumference of, 262 
pi (1), 263 

Clock arithmetic, 136 
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Commutative principle 
for addition of 
fractional numbers, 168 
whole numbers, 38, 342 
for multiplication of 
fractional numbers, 186 
whole numbers, 38 
Cone, 59 
Congruent angles, segments, 
triangles, 66 
Co-ordinate geometry, 282 
Cross sections, 80 
Cube, 61, 78 
Cylinder, 59 


D 


Decimals 
and fractions, 224, 248 
and the number line, 228 
and place value, 234 
in addition and subtraction, 230 
in division, 242-246 
inequalities, 228 
mixed-decimal numerals, 250 
multiplication, 236-240 
reading, 226 
repeating, 248 
rounding, 234 
Degree, 70 
Denominator, least common, 160 
Diameter, 262 
Distributive principle 
for fractional numbers, 192 
for whole numbers, 38 
Dividend, 100 
Division 
of decimals, 242-246 
of fractional numbers, 202, 206 
of whole numbers, 41, 100 
shortcuts, 110 
Divisor, 100 
Dot pattern printer, 12 
Drawing geometric figures, 60 


E 


Empty set, 131 

Equality 
of fractional numbers, 150 
of ratios, 306 


Equivalent fractions, 144 
Estimation, 103, 218 
Expanded notation, 20 
Exponents, 26, 96 


F 


Faces, edges, and vertices, 58 
Factor 
greatest common, 132 
trees, 126 
Factorization, prime, 129 
Figures 
classifying, 6 
geometric, 56 
patterns, 14 
space, 58, 78 
Fractional numbers 
addition of, 156-164, 168 
distributive principle for, 192 
division of, 202, 206 
equality of, 150 
graphs of, 282 
inequalities of, 152, 214 
multiplication of, 182 
names for, 148 
on the number line, 148, 152, 
157,184 
principles for, 168, 186 
reciprocals, 194 
shortcut for addition and 
subtraction, 162 
shortcut for multiplication, 196 
shortcut for division, 204 
special functions, 216 
subtraction of, 158-164 
zero principle, 186 
Fractions 
equivalent, 144 
improper, 176, 184 
lowest terms, 146 
Functions, 216 
graphs of, 348 


G 


Geometry 
angles, 70 
constructions, 64 
cross sections, 80 
lines, 56, 62 





a, 


perimeter, 69, 260 

plane, 56 

Pythagorean Theorem, 268 

ray, 56 

segment, 56 

simple closed curve, 258 

space figures, 58 

triangle, 72, 266 
Graphs 

of fractional number pairs, 282 

of functions, 348 

of number pairs, 282 
Greatest common factor, 132 
Grouping principle 

see Associative principle 


H 


Hexagonal prism, 59 
Hypotenuse, 268 


Improper fractions, 176, 184 


Inequalities 
for decimals, 228 
of fractional numbers, 152 
of whole numbers, 347 


Interest, 322 
Intersect, 62 
Intersection of sets, 130 


L 


Least common 

denominator, 160 

multiple, 134 
Legs of a right triangle, 268 
Length, 68 
Lines, 56 

parallel, 62 

perpendicular, 62 

skew, 62 

symmetry, 74, 286 
Logical reasoning, 10 
Lowest-terms fractions, 146 


M 


Magnification, 298 
Measurement 

area, 264 

length, 68 

of angles, 70 

of circles, 262 

of curves, 258 

of triangles, 266 

perimeter, 69, 260 

Pythagorean Theorem, 268 

scale drawings, 212, 310 

surface area, 274 

volume, 272 
Mixed numerals, 166, 176 
Money totals and differences, 88 
Multiple, least common, 134 
Multiplication 

of fractional numbers, 182, 188 

of whole numbers, 41 

principles for 

fractional numbers, 186 
whole numbers, 38 

skills, 90 

using decimals, 236-240 
Multiplication-addition principle 

see Distributive principle 


N 


Negative whole numbers, 340 
Number(s) 
bases, 30 
fractional-number names, 148 
period, place value, 18 
prime, 128 
symbols for, 18 
Number line 
and decimals, 228 
fractional numbers on, 148, 
Wee, ST), Wey! 
Number pairs, graphs of, 282 
Number theory, 124 


O 


Octahedron, 59, 78 
One principle 
fractional numbers, 186 
whole numbers, 38 
Order principle 
see Commutative principle 


P 


Parallel lines, 62 
Percents, 312 
Perimeter, 69, 260 
Period, 18 
Perpendicular lines, 62 
Pi (7), 263 
Place value, 18 
decimals, 224, 234 
Plane, geometric, 56 
Polygons, 74, 76, 258 
Polyhedron, 78 
Positive whole numbers, 340 
Powers, 26, 96 
Prime factorization, 129 
Prime numbers, 128 
Principles 
for addition of 
fractional numbers, 168, 186 
whole numbers, 38, 342 
for multiplication of 
fractional numbers, 186 
whole numbers, 38 
Prism, 59 
Probability, 330-337 
Protractor, 70 
Pythagorean Theorem, 268 


0] 


Quadrilateral, 73 
Quotient, 100, 104 


R 


Radius, 262 
Ratio, equality of, 306 
Ray, 56 
Reciprocal, 194 
Rectangular 
prism, 59 
pyramid, 59 
Reflection image, 286 
Repeating decimals, 248 
Right angle, 65 
Right triangle, 268 
Rotations, 288 
symmetry, 290 
Rounding, 24, 234 
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S 


Scale drawings, 212, 310 
Scientific notation, 28, 252 
Segment, 56 
Sets 
and fractional numbers, 143 
empty, 131 
intersection of, 130 
naming, 4 
of equivalent fractions, 144 
union of, 130 
Skew lines, 62 
Similar polygons, 296 
Space geometry, 58 
Subtraction 
of fractional numbers, 156, 162 
of whole numbers, 41 
skills, 84 
using decimals, 230 
Surface area, 274 
Symmetry, 74, 286, 290 
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T 


Tangram, 345 
Tessellations, 76, 294 
Trans ‘ions, 292 
Triangle 
area of, 266 
congruent, 66 
constructing, 64 
copying, 65 
equilateral, isosceles and right, 72 
perimeter, 69 
similar, 296 
Triangular prism, 59 


U 


Union of sets, 130 
Units of measurement, 68 


V 


Vertex of a prism, 61 
Volume, 272 


W 


Whole numbers 
addition of, 41, 342, 344 
division of, 41 
function machine, 42-45 
multiplication of, 41 
principles for, 38, 342 
special products and quotients, 48 
subtraction of, 41 
writing and solving equations, 52 


Zz 


Zero principle 

for addition of 
fractional numbers, 186 
whole numbers, 38, 342 
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INVESTIGATING MATHEMATICS LEARNING 


I. Some Thoughts About Learning 

Almost everyone 
has some observations on teaching and learning. A 
recent quote that has been making the rounds is: “If 
we tried to teach children to speak, they would never 
learn.”” However, in The Process of Education (Har- 
vard University Press, 1960), Jerome Bruner ob- 
serves, ““Any subject can be taught effectively in some 
intellectually honest form to any child at any stage of 
development.’ But Linus (of Peanuts cartoon fame), 
considerably less optimistic, laments: “How can I 
learn ‘New Math’ with an ‘Old Math’ mind?” 

In a more critical vein, John Holt in How Children 
Fail (Pitman Publishing Co., 1964) asserts: “In our 
classes, we begin with words, carry on with words, 
and often fail to get beyond words.” He also says, 
‘All too often the mathematics classroom becomes a 
temple of worship for the right answers, and the way 
to get ahead is to lay plenty of them on the altar.”” We 
know, of course, that many teachers for many years 
have been doing an excellent job helping elementary 
school children learn mathematics. Yet, it is worth- 
while for us to reevaluate our approaches and, if pos- 
sible, find even better ways to create situations where 
children learn more effectively. 

The implications of the research of Piaget and others 
in how children learn mathematics and the observa- 
tions of countless classroom teachers concerning the 
directions we should take are well summarized by a 
familiar Chinese proverb: 


I hear and I forget. 

I see and I remember. 

I do and I understand. 
The message of this proverb is that hearing and seeing 
are not enough: to learn with understanding, the child 
should experience active involvement with mathemat- 
ical ideas. In order for the child to become actively 
involved, it has been found that the use of physical 
materials which contain the seeds of the mathematical 
ideas are valuable and often necessary. Coupled with 
the idea of active involvement with physical materials 
is the idea that teachers should encourage student re- 
sponsibility and create conditions in which the student 
is not always encouraged to rely solely on the teacher 
but rather to take initiative for figuring out some things 
for himself. 

Z. P. Dienes summarized a multitude of suggestions 
from researchers and teachers when he said: ‘It is 
suggested that we shift the emphasis from teaching 
to learning, from our experience to the children’s, in 
fact, from our world to their world.” 


Teachers vary considerably in their views of how 
best to help children become actively involved with 
mathematics. While one teacher desires to convert his 
classroom immediately into a mathematics labora- 
tory, another teacher may prefer a very modest begin- 
ning with a limited amount of active student involve- 
ment with physical materials inserted into his usual 
classroom approach. In this text we suggest a number 
of approaches for modest beginnings and indicate 
ways in which these approaches might be expanded 
to provide for a total laboratory approach and a more 
extensive individualized program. 

To introduce one possible approach, let us simulate 
a teaching strategy by outlining one way to organize 
a specific lesson. Thus, suppose a teacher wanted to 
devise a lesson which would help children understand 
the idea of congruent segments in geometry. First the 
teacher provides each child with a geoboard and a 
sheet containing several S-by-5 arrays of dots. Then 
he reviews, very briefly, the idea of a segment and the 
endpoints of a segment. Next, after helping the chil- 
dren see that they can use a rubber-band around two 
nails to represent a segment on the geoboard, he passes 
out the investigation suggested in Figure 1. 


INVESTIGATION 


How many different 
segments with endpoints just 
as far apart as these can you 
find on your geoboard? 
Record your results on 
dot paper. 


Figure | 


The teacher may choose to have chairs or desks re- 
arranged so that children can communicate with each 
other as they become involved in the investigation. 
The teacher will check to be sure that everyone under- 
stands the investigation question; then he should en- 
courage the children to find their own way to answer 
the question and record their findings. (To gain a fuller 
appreciation of an investigation situation, play the role 
of the child and complete the investigation yourself.) 

Brief discussions among children or between teacher 
and children may occur during investigations, but the 
main discussion is most effective after the investiga- 
tion has been completed. At this time, the teacher 
might ask such questions as: “How many different 
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segments did you find?” ‘“‘How can you be sure that 
you have found all such segments?” “‘How could you 
convince someone that each of your segments has end- 
points just as far apart as all the others?”’ Such ques- 
tions could then be followed up with a definition of 
congruent segments: When the endpoints of one seg- 
ment are just as far apart as the endpoints of another 
segment, we say the segments are congruent. Then 
ask, “Can you think of some other ways to tell when 
two segments are congruent?’ This question might 
lead into a discussion of how tracing paper, com- 
passes, or marks on the edge of a piece of paper can 
be used to determine whether or not two segments 
are congruent. 

After the children have discussed the ideas, the 
teacher may provide them with some problems which 
utilize these ideas. The child would probably be en- 
couraged to use the ideas for testing congruence of 
segments that were developed in the discussion. The 
following are examples of possible exercises. 


1. Find 2 segments below that are congruent to each 
other. 





2. Name each pair of congruent segments in this 
picture. 


J K 





E G 


One way to individualize a lesson is through an 
extension of the exercises. Extending the exercises 
can provide for remediation, reinforcement, or enrich- 
ment. As an extension to individualize this lesson, the 
teacher might give certain students the follow-up in- 
vestigation below. (For a fuller appreciation of this 
lesson, complete the exercises and the investigation 
yourself.) 


INVESTIGATION 


Segment AB is not 
congruent to segment CD. 
How many different 


segments (no two congruent) 
can you find on your 
geoboard? Record your 
results on dot paper. 





Figure 2 


This abbreviated ‘lesson’ provides a preview of 
one possible technique for encouraging children to 
become actively involved with physical materials in 
situations where they take more responsibility in the 
learning of mathematical ideas. 

In the next section of this text, the parts of lessons 
such as the one described above will be analyzed and 
discussed. An outline for planning such lessons will 
be given, and various suggestions for carrying out each 
part of such a lesson will be proposed. 

Since the investigation phase of the lesson provides 
the encouragement for active involvement by the child 
and since the kind of investigation used depends upon 
the type of learning involved, Section III in this text 
will focus on specific types of learning in elementary 
school mathematics. For example, the “lesson” de- 
scribed above helped children learn the concept of 
congruent segments; other lessons might be concerned 
with developing a skill, forming a generalization, learn- 
ing a fact, or developing an attitude. Each type of 
learning will be analyzed and related to activity- 
oriented lessons that provide modest beginnings 
toward an active approach to mathematics learning. 

Edith Biggs and James MacLean, in their book 
Freedom to Learn (Addison-Wesley, 1969), state: “A 
few schools scattered throughout the world are re- 
sponding with some speed to a message which has 
been repeated with increasing urgency for some 
three hundred years. It is a simple message: Schools 
should be organized, not for teachers to teach, but for 
children to learn.” In the same book, there appears 
an extensive list of “homemade” materials and de- 
vices that can be easily acquired for use in the mathe- 
matics classroom. Many materials, from newsprint 
and drinking straws, to string, popsicle sticks, beans, 
and homemade geoboards, can be made available to 
children at minimal cost. Rather than dismiss the 
possibility of actively involving children with mate- 
rials in the classroom because no funds are available, 
a teacher should study this list carefully; he may be 
amazed by how much can be done with minimum 
expense. 

Teachers sometimes feel that to involve children 
with physical materials and allow them to communi- 
cate with other children in the classroom is to invite 
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chaos. On the contrary, it has been found that, when 
children really become involved in using materials to 
investigate a situation, there may be a bit more low- 
keyed noise about the room but the usual discipline 
problems are almost nonexistent. It is helpful if there 
are tables available in the classroom so that children 
can work in small groups. If tables are not available, 
desks could be moved to assist in small-group work. 
On occasion, an investigation might call for children 
to leave their desks and to engage in other activity in 
the room. A simple set of “‘ground rules” should suf- 
fice to make the situation quite manageable. 

It is interesting to consider the number of elemen- 
tary school teachers who prefer to say that they are 
‘helping children learn mathematics” rather than that 
they are ‘teaching mathematics.’ What one says, of 
course, does not always describe accurately what one 
does. It does seem important, however, in the light of 
recent studies and observations about how children 
learn mathematics, to focus on the child and try to 
create an environment in which the child has a greater 
opportunity to make decisions and to become really 
interested in his study. It is hoped that the following 
sections of this teachers’ text will provide some ideas 
which may help you improve your ability to “help 
children learn mathematics.” 


EXERCISE SET 1 

1. What was your reaction to the investigations in this 
section? A Did you become involved in the activ- 
ity? B Were you interested? C Did you watch the 
clock? D Did you talk to anyone else while com- 
pleting the investigation? (If so, was it helpful?) 
E Did the investigation situation help you better 
understand the idea involved? F What other feel- 
ings did you have? 

2. Which quotation in this section seemed most sig- 
nificant to you? Why? 

3. A Do you think most teachers teach the same way 
they were taught as elementary school children? 
B What do they do differently? C What are some 
ways you think our teaching of elementary school 
mathematics might be improved? 

4. Look through the Investigating School Mathe- 
matics text at your grade level. How do the com- 
ments in this first section of the text relate to the 
approach taken in the child’s text? 


II. A Plan for a Learning Experience 


First consider 
the practical matter of how the teacher proceeds in 
the daily task of helping children learn mathematics. 
A structured outline (inherently flexible) around which 
daily learning experiences may be planned can be a 
valuable organizational aid for the teacher and can 
give him a fresh insight into the role of new approaches 
to instruction. 
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Here is the outline that was used in planning the 
“lesson” in Section I. It has proven to be quite useful, 
especially for those teachers who have desired to 
make a beginning toward providing children more 
opportunities for active involvement with mathemat- 
ical materials and ideas. 


Preparation and Investigation 
Discussion 
Utilization and Extension 


Since this outline offers a variety of possibilities for 
a teacher to reevaluate his approach to classroom 
instruction, the following sections provide an exami- 
nation of its individual elements. 
PREPARATION AND INVESTIGATION 

The investigation phase (often called simply “the 
investigation’’) is central to the learning experience. 
In this phase, the children are encouraged to become 
actively involved, individually or in groups, in the 
investigation of a situation that contains the seed for 
the central idea of the lesson. The investigation should 
be the ‘“‘main event” in terms of pupil activity and in- 
volvement. The teacher should think of the investiga- 
tion as a child-centred activity. Completion of the 
investigation in Figure 3 will help clarify the ideas of 
investigation. 


INVESTIGATION 


Can you find an investigation in a text from 
the Investigating School Mathematics series that 
(a) uses centimetre strips? 

(b) utilizes paper folding? 
(c) has a question like “‘How many can you 


InvesTisaning 
ScHoot 
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find?” 
(d) involves the geoboard? 
(e) encourages children to use graph paper? 
(f) asks the children to record their findings? 
(g) directs the children to use reference 
material? 





Figure 3 


Homemade or commercially produced manipulative 
materials often provide the stimulus for the situation 
to be investigated. At other times, even more simple 
teacher-devised activities provide this stimulus. For 
example, the suggested investigation in Figure 4 might 
have been made by a teacher to initiate an investiga- 
tion in a lesson designed to help children form the 
generalization, ‘““You can rearrange three addends any 
way you please, and the sum will always be the same.” 

Sometimes by asking appropriate questions about 
a situation of interest to the children the teacher may 
involve them in an exploration of a central idea to be 
developed. 

Regardless of how an investigation is initiated, a 
teacher should remember that the investigation situa- 
tion is specifically designed to encourage children to 





INVESTIGATION 


Make three slips of paper like these. 


Then turn them over and mix them up. 
Pick any two slips and add the numbers 
on them. Then add the number on the 
other slip. 


If you do this five times, will you 
get the same number each time? 


Figure 4 


take responsibility for the thinking and exploring. Too 
much “teacher help” can hinder the achievement of 
these aims. 

In an investigation, it is not uncommon to see chil- 
dren deeply involved and assuming full responsibility 
for completing the task at hand. The teacher, who 
plays a key role in initiating the investigation, may 
appear not to be needed as he moves about the room. 
Occasionally, a brief discussion between teacher and 
child occurs, but most of the larger-group discussion 
occurs after the investigation. The investigation itself 
should embody an attitude toward learning that could 
be easily stifled by too many words from the teacher. 
Perhaps, in an investigation, a new adage should re- 
place the old: the teacher, rather than the children, 
should be “‘seen but not heard.” 

The investigation is predicated on the assumption 
that the best way to minimize the need for words is to 
substitute an appropriate question for a wordy expla- 
nation at a time when a child’s interest in a mathe- 
matical situation is beginning to ripen. 

For example, suppose a certain group of children 
understand the concept of a triangle and are ready to 
consider characteristics that distinguish one type of 
triangle from another. An appropriate question to 
initiate an investigation might be the one shown in 
Figure 5S. (Try this investigation yourself.) 


INVESTIGATION 


How many triangles with 
different shapes can you make 
that have no nails inside? 


Figure 5 








This question is both activity-stimulating and activ- 
ity-sustaining. It helps involve the child in a search 
which he will continue with little further motivation. 
Notice also that the answer is not as important as the 
experiences the child will have as he responds to the 
question. Further, the question is sufficiently clear 
that the child immediately becomes involved with the 
challenge of the investigation rather than dissipating 
energy in efforts to understand the question. Another 
characteristic of this type of question is that it provides 
for individual differences: when the child is asked 
‘““How many can you find?’ he can feel successful 
even if he finds only one. Of course, not all investiga- 
tions can or should be introduced by this type of ques- 
tion, but it is important for the teacher to recognize 
that as the children respond to these questions, they 
will achieve in widely differing ways. In an investiga- 
tion, the teacher should give recognition for all levels 
of achievement. 

It should be noted that the amounts of time used 
for the investigations may vary considerably. One 
investigation may involve a very brief “‘Shappening”’ 
which sparks a simple idea within the child. Another 
investigation may utilize a large part of the period of 
time available for the mathematics lesson and might 
involve the child in a sustained exploration of a game 
or a set of manipulative materials. 

To set the stage for an investigation of any duration, 
a preliminary preparation phase is sometimes needed. 
This phase provides for a brief review of key ideas 
needed for the investigation and for any motivational 
activity helpful in introducing it. This phase should be 
kept fairly short and care should be taken to see that 
this preliminary work does not preempt the central 
idea or activities involved in the investigation or the 
work that follows it. 

In summary, the investigation phase is the child- 
involvement phase. It often requires materials, and is 
usually motivated by a carefully selected question 
which focusses the student’s attention on the central 
idea of the lesson. Proper consideration of this phase 
in your lesson planning can be highly rewarding. 


EXERCISE SET 2 

1. Find some investigations in the I/nvestigating 
School Mathematics text that contain features not 
mentioned in Figure 4. 

2. Choose a lesson from an Investigating School 
Mathematics text and write a description of the 
role you think the teacher would play in using the 
investigation phase of the lesson. 

3. Choose an idea to be taught and prepare an inves- 
tigation situation which has the potential of involv - 
ing the child in working with this idea. 

4. Two investigations follow. Give the central idea 
of a possible lesson based on the use of each 
one. 
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INVESTIGATION 


Boel 


How many different equations with 3 addends 
can you write with your slips of paper? 
Record each equation you find. 


Cut out 7 slips of paper. Put 
one of these numerals or one 
of these signs On each one. 


INVESTIGATION 


The graph paper shows two 
different ways to arrange 12 
counters in a rectangular 
array. 


How many different ways can you arrange 24 
counters in a rectangular array? Record your 
findings by drawing pictures on graph paper. 





5. Here is an interesting investigation you may like to 
try. Through it, you will be introduced to a basic 
idea of mathematics. Be sure to record your find- 
ings and be ready to discuss them further in the 
next section. 








Copy and continue lei 2a ar 
this array of numbers SG iiaeS 
until you reach 52. Oy IRM ae? 


(sh tat 1S NG 
Then circle all the [ie LS 1920 
prime numbers in the * et 


array. 


Notice that the numbers 
in the right-hand column can be written 
as 4 X (a whole number). 





For example: 8 = 4 x 2, 12=4 x 3, 
and 20=4 x 5S. 


Can you make a statement about prime numbers 
that is suggested by this activity? 








DISCUSSION 

Following the investigation, a discussion phase 
allows teacher and children to further share ideas in a 
discussion of what they found in the investigation. The 
teacher has an excellent opportunity in this phase to 
ask questions and to supply examples to help chil- 
dren further develop their understanding of the ideas 
germinated by the investigation. 
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Another valuable aspect of the discussion phase 
is that it provides additional opportunities for children 
to communicate with other children as a means of 
shaping their ideas. In a good discussion, it is not 
unusual for children, having reached an impasse in 
their thinking and communication about an idea, to 
ask the teacher if he can clarify the point. This is when 
the teacher as a resource person emerges. At other 
times, when ideas new to the teacher arise, the teacher 
participates in the discussion, not as a resource per- 
son, but as a fellow-learner. Both of these situations 
can contribute to a comfortable, meaningful discus- 
sion, but its potential benefits may never be realized 
if the teacher monopolizes the discussion to the extent 
that the children are denied the opportunity to draw 
their own inferences and make their own decisions. 
Since it is the child who is involved in the investiga- 
tion, the child’s ideas about the findings should be of 
primary importance, and the child should supply as 
many details leading to the understanding of the idea 
as possible. 

By listening to the child and asking appropriate 
questions, the teacher can build on the child’s initial 
ideas and help him develop a deeper understanding 
in preparation for further work. This understanding 
cannot be developed, however, by always asking ques- 
tions which require simply that a child remember a fact 
correctly or perform a practical skill. Nor is it suffi- 
cient to ask questions to which a child can respond 
with a guess of ““Yes”’ or “No.” Rather, the questions 
that should be asked often are those that require a 
deeper thinking on the part of the child. 

For examples of the more effective type of ques- 
tion, consider again the investigation described in 
Figure 7. This investigation, designed to set the stage 
for the development of the concepts of isosceles trian- 
gle, right triangle, scalene triangle, and equilateral 
triangle, might be followed by a discussion in which 
the teacher would ask questions such as the following: 


1. Can you choose a pair of triangles you found and 
describe ways in which one is different from 
another? 

2. In what ways are some triangles you found alike? 
(Note: Children may respond, “‘Some have a 
square corner,” ‘““Some have two sides the same,” 
“Some have no sides the same,” ‘“‘Some are 
large,” and so on.) 

3. How would you describe a triangle that is dif- 
ferent from any of the triangles you formed on 
the geoboard? 


As the teacher asks thought-provoking questions 
and listens to the children’s responses, he will be able 
to find ways to clarify the basic idea of the lesson and 
to prepare the children for the independent work 
which is to follow. It is in the latter stages of the dis- 
cussion that the teacher may want to explain more 
carefully, show additional examples, and, in general, 
lead the child to a deeper mastery of the ideas involved. 





EXERCISE SET 3 

1. Can you find a question in the “Discussing the 
Ideas” section of an /nvestigating School Mathe- 
matics text which A asks the children to recall 
something previously learned? B asks the children 
to restate or explain an idea in their own words? 
C asks the children to interpret a diagram, picture, 
or explanation? D asks the children to analyze a 
given situation? E asks the children to evaluate a 
given situation? 

2. What do you think about the effectiveness of the 
investigation described in Figure 5 as a means of 
meeting the goals indicated? 

3. Write five questions you might ask while conduct- 
ing a discussion in a mathematics lesson of your 
choice. 

4. The following discussion exercises refer to the 
investigation presented in exercise 5 of Exercise 
Set 2. A What statement did you make about prime 
numbers? B Can you find a prime number that does 
not appear in the first or the third column? Can you 
find more than one? C 4 X n is an algebraic expres- 
sion. What algebraic expression can you devise to 
describe the prime numbers in the third column? 
in the first column? D Of the prime numbers less 
than 100, which type of prime occurs more often? 
E 113 is a prime number. Which type of prime is it? 

5. Investigation questions may be open (“In how 
many ways can you measure a ball?’’) or closed 
(“Can you find the circumference and diameter 
of this ball?’’). Discuss the merits of open and 
closed questions. 


UTILIZATION AND EXTENSION 


The utilization phase allows each child to work on 
his own and to use the ideas developed in the investi- 
gation and discussion phases. 

Often children need to practice recalling facts that 
have been developed or introduced in the lesson. 
Appropriate exercises requiring written answers are 
often valuable in providing this practice. 

In another lesson, a child may have learned an 
algorithm or a skill. In order to refine this skill, he may 
need considerable practice using it. Appropriately 
designed written exercises which children complete 
independently can be quite helpful in polishing these 
skills. 

In another lesson, a new idea may have been pre- 
sented. In order to become more familiar with this 
idea and to understand how it relates to other ideas, 
the child may need thought-provoking problems which 
involve the idea. The utilization phase presents an 
opportunity for the child to solve problems which 
involve ideas that have been presented previously or 
to look at an idea that is different but closely related to 
one he has already encountered. 

Creative activities for independent work can do 
much to extend the learnings developed in the inves- 


tigation and discussion phases. The utilization exer- 
cises in examples A and B below are sequenced in 
such a way that the child has an opportunity to dis- 
cover a new procedure or new ideas as a result of 
his work. 


EXAMPLE A 
Find the differences. 
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A D B 


What is the area of the region shaded dark gray? 

What is the area of the region shaded light gray? 

What is the area of the two regions together? 

What is the area of triangle ADC ? 

What is the area of triangle BDC ? 

What is the area of triangle ABC ? 

The area of triangle ABC is what part of the entire 
shaded region? 


The teacher should appreciate the great potential 
value of discovery-sequenced exercises such as these, 
and should look for opportunities to make his own 
exercise sets using such sequences. Another set of 
utilization exercises might encourage the child to 
independently delve more deeply into the idea ini- 
tiated in the investigation. Further activities with 
mathematical materials often provide opportunities 
for the child to use and extend the idea of the investi- 
gation. Example C provides an opportunity for the 
child to reinforce his concept of symmetry. 


EXAMPLE C 
Do this to make symmetrical figures. 


Z 


IZO) 


ca 


Make a cut that 
starts and ends 
on the fold. 


Fold a piece 
of paper. 


Unfold the piece 
you cut out. It 
will be symmetrical. 
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Make cuts so that the unfolded shape will be: 


A arectangle D a square G a rocket 
B a leaf E a house H a hexagon 
C atriangle F a pumpkin I a butterfly 


Regarding the utilization phase, it should be noted 
that on occasion it may be more valuable to have pairs 
or small groups of children work the exercises to- 
gether. 

Finally, the extension phase provides for use of 
remedial, maintenance, or enrichment activities to 
further individualize the learning opportunities. This 
individualization offers numerous advantages. The 
slower children can avoid the frustration of having to 
proceed to new ideas before the previously presented 
ideas are understood, and the more capable children 
are spared the tedium of completing long lists of drill 
problems involving ideas they already understand. 

The teacher might look for creative ways to meet 
individual differences in the ability to learn mathemat- 
ics. For example, the slower child might profit from 
additional drill on certain facts and skills. Drill tapes 
or audio cassettes made by the teacher might provide 
a novel way to present the necessary practice. Dupli- 
cator masters and commercial workbooks are also 
available to provide extra work for those who need it. 
For other situations, an appropriate programmed in- 
structional unit might serve the needs of the slower 
child. Single-concept film loops, which the child can 
play again and again, often are useful in helping him 
grasp an important concept. Appropriately conceived 
tutorial situations, in which classmates who under- 
stand the ideas work with children who do not, can 
be quite effective. Simple investigations utilizing phys- 
ical objects which clarify more abstract ideas can also 
provide remedial work for certain children. 

The teacher must also be concerned with those chil- 
dren who understand the basic ideas of the lesson and 
who can quickly work all the utilization exercises pro- 
vided. These children can often become quite inter- 
ested in activity cards which contain “open-ended”’ 
questions, such as the card shown below. (You are 
encouraged to try the suggested activity yourself.) 


ACTIVITY CARD 10 


In how many different ways 
can you measure yourself? 


Make as many different measurements of you 
as you can and make a chart to show the 
information. Here are just a few suggestions: 


Pulse 
Height 
Weight 
Arm span 


Length of step 

Number of calories used 
Area of bottom of foot 
Distance you can jump 
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Activities such as these give the child an oppor- 
tunity to make his own decisions about which ideas 
he uses from the lesson and how he uses them. 

Puzzles or riddles can also provide a useful exten- 
sion of ideas for your children. Consider, for exam- 
ple, those shown in Figure 6. 


Think 


Draw a figure like this one 
On your paper. Place the 
numbers 2, 3, 4, 5, 6, 7, 8, 9, 


10, 11, 12 in the circles so 
that the sum along any line 
SPE 





Think 


I can be found halfway between 
Twenty-seven and seventeen. 


WHO AM I? 


ql aa 





Figure 6 


Conceptually fertile games can also provide valua- 
ble experiences to supplement the basic lesson. For 
example, the game “‘Sleuth” (3M Company) is fun for 
children and gives them valuable experience in clas- 
sification and drawing logical inferences. 

The methods suggested for extending the ideas for 
slower children are often suitable for use in certain 
situations with more capable children. Similarly, the 
more exciting modes of extension suggested for faster 
children can often be quite stimulating and valuable if 
used appropriately for the slower children. 

It is to be hoped that the teacher will share a sense 
of excitement in providing extra stimulation to broaden 
the mathematical perspective of the children. Perhaps, 
he will also see that much of the extension activity 
can truly be fun for children while at the same time 
inspiring new interest and involvement in mathemat- 
ical ideas. In using this suggested lesson outline, if 
the teacher chooses to maximize the investigation 
phase while deemphasizing the others, it might justly 
be said he is using the laboratory approach. On the 
other hand, should he maximize the discussion phase, 
he may find increased options for a guided discovery 
approach to mathematics learning. Also, it is possible 
that maximization of the utilization phase accompa- 
nied by appropriate student materials would allow 
the teacher to embark on a course of individually pre- 
scribed instruction. 


EXERCISE SET 4 

1. Find an example of an exercise set in which a learn- 
ing sequence occurs in an Investigating School 
Mathematics text. 





2. Choose a mathematics topic and write a set of ex- 
ercises which might lead the student to discovery 
of a central idea. 

3. Can you find a lesson in an Investigating School 
Mathematics text in which the “Using the Ideas’”’ 
section provides for varying degrees of student 
ability. 

4. Choose a learning experience appropriate for your 
children and list some possible specific activities 
for use in the extension phase of this learning ex- 
perience. 

5. Describe your views concerning the role of drill 
for slow, average, and bright children. 

6. Select and play a game that could be used to extend 
a lesson with children. 

7. In Exercise Set 2, you investigated an idea of 
mathematics. In Exercise Set 3, you had an oppor- 
tunity to discuss this idea. The exercises below 
enable you to use the idea you learned, and suggest 
an extension of the idea. 


Complete each exercise. 

A List five prime numbers of the “4n + 1” type that 
are greater than SO. 

B List five prime numbers of the ““4n — 1” type that 
are greater than 50. 

C 997 is the largest prime number less than 1000. 
Is itas4dns 1) or.a. 4n— 1. prime? 

D Suppose you used a continuation of the array of 
numbers shown below and circled all the prime 
numbers. What does this suggest about another 
way to classify the primes? 
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III. A Focus on Specific Types of 


Learning 
In considering 
the more specific aspects of mathematics learning it is 
helpful to categorize the general types of things chil- 
dren learn. A simplified categorization is given below. 


Concepts 

Skills 
Generalizations 
Facts 

Attitudes 


It is important to recognize that each of these types 
of learnings has unique characteristics. Because of 
this, the approaches and children’s activities chosen 
to promote these learnings may often be quite differ- 
ent. In the sections that follow, we will consider each 
of these types of learning and suggest possible ap- 
proaches and activities. 


CONCEPTS 

Suppose that a child is having difficulty and comes 
to the teacher for assistance. When the teacher asks 
what the difficulty is, the child points to the multipli- 
cation 9 X 6 and says, “I can’t do this because we 
haven’t had it yet.” This reflects a common attitude 
among children who have been in school for a few 
years. Somehow they learn to feel that they are in- 
capable of figuring out anything new in mathematics. 
Literally, they can do nothing that they “‘haven’t had 
Wel 

If this child had confidence in his ability to “figure 
something out” and had a clear understanding of the 
concept of multiplication, he could have found the 
product by perhaps adding sixes, using sets, or making 
jumps on the number line. Another child who knew 
no division “facts” but who had a clear concept of 
division (as illustrated below) could use his knowledge 
of multiplication to find any of the basic quotients 
desired. 


Po FF 
72+8=n << _ You find this quotient, 
othe Veale d 
when you find this factor. — nxX8=72 


A concept, then, may be thought of as an idea 
which, when properly understood, will help the child 
to solve problems he “‘hasn’t had yet,” to figure some- 
thing out for himself. As another example, consider 
the concept of prime number. Once a child under- 
stands that a prime number is a whole number with 
exactly two factors, he has the power, providing he 
understands how to find the factors of a number, to 
seek out and list those numbers that are prime. Of 
course, the task of deciding whether or not a given 
number is prime may be quite laborious, but under- 
standing the concept does give the child the power 
to succeed. 

To look more carefully at what concepts are and 
how they are taught, consider a model in which con- 
cept learning is relatively easy, namely, that of a 
set of attribute pieces. Suppose there are pieces of 
four different shapes (triangles, squares, circles, and 
rectangles), of three different colors (red, blue, and 
yellow), and of two different sizes (large and small), 
as pictured in Figure 7. (In the figures the colors red, 
blue, and yellow are denoted by the initials R, B, 
and Y.) 


Amem APIO 
Anew Z\121@ L*] 


Figure 7 
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Now consider the Concept Card in Figure 8. 


CONCEPT CARD 
All of these are SMAFS. 


Rk} A [fe] &} ® A 


None of these are SMAFS. 


sO Seles 


Which of these are SMAFS? 


Aw 2 


Figure 8 
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If you study the preceding Concept Card carefully, 
you will develop the simple concept of a SMAF. 
Notice that the key means used to teach this concept 
is by examples, along with non-examples. Both exam- 
ples and non-examples play important roles in teach- 
ing many concepts in mathematics. The concept of a 
triangle may be taught to young children by using the 
Concept Card in Figure 9. 








CONCEPT CARD 


All of these are triangles. 
SASS ee AS 


None of these are triangles. 
Bee a 
Rs a 


Vien 


Which of these are triangles? 
ES 


Figure 9 












Clearly, the child would need further experiences in 
order to develop fully the concept of triangle, but the 
beginnings are embodied in the Concept Card shown 
in Figure 9. 

One of the important ideas to remember when con- 
sidering concepts is that concepts, unlike some other 
things that children learn, are developed over a period 
of time. Simple concepts may be developed very 
quickly, but other, more complicated concepts must 
be germinated when the child is very young and broad- 
ened through a spiralling return to the concept at 
various stages throughout the child’s development. 
Many concepts are not fully developed until the child 
becomes an adult and encounters the idea in a variety 
of situations. For example, the concept of a fraction 
or fractional number may be introduced in grade 1 or 
grade 2, but a full understanding of this concept may 
not come until many years later. The child may ac- 
quire only an embryonic idea of a concept the first 
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time it is presented, so it is important for the teacher 
to recognize the true nature of concepts and be willing 
to return often to the idea and carefully nurture its 
growth within the child. If he does not expect com- 
plete mastery after the initial presentation, he will 
spare himself considerable frustration when he recog- 
nizes later that the child needs further development 
of the basic idea. 

Another key feature of concept learning suggested 
by the experiments of Piaget and supported and ex- 
tended by the theories developed by Z. P. Dienes 
concerns the role of physical manipulative materials 
in young children’s concept learning. In general, the 
implication of these authors’ works is that it is 
through child involvement with physical environment 
that a firm basis for the development of more abstract 
concepts is laid. In fact, it is suggested that concept 
learning is facilitated by exposing children to as many 
different physical situations which embody the con- 
cept as possible. 

It should be recognized that there are different 
levels of concept development and different types of 
concepts within these levels. For example, in the very 
earliest stages of mathematical learning, most concept 
learning involves the concept of physical objects such 
as balls, blocks, and circular or triangular objects. 
Very soon, the concept of certain relations between 
objects is developed: above, below, taller, shorter, 
larger, wider, longer, behind, and so on. A subsequent 
stage involves the concept of a set of objects such as 
a set of golf clubs, a set of dishes, a box of crayons, a 
set of blocks, a collection of stamps, or the children 
in a classroom. A slightly higher level of concept 
learning involves relations between sets of objects: 
equivalent, equal, has more than, has less than, and 
so on. It is at this stage that the important concept of 
number arises. For, in a sense, the concept of num- 
ber involves a consideration of a set of equivalent 
sets. At a higher level of abstraction, the concept of 
certain relations between numbers (is less than, is 
greater than, is equal to, and so on) is developed. As- 
cending the ladder of abstraction, another level of 
development might involve the concept of sets of 
numbers, such as odds, evens, primes, composites, 
and perfects. 

Clearly, the realm of concepts is vast, and the ele- 
mentary teacher need not concern himself directly 
with many of the types of higher-level concepts. He 
must recognize, however, that the beginning stages 
in the development of many important concepts occur 
in the elementary school and that, through utilization 
of a variety of manipulative materials and appro- 
priate strategies, he can do much to help the children 
learn concepts appropriate for their level. 

EXERCISE SET 5 
1. Use the attribute pieces shown in Figure 13. Invent 


a concept, name it, and make an appropriate con- 
cept card for it. 








2. Choose at least two Investigating School Mathe- 
matics concepts from the list given below and 
develop concept cards which illustrate the use of 
examples and non-examples to teach the concepts 
you have chosen. 

A quadrilateral 

B simple closed curve 

C odd number 

D greater than (the relation) 
E right triangle 

F is congruent to (the relation) 
G lowest-terms fraction 

H parallelogram 

I diagonal of a polygon 

J parallel lines 

K one half 

L isosceles triangle 

M equivalent sets 

N symmetrical figure 

3. Answer the questions on the sets of Creature cards 
from the set of attribute materials published by the 
Webster Division of McGraw-Hill Book Com- 
pany (if available). 

4. Choose an unusual concept of your own invention 
and make a concept card from which a person might 
discover your concept. 

5. The investigation in Figure 1 was used to teach the 
concept of congruent segments. Make a card to 
teach this concept using examples and non- 
examples. 

6. Complete “‘Learning a Concept” on pages I-18 and 
I-19; then answer the following questions. 

A What are some examples of the concept you 
learned? 

B Give some characteristics of the concept you 
learned. 

C What were your feelings about the lesson? How 
could the lesson be improved to make the learn- 
ing of the concept easier? 


POWER SKILL B 
— Bundles and Grouping 
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POWER SKILL C 
— Expanded Notation 


20m tee 
40+ 8 


60 + \5 





SKILLS 


Broadly speaking, there are several types of skills 
that children develop in the elementary school. Hope- 
fully, many children will develop a skill in estimating 
distance, weight, capacity, and time. Some teachers 
may wish to help children develop skill in drawing 
geometric figures. Some teachers set goals for upper- 
grade children which include developing skills in 
reasoning and even in “proof’”’ of simple ideas. In ele- 
mentary mathematics the most fundamental skill, by 
far, is that of computation with whole and rational 
numbers. It is these specific computational skills in- 
volving addition, subtraction, multiplication, and divi- 
sion and the processes related to these operations with 
which we are particularly concerned in the discussion 
that follows. 

Two types of skills, power skills and speed skills, 
are available for completing each arithmetic process. 
A power skill is any effective way to find an answer. 
A speed skill is the most efficient way to find an 
answer. A power skill is a process through which a 
given problem is attacked by means of some tech- 
nique which, though possibly quite inefficient, can 
produce a correct solution. This power skill may 
involve a long, tedious process, one which may be 
totally unrelated to the most efficient method for 
alriving at the solution. On the other hand, when a 
speed skill is employed, the problem is attacked with 
the most efficient technique available, and the prob- 
lem is solved relatively quickly, usually in a mechan- 
ical fashion. 

For example, suppose a child wants to find the sum 
of 27 and 48. If he simply starts at 48 and counts on 
27 more, he is using a power skill. If, however, he 
finds the answer by using the usual algorithm for addi- 
tion, then a speed skill is being employed. 

Two additional points are worth noting about the 
previous example. First, in order to utilize the power 


POWER SKILL D 
— Addition Algorithm with 
Intermediate Step 


27 
aa 
Re: 
60 
Zhe) 


The) 


Figure 10 


skill, the child needed a clear concept of addition as it 
relates to counting. Thus, a power skill relies on a 
previously learned concept. As the child uses the 
concept in a power-skill situation, he gains new con- 
fidence in his ability to do something he ‘“‘hasn’t had 
yet.” Secondly, the teacher should observe the evolu- 
tion from power to speed. In finding the sum of 27 and 
48, the initial power skill involved a basic concept of 
addition and the counting process. In practice, the 
child may continue the evolutionary trek from power 
to speed by next utilizing power skills B, C, and D as 
shown in figure 10. 

Note that each of these power skills represents a 
small step toward the ultimate, more efficient speed 
skill. When considering this process of evolution, it 
should also be noted that the earlier stages in a power- 
skill sequence often involve manipulative materials 
with subsequent power skills exhibiting a transition 
from the concrete to the more abstract. This physical 
beginning, which utilizes bundles and grouping, is 
illustrated as Power Skill B in Figure 10. 

The use of power skill is available to all children. 
The slower child may well attempt the problem by 
the only means he knows, one which may often be 
quite laborious. For example, in finding the quotient 
5863 + 72, the slower child might subtract 1 seventy- 
two at a time until he has reduced the dividend to 
some number less than seventy-two. The more able 
and creative child might tire of this method and at- 
tempt to subtract some multiple of seventy-two, such 
as 10 seventy-twos. Since each child is working on his 
own for a period of time, the development of power 
skill is extremely helpful in working with individual 
differences. 

One decision that the teacher must make in relation 
to each child is the extent to which he should be en- 
couraged to develop an efficient speed skill for a given 
algorithm. Obviously, skills are important and should 
be taught in elementary mathematics, yet it is the good 
judgment of the teacher that plays the crucial role in 
guiding a given child from power to speed. For certain 
processes, children should probably never be forced 
to attain a speed skill, but should be allowed to oper- 
ate at the power-skill level. Other children should be 
directed toward the speed skill as quickly as possible 
in order that they may proceed to more interesting 
aspects of mathematics. In rare instances, a child 
might profit from an initial consideration of a speed 
skill with no previous power-skill development of a 
given process. The emphasis on the role of conceptual 
power in the performance of a skill is a key feature of 
the so-called ‘‘new” mathematics. It is quite probable 
that we cannot predict the future mathematical needs 
of children in our classes today, but we can help them 
develop the confidence, even in the area of learning 
skills, to utilize concepts previously learned to dis- 
cover some of the basic processes for themselves. 
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EXERCISE SET 6 
1. Write power or speed depending on the type of ; 
skill you think is being employed. 


Specific Skill Example 
None pee 
sing sets to 
find sums NAA 
34+2= 
B_ Using number line tg LTA GN 
to find sums Oud, Deg2 anda 4455 ( 
342=0 
C Counting fingers ZI 
to find sums 
34+2=() ; 
Cink: 3.25) : 
D Memorizing that Chink: 3,23) 
3+4+2=5 | 
a 34+2=5 


E Thinking about © © (%) 
“take away” to 'O) eI 


find differences 
5.2) — al ; 5 


F Using the inverse ‘ 
relation (missing 


addend) to find 


differences Suet 2 mete | 
G Memorizing that 
5=2=3 , 
5 Si2(=13 
} 
fp 9 ep 
H_ Using sets to Sioa sey S| 
find products i pg E  , 
3.6.6) = 





I Using the number 0 5 10 15 
line to find products 


3 Seen | 
; Since | 
J Using logic (basic 5X5=25,6X5=(] 
principles) to find es or 
duct ince 
ee 32% SeyhSaG XESimalia 


2. Four different power skills are shown for finding 
91 +7. These skills would lead up to finding this 
quotient by “ordinary short division.” 

13 
7)91 








In what order should these be presented? 
A 7)91 B Subtract 1 seven at 
70 a time. 
Dee 3 G3) 91 
21 stat 
0 84 
7. 


13 
C7) 9T 
70 
21 


ef D Group 91 objects 


into sets of 7. 


3. Complete the ‘“‘Learning a Skill” lesson on pages 

I-19 and I-20; then do these exercises. 

A Discuss the skill you learned and the way you 
learned in terms of power skills and speed skills. 

B What part of the lesson helped you evolve a 
speed skill? 

C What were your feelings about the lesson? How 
could it be improved? 


GENERALIZATIONS 

Imagine that one of your students is engaged in an 
investigation in which he was asked to cut out a large 
quadrilateral and draw colored lines connecting the 
midpoints of each side of the quadrilateral. The ques- 
tion stimulating the investigation was, ‘““Can you make 
an odd-shaped quadrilateral so that when you connect 
the midpoints you do not form a parallelogram?” As 
a result of this investigation and the subsequent dis- 
cussion of his findings, the child was led to form a 
generalization: ‘““The segments connecting the mid- 
points of any quadrilateral form a parallelogram.” 

In another lesson, a child might be responding to an 
investigation question which asked: “If you cut off 
the corners of a triangle and place the tips at the centre 
of a circle, what part of the circle can you cover? Can 
you find a triangle for which this is not true?” 

As the child completes the investigation and engages 
in the discussion which follows, he forms this tenta- 
tive, unproved generalization: “If a compass is used 
to draw arcs on the corners of any triangle and these 
corners are cut off along the arcs, then these corners 
will cover exactly one half of a circle drawn with the 
same compass opening.” This tentative generaliza- 
tion, of course, is the forerunner of the familiar gen- 
eralization that the sum of the degree measures of the 
three angles of any triangle is 180. 

A generalization provides the economy of moving 
from consideration of isolated, specific cases to a gen- 
eral statement which holds true for a complete set of 
numbers or geometric figures. For example, the gen- 
eralizations stated above deal with the set of all 
quadrilaterals and the set of all triangles. The regular 
occurrence of the word ‘“‘any” in the generalization 
statements implies that the observation is true for 
every such geometric figure. 


The key to teaching a generalization effectively is 
to provide children with appropriately chosen exam- 
ples (or instances) which lead them to the generaliza- 
tion. An approach often used by teachers to help 
children learn generalizations is that of guided dis- 
covery. In this approach the teacher uses carefully 
sequenced questions and carefully chosen examples to 
focus the child’s thought on the generalization to be 
discovered. 

It is instructive for children in the upper elementary 
grades to have experiences in forming generalizations 
which seem obvious from a set of examples, but which, 
in fact, do not hold true. For example, consider the 
equations below. 









































Figure 11 


If 1 is written in the box and the operations are per- 
formed, the result is 11, which is a prime number. If 2 
is written in the box, the result is 13, also a prime 
number. Upper-grade children are likely to conjecture 
that the sum is always a prime number. When they try 
3, the sum is 17, also a prime. Similarly, the child 
finds that the numbers 4, 5, 6, 7, 8, 9, and 10, when 
written in the box produce a prime number. A child 
accustomed to forming generalizations from even 
fewer examples than this will likely conclude that 
this formula will always produce a prime number. It 
is instructive to note that when the next number, 11, 
is written in the box, the result is 121, which, being 
divisible by 11, is not a prime. This example illustrates 
the important idea that, even though the generaliza- 
tions the child might make seem quite plausible and 
are most often true, it is only by means of a mathema- 
tical proof of a generalization that one can be com- 
pletely sure that it is correct. These proofs, of course, 
are often not accessible to elementary school children. 
Thus, a healthy attitude might be characterized by 
references to generalizations which include phrases 
such as, “‘appears to be true,” “is probably true,”’ or 
“could most likely be proven.” 

Often a search for a generalization is initiated by a 
question such as, “Do you see any patterns?” For 
example, several simple generalizations might be 
formulated about the multiplication table in Figure 
12. One child might observe that every number on the 
main diagonal of the table is a square number. Another 
student might observe that for every number on one 
side of this main diagonal, such as 10, there is a match- 
ing number symmetrically placed on the other side 
of the main diagonal. 
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This last generalization is the table counterpart of the 
commutative principle for multiplication; that is, in 
the case of 12,6 2=2xX60r4x3=3 x4. An- 
other generalization that might be reached by care- 
ful consideration of the table is that the only primes 
in the table occur in the one-row or one-column of 
that table. Still another interesting generalization sug- 
gested by the table is that the sum of any number in 
the two-row and a number below it in the five-row will 
equal the number below these numbers in the seven- 
row. Of course, there are many other generalizations 
ranging from the very simple to the more complex 
that could be made about this multiplication table. 

Perhaps the illustrations above will suggest that the 
mathematics available to the elementary school child 
is replete with possibilities for discovery of generaliza- 
tions. The teacher’s task is to create a learning en- 
vironment in the classroom, not only in terms of 
physical materials and situations, but in terms of 
attitude toward learning and toward children, which 
provides opportunities for discoveries of generaliza- 
tions and an atmosphere in which it is rewarding to 
make these discoveries. The teacher should be ever 
aware of the possibility that the habit of seeking gen- 
eralizations may well be one of the most valuable things 
the child learns from his experiences in mathematics. 


EXERCISE SET 7 
1. Choose a text from the Investigating School Math- 
ematics series and list some generalizations which 
the students who study this text might discover. 
2. Investigate the Madison Project shoe boxes and 
complete the activities for at least two boxes. 
The illustrations and the table which follow show 
that if you connect two points on a circle, you 
divide the interior of the circle into two regions; 
if you connect three points on a circle, you divide 
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its interior into four regions; if you connect four 
points on a circle, you divide its interior into eight 
regions. Note that the points chosen should not be 
evenly spaced on the circle. 


Number Number of 
of points on | regions formed 
a circle inside circle 
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A Fill in the table to show how many regions are 
formed if five points on a circle are connected. 

B Form a generalization about the right-hand col- 
umn of the table. 

C Test your generalization by finding out how many 
regions are formed inside when six points on a 
circle are connected. 

4. Devise an investigation which might enable a stu- 
dent to discover this generalization: ““The sum of 
the degree measures of the angles of a quadrilateral 
is 360.” 

5. Write some questions you would ask and show some 
examples you would use in guiding a child to dis- 
cover one of the following generalizations. 

A The commutative principle for multiplication 

B The volume of a “box” is found by multiplying 
length times width times height. 

C In measuring length, the shorter the unit, the 
greater the measure. 

D Any angle inscribed in a semicircle is a right 
angle. 

E Every even number ends in 0, 2, 4, 6, or 8. 

6. Complete the “Learning a Generalization” lesson 
on page I-20; then answer the following questions. 
A What generalization did you learn from the 

lesson? 

B How many specific examples did you consider 
before you understood the generalization? 

C In what way did you use the generalization after 
you discovered it? 


Facts 


In elementary mathematics, there are certain bits 
of information that are used so frequently that it is 


~ 





beneficial for the child to be able to recall them quickly 
when they are needed. These items are ordinarily 
called facts. There are three main types of facts that 
are of major concern. The first type of fact is one 
which evolves from a concept. It might be an example 
of a specific concept (‘““Two is a prime number,” ‘‘25 
is a square number,” “A parallelogram is a quadri- 
lateral’), or it might be a characteristic of a specific 
concept, possibly even a part of the definition for the 
concept (“An isosceles triangle has two congruent 
sides,” “An even number is a number divisible by 
two,” ““A pentagon has five sides’’). Examples of, or 
characteristics of, concepts are not always considered 
as facts; only if such an example or characteristic is 
deemed important enough to be remembered for im- 
mediate recall, is it considered to be a fact and com- 
mitted to memory. 

A second type of fact is a fact derived from a gener- 
alization; that is, if a generalization is simple, or 
deemed important enough to remember for immediate 
recall, it might often be considered a fact. For ex- 
ample: ““The sum of the squares of the lengths of the 
legs of a right triangle is equal to the square of the 
length of the hypotenuse of the right triangle’; or 
“The length of the segment joining the midpoints of 
two sides of a triangle is one half the length of the 
third side.” Each of these statements might be con- 
sidered facts since they are sometimes useful for im- 
mediate recall. A third type of fact—one that is given 
a great deal of attention in the elementary school math- 
ematics program—is the type of fact derived from a 
power skill. For example, the child may have utilized 
a sequence of power skills for finding sums such as 
4 + 3. He may have used sets of counters, centimetre 
strips, jumps on the number line, or reasoning from 
facts such as 3 + 3 = 6. These power skills, based on 
certain important concepts, provided the evolutionary 
progression toward the final speed skill used in finding 
sums. In this particular case, however, the speed skill 
used is simply that of memorizing the sum. Whenever 
the speed-skill stage involves memorization, the par- 
ticular learning which was classified as a skill or a pro- 
cess during the power-skill stage is reclassified as a 
fact. The basic addition and multiplication facts fall 
into this category, and they are given major attention 
in the elementary school. It is these facts to which 
primary attention will be given in this section. 

A first important point to be made in discussing the 
teaching of facts is that extensive power-skill work 
preceding the memorization stage can pay valuable 
dividends. The broad base of understanding provided 
by the power-skill work removes the aura of magic 
from this aspect of mathematics and not only makes 
the task of memorization of the facts easier, but helps 
the child view it as a “‘reasonable thing to do.”’ Figure 
13, for example, shows some of the power skills that 
might be utilized in the initial development of proce- 
dures for finding products. Careful development using 
some or all of these power skills can give the child 





a basic feeling for a procedure by which products 
may be found. 


A Sets B Number line 


HS @*) Ge) Boe ue 


4 jumps of 3 12 


4 sets of 3 
ae ays || 
C_ Repeated addition 


4xX3= 12 


D Multiplication 
in “‘parts”’ 


3K 3 = 9 ee a | 
4xX3=9+43 
4X3= 12 


Ee pee gia oc ae A 


4X3= 12 


Figure 13 


The teacher must use good judgment in deciding 
when a given child should move from this power-skill 
stage to memorization of the facts. The appropriate 
time could vary extensively depending upon the 
ability and experiences of the child. If the power-skill 
work is started early in the elementary grades, the 
child will have ample time to reap the benefits of this 
basic experience with materials and concepts before 
the transition to speed skill is made. 

When the time has come to memorize the facts, it 
is important for the child to have a clear idea of the 
nature of this goal and the reasons it is appropriate. 
The teacher should even take time to help the child 
see the very clear difference between ‘‘figuring out the 
fact’ and ‘“‘memorizing the fact.’’ Hopefully, he could 
help the child develop a feeling for situations in which 
the facts will be used and in which immediate recall 
would be quite valuable and time-saving for the child. 

After the addition or multiplication facts to be 
memorized have been placed in perspective, the 
teacher should seek interesting situations and crea- 
tive ways in which to practice recalling the facts. For 
example, the children might make their own flash 
cards and use a timer to see how long it takes them 
to give these facts. If desired, two children could work 
together and see which of them could go through the 
flash cards most quickly. Another game utilizes a pair 
of homemade colored dice and an empty multiplica- 
tion table (Figure 14) for each child. As the game 





Figure 14 
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proceeds, a child rolls his dice and writes the product 
of the numbers on the dice in the appropriate space on 
his multiplication table. His partner then does the 
same thing when it is his turn. If a child arrives at an 
incorrect product or writes the product in the wrong 
space in the table, he is penalized by missing a turn. 
The object of the game is to see who can complete 
the table first. Various modifications of this game are 
possible, including one in which each child works 
independently and keeps a tally of the number of 
times he rolls the dice and also keeps track of the time 
it takes. The basic objective, of course, is to provide 
an interesting situation in which the child is motivated 
to recall multiplication facts rapidly. 

Some children may need to spend considerable 
time in the power-skill stage before they begin to 
memorize. If there are children who have attempted to 
memorize the facts and find the job more difficult than 
anticipated, the teacher may want to consider allowing 
them to prepare a fact card on which they write the 
facts that they still do not know. Perhaps it would be 
realistic and beneficial to let some children use this 
fact card during the year whenever they desire, thus 
relieving the tension that could result from difficulties 
they encounter in memorizing the facts at one specific 
time. As the school year progresses, the teacher may 
want to suggest from time to time that a particular 
child concentrate on one of the troublesome facts and 
attempt to memorize it so that he can remove it from 
his fact card. The accomplishment of this goal, of 
course, would merit recognition and reward. After 
one fact is removed, the child might start working on 
removing another fact. The ultimate goal would be to 
remove all of the facts by the end of the year. Teachers 
who are interested in helping children learn mathe- 
matics in a comfortable way may find that a more 
realistic, less pressured approach to learning facts 
may enable the child to find greater enjoyment and 
success in his mathematical experience. 


EXERCISE SET 8 

1. Invent a game that could be used to help children 
practice recalling addition or multiplication facts. 

2. Find a commercially produced game that is de- 
signed to help children practice recalling facts. 

3. Complete the ‘““Learning Some Facts’’ lesson on 
pages I-20 and I-21 of this text; then answer the 
following questions. 

A How many of the facts did you know? 

B What techniques did you use to help you memo- 
rize the remaining facts? Did you find this lesson 
difficult? 

C Can you imagine some of the difficulties your 
children might have in learning facts? 

D Did you find any mnemonic devices which were 
helpful in remembering the facts? 





ATTITUDES 
In his poem “Arithmetic,” Carl Sandburg wrote: 


Arithmetic is numbers you squeeze from your head 
to your hand to your pencil to your paper 
till you get the answer. 
Arithmetic is where the answer is right 
and everything is nice 
and you can look out of the window 
and see the blue sky — 
or the answer 1s wrong 
and you have to start all over and try again 
and see how it comes out this time. 


Arithmetic is where you have to multiply — 
and you carry the multiplication table in your head 
and hope you won't lose it.* 


The attitude toward mathematics, school, one’s 
ability, and learning in general that one senses on 
reading this part of Sandburg’s poem is surely typical 
of many children in classrooms today. Perhaps, it 
was a feeling similar to this that caused Huckleberry 
Finn to say: 


I had been to school ’most all the time and could spell 
and read and write just a little and could say the multi- 
plication table up to six times seven is thirty-five, and 
I don’t reckon I could get any further if I was to live 
forever. I don’t take no stock in math, anyway. 


There are many different kinds of attitudes exhibited 
by children who have been exposed to classroom 
mathematical experiences in different parts of the 
world. There are, of course, the more general attitudes 
that a child has toward his teacher, toward his school, 
toward his fellow students, and toward the process 
of education. All too often the child’s attitude toward 
education in general is that suggested by Charles 
Schulz in this Peanuts cartoon. 


V 
LOOK AT 


THEY DON'T MOVE... 
'M NOT USED TO 


THAT DON'T MOVE OR 
HAVE COMMERCIALS... 


THIS I5 
THE ART 
MUSEUM.. 


TRY NOT To HAVE A GOOD 
TIME...THIS 1S SUPPOSED 
TO BE EDUCATIONAL... 


© 1971 United Feature Syndicate, Inc. 





*From Complete Poems, copyright, 1950, by Carl Sandburg. Reprinted by permission of Harcourt Brace Jovanovich, Inc. 
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Two of the attitudes to be considered here, how- 
ever, are the child’s attitude toward mathematics and 
the child’s attitude toward himself as he relates to 
mathematics. It has been said that the mathematical 
experiences of a child before the age of 11, and the 
responses he has been encouraged to make to those 
experiences, largely determine his potential math- 
ematical development. If this is so, then a child’s atti- 
tude toward mathematics and his feelings about how 
he relates to mathematics are extremely important 
considerations for the classroom teacher. 
A moment’s reflection on the number of people who 

are willing to say that they hate mathematics and on 
the multitude of others who seem to harbor a fear 
regarding their inability to cope with ideas of math- 
ematics leads the teacher to realize that he does indeed 
teach attitudes, whether he tries to or not. Clearly, 
the teacher who conducts a classroom in which chil- 
dren’s achievements are evaluated almost exclusively 
on the basis of how many right answers they can come 
up with must surely engender attitudes in children 
which differ greatly from those engendered by the 
sensitive teacher who recognizes the child’s need to 
think his own thoughts and to become involved in an 
exciting exploration of ideas that interest him. Or, 
consider the difference between the teacher who 
teaches only speed skills and facts and the teacher 
who recognizes the central importance of concepts 
and generalizations, as well as the facts and skills. 
The child exposed to the first teacher must surely 
have a feeling toward mathematics, and his ability 
to interact with it, that is far different from that of the 
child who learned with the second teacher. 

If what happens in the classroom is of such impor- 
tance in developing attitudes within the child, then 
the teacher may want to reevaluate his approaches 
to instruction by reconsidering certain fundamental 
questions. What subject matter and methods most 
effectively instill within the child the feeling that math- 
ematics is interesting, fun, and a source of adventure? 
Will these means provide an opportunity for the child 
to exercise his freedom of choice and to make deci- 
sions about what he does with mathematics? Aldous 
Huxley said: “‘A child is a genius until the age of ten.” 
Could it be that our classroom approaches squelch 
this genius? Can we select mathematical experiences 
and materials that enable the children to experience 
success and thus maintain that sense of worthiness and 
prestige with peers that is of such importance? Can 
we structure these experiences in such a way that the 
child maintains within this atmosphere of freedom a 
sense of security and safety, thus avoiding the fear 
that can erode his ability to approach mathematical 
situations with confidence? Can we help children see 
the usefulness and importance of mathematics with- 
out boring them? 

Clearly, the questions just raised are difficult to 
answer and specific techniques for developing healthy 
attitudes are hard to come by. But even though pre- 


scriptions for developing attitudes are scarce, many 
of the ideas about teaching suggested in earlier sec- 
tions of this text can provide assistance for the teacher. 
The investigation, for example, provides the child 
with an opportunity to make independent decisions 
and to interact with mathematics and materials and 
encourages him to take responsibility for his own 
learning. As difficult as it may seem at times, a child’s 
acceptance of responsibility for his own learning in- 
culcates an attitude that is ultimately invaluable. Also, 
the manipulative materials or activities that are made 
available to the child in the investigation situation pro- 
vide an interaction with the physical world that is 
often extremely valuable in making mathematics real 
to a student. Unless a child is ready for more abstract 
thinking, he cannot be induced to sense the adventure 
in mathematics without a physical environment to 
explore. Opportunities for attitude development are 
implicit not only in the investigation phase of a lesson 
but in the discussion as well. If a teacher can convince 
the child that his ideas are important, then the child 
finds himself in a situation, albeit a mathematical one, 
in which he feels important. His prestige with his peers 
increases and he feels successful. Exercises in the uti- 
lization phase of a lesson that begin simply and grad- 
ually increase in difficulty can also help the child feel 
that he can do mathematics on his own; and, of course, 
carefully selected extension activities can provide the 
child with a variety of opportunities to experience the 
fun of mathematics. 

Not only do the phases of the learning experience 
provide unique opportunities of attitude development, 
but the particular types of learnings involved within 
these phases also have their effect. The teaching of 
concepts and generalizations provides the child with 
a feeling of power regarding mathematics, for when he 
experiences the thrill of discovering a concept or a 
generalization, or when he uses these to solve a prob- 
lem, he is also developing a useful and wholesome atti- 
tude toward mathematics learning. He is developing 
a habit of reacting to a mathematical situation which 
will be invaluable when he later encounters mathe- 
matical situations possibly undreamed of today. Also, 
careful teaching of skills and facts can provide the 
child with that basic sense of security that comes 
simply from being able to do something or to remem- 
ber something. 





Figure 16 
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Regarding the child’s level of confidence in his abil- 
ity to cope with mathematical problems, one of the 
child’s paramount needs is to experience success, and 
as mentioned previously, having entertaining experi- 
ences with mathematics might decrease the fear that 
can erode his confidence. To provide these experi- 
ences, the teacher might create in the classroom a 
‘Fun with Mathematics” centre (see Figure 16) that 
contains mazes, puzzles, design materials, and so on. 
This centre represents an extra effort to encourage 
the child to successfully play with mathematics. Some 
of the materials that might be in such a centre are as 
follows: the soma cube, the tangram pieces, 2-cm 
cubes, materials for curve stitching, a kaleidoscope, 
pattern blocks, Cuisenaire rods, multi-base arithmetic 
blocks, geoboards, a wide variety of counters, attri- 
bute blocks, scales and balances, timers, calendars, 
measuring tapes and rulers, yarn and string, an assort- 
ment of boxes and cans, magazines and catalogues, 
mirrors, dice, play money, graph paper, assorted 
plane and solid shapes, abacus, pegboard, compass, 
mathematical balance, etc. 

Perhaps, as you consider the attitudes more care- 
fully and reevaluate the effects of your approaches to 
instruction, you will find other ways to help children 
develop a healthy attitude toward mathematics and 
an enthusiasm for the enjoyment it can offer. Each day 
as the teacher enters the classroom with plans for a 
learning experience, he might well ask himself: ““What 
effect will this have on the attitudes of the students 
in my classes?” 


EXERCISE SET 9 


1. Select a text from the /nvestigating School Math- 
ematics series and find at least five activities which 
could contribute to the child’s development of a 
positive attitude toward mathematics. 

2. Explain how you think some of the other types of 
learning might also contribute to better child atti- 
tude toward learning in general and mathematics 
specifically. 

3. Complete the ‘“‘Learning an Attitude’? lesson on 
page I-21 of this text; then answer the following 
questions. 

A Was the lesson fun? 

B How did you feel when you had finished the 
lesson? 

C Did the lesson change any of your ideas about 
mathematics? 
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IV. Some Learning Experiences 
for the Teacher 


In Section II 
you were introduced to an outline for a learning ex- 
perience which involved preparation, investigation, 
discussion, utilization, and extension. In Section III 
the types of things children learn—concepts, skills, 
generalizations, facts, and attitudes—were catego- 
rized. In this section, we combine these ideas and use 
them in presenting five learning experiences designed 
especially for the teacher. That is, in order to gain a 
first-hand view of lessons which develop these types 


Lesson 1. Learning a Concept 


What is a pentominoe? 


INVESTIGATING THE IDEAS 
Each of these is a pentominoe. 


CE Cea aa 


None of these is a pentominoe. 


oh TH of Gh 


How many more pentominoes can you find and show 
on graph paper? 


DISCUSSING THE IDEAS 

1. How many pentominoes did you find? 

2. Can you give some characteristics of a pentom- 
inoe? 

3. How would you “broadly classify” a pentominoe? 

Can you define a pentominoe? 

5. Are the pentominoes in Figures A, B, and C the 


same? 


A B 


= 


C 


6. How could you convince someone that you have 
found all possible pentominoes? 


of learning, the teacher will have experiences with 
each of these in the five lessons; and, in order to be- 
come more familiar with the suggested structure for 
a learning experience, each of these five lessons will 
involve an investigation, a discussion, a utilization, 
and an extension of the ideas. 

It might be valuable for the teacher, after he has 
become involved in each of these lessons and has 
completed the activities, to rethink and discuss his 
reactions to the various phases of the lesson structure 
and to the various types of learnings involved. In this 
way, he might gain a new insight into the way the 
children in his classes might react to these kinds of 
situations. 


USING THE IDEAS 

1. Which of the pentominoes can be folded to form a 
box with the “‘lid missing’’? 

2. Some pentominoes can be rotated about a point 


180° and returned to 

. . ente ° 
their starting position. 180 
tional symmetry. Which 
pentominoes have 180° 
and returned to their starting position. Such 
pentominoes are said to Dy 
inoes have reflectional | 
symmetry? 


These pentominoes are (— 
rotational symmetry? 
have reflectional sym- 

4. What do you think a hexominoe would be? How 


said to have 180° rota- 

3. Some pentominoes can be flipped about a line 
metry. Which pentom- 
many hexominoes can you find? 


EXTENSION 
Some pentominoes can be used to tessellate (fill with- 
out overlapping) the plane, as shown below. Can you 
find at least two more pentominoes that can be used 
to tessellate the plane? Show the tessellations on 
graph paper. 


Lesson 2. Learning a Skill 


Can you find the product of two 
2-digit numbers “‘in your head’ ? 


INVESTIGATING THE IDEAS 


Follow these steps for writing the answer only for 
74 xX 36. 


Step 2 


Step | 


Think 





Write 6 
Remember 5 


fol maa 


4 6 4 2'6 ip ooe 


Write 4 
Remember 2 


Write 26 


6 
4 


Can you use this method to write answers only for 
the products below? Check your answer using the 
“long” method. 
53 37 45 67 
x 48 xX 62 3 xB 





DISCUSSING THE IDEAS 

1. Explain this statement: In Step | you are finding the 
number of ones. 

2. In Step 2 you are finding the number of _2.. 

3. The 2 you remembered is really 2 2... 

4. Explain what you are finding in Step 3. 


UsING THE IDEAS 
Write answers only for each product. 


Les 2... 46 Seed. 45582 5 eens 3 
x 33 





EXTENSION 
1. Study the figures below for finding the product of 
two 3-digit numbers. 


CYSY) CYS 35.2 
wl a x@ks aee x(4)3 6 


A) M2 FA e782) OURS S354 iQ 
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2. Use the method shown in exercise 1 to find each 
product. 

125 

x 365 


j25 
525 


841 
e215 


TOM] 
<x 426 








*3. Devise a rule for multiplying two 4-digit numbers. 


Lesson 3. Learning a Generalization 
Can you find a pattern? 


INVESTIGATING THE IDEAS 

Use the small square in Figure A as the unit. Can 
you find the area of each shaded part in two different 
ways? For each part, write an equation to show that 
the two ways of calculating the area give the same 
result. 









Y 


C 





DISCUSSING THE IDEAS 
1. A Describe one way you found for finding area in 
the figures above. 
B Describe another way you found. 
C Did you find any other way? 
2. Can you write an equation to show that these two 
methods give the same area? 


3. A Suppose there are 50 vertical segments in the 
“stairsteps” of Figure E. 
What is the area of the 
shaded part? 

B Which of the two methods 
for finding the area 
would you use? 

C Can you write an equation 
about this? 

4. Can you find the area of the shaded portion of Fig- 

ure E if there are 100 vertical segments? 

5. Can you use what you have learned so far to ex- 

plain this generalization? 
Las A ae 
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USING THE IDEAS 

1. Without adding each number, find the sum of the 
whole numbers through 25. 

2. Find the sum of the first 75 whole numbers. 

. Find the sum of the first 200 whole numbers. 

4. What is the sum of the first 1000 whole numbers? 


J) 


EXTENSION 
1. What is this sum? 50+ 51+52+53+...+99 
+ 100 
2. Can you find a short way to find the sum of 
A these even numbers? 0+2+4+6+84... 
+ 100 
B these odd numbers? 1+3+5+7+94+... 
+ 99 
*3, Can you state a rule for what you found in exercise 
2 by using a variable? 


Lesson 4. Learning Some Facts 


Can you learn some “‘new’’ facts? 


INVESTIGATING THE IDEAS 
Many rapid “human Calculators” consider these 
products to be facts. 


pfion [Paes 
io 





How many of these “facts” can you give without 
calculating? 

(Record the facts you know and shade that portion 
of the table with a red pencil. Then fill in the remainder 
of the table by figuring out the remaining facts.) 


DISCUSSING THE IDEAS 

1. Which facts in the table need not be memorized 
provided you know the others and also know the 
commutative principle? Shade these facts blue. 

How many facts altogether are in the table? 

How many facts remain to be memorized? 

What is the “‘largest” fact? 

Which facts are over 200? 

Which facts are in the 190’s? 

Do you notice other patterns in the table that 

might help you remember certain facts? 


oh -- i -- 


USING THE IDEAS 
1. Give these products as quickly as possible. 


A 15 X 15 E 13 X 13 Detpx3 
B 15 x 14 F 14x 12 J 11x 14 
C 14x 14 G 11x11 K 11 x 15 

H 11 Xx 12 L 12 x 13 


Dis xals 


2. Make flash cards for the “facts” in exercise | that 
you do not know. Practice with a friend. 

3. In exercise 1, start with part L and, following re- 
verse order, give each of the products as quickly 
as possible. 

*4. Make a large multiplication table with all numbers 
up to 20. Mark out the “facts” you know. How 
many of these “facts” are left to memorize? 

*5. A person who knew the distributive principle and 
the facts in the table referred to in exercise 4 
looked at the multiplication 143 x 15 and wrote 
2145. How did he do it so quickly? 


EXTENSION 
Study the facts for these powers of 2. 


$e Xo =4 
23 DEX XD) = § 
Ls OPS CO Oe =. 16 


i Xe ee a — 12 


1. Give the next six powers of 2. 
*2. Can you find some mnemonic aids to help you 
memorize the first ten powers of 2? 


Lesson 5. Learning an Attitude 


Let’s try a place-value game. 


INVESTIGATING THE IDEAS 

Use 3 sets of 9 cards, each 
with the digits 1 through 9. 
Shuffle the 27 cards and deal 3 to 
each player. Each player then 
forms a 3-digit numeral, places 
his cards face down in order, and 
declares (starting to dealer’s left 
and rotating clockwise) whether 
his number is high, middle, or low. 
Play the game in groups of three 
players. 


cy 


x 


IGH 


MIDDLE 


ES 
EN 


5 


LOW 


DISCUSSING THE IDEAS 

1. One player arranged his cards 
like this and declared that he 
would try for the low hand. 
What was wrong with his 
strategy? 


Ly 


ES | 
Lo | 


2. What is wrong with this 
arrangement for a middle 
hand? 

3. If you were dealt these cards, 
would you try for a high or 
low? Why? 

4. Suppose you are last to declare. 
Everyone else has declared 
either low or middle. What 
would you do with these cards? 


Hiei 


| | 
USING THE IDEAS 


1. Try playing this game with 2 or more other people. 

2. Try the game with the rule that you can declare 
only high or low. 

3. Make up rules for a game in which you turn up the 
cards one at a time starting with the ones’ digit 
card. 


EXTENSION 
1. Invent a place-value game in which 4 or 5 cards 
are dealt to each player. 
*2. Find or invent another game or activity that 
strengthens understanding of the concept of place 
value. 


V. Some Thoughts About Evaluation 


The strategy 
of preparation, investigation, discussion, utilization, 
and extension is a flexible organizational plan that 
allows each teacher an opportunity to make a modest 
beginning toward an activity-oriented mathematics 
program. The lesson categorization of concept, skill, 
generalization, fact, and attitude provides a framework 
that allows each teacher an opportunity to apply the 
teaching strategy to various types of learning situa- 
tions. Since there are different types of learning, it is 
reasonable to assume that there should be different 
types of evaluation used to measure these learnings. 

When considering the facts and skills, for example, 
emphasis should be placed on child accountability. 
The teacher should determine the learning outcomes, 
consider performance objectives for these outcomes, 
and help the child attain these objectives. The evalua- 
tion of this attainment is most easily completed by use 
of fact and skill tests which determine the child’s level 
of achievement. Since the child needs considerable 
practice in remembering facts and performing skills, 
the procedure for helping them is reasonably straight- 
forward. 

When evaluating concepts, generalizations, and at- 
titudes, however, the desired performance objectives 
are often quite difficult to verbalize. We have men- 
tioned earlier that concept learning often takes place 
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over a relatively long time span, that concepts are ex- 
tended and broadened, and that concepts mature with 
each subsequent set of related experiences. Clearly, 
it is difficult to write a performance objective which 
specifies the exact level of concept maturity appro- 
priate for a given child at a given time. Whenever pos- 
sible, objectives for simple concepts should be written, 
and an attempt should be made to write test items 
which will show whether children understand these 
concepts. These items should involve requests for 
children to give examples of concepts, characteristics 
of a concept, and even, in some cases, a definition of 
the concept. For more difficult concepts, the evalua- 
tion of children’s progress might be made through ob- 
servation and recorded by means of a check-list which 
specifies certain levels of development for the given 
concept. The teacher should be alert for situations in 
which the child actually uses the concept correctly 
and should recognize also that understandings which 
are only partially developed indicate positive achieve- 
ment. The teacher should also search for instances 
where the child has shown an ability to form concepts, 
for this is one of the desired learnings. 

When evaluating the child’s understanding of gen- 
eralizations, the teacher should specify the simple 
generalizations which should be learned by all chil- 
dren. Specific performance objectives and the sub- 
sequent test items should be written to evaluate these 
generalizations. Beyond this, the teacher should again 
evaluate in greater depth through personal observa- 
tions or interviews with the children. In the area of 
generalizations, the teacher should be ever aware that 
a child who is in the habit of looking for patterns or 
generalizations has learned a great deal. The teacher 
should also recognize that a child who can form a 
generalization from a sequence of specific examples 
has developed an understanding of a process that is 
extremely important. We would be remiss if we eval- 
uated only the factual part of the learning of gener- 
alizations. As noted earlier, however, although these 
are important goals of mathematics learning, it is very 
difficult to write performance objectives for these 
goals. Whenever possible, objectives should be writ- 
ten which go deeper than facts and skills, but in the 
absence of objectives, the teacher should feel free to 
use other means of evaluation, including interviews 
to evaluate student learning. 

While attitudes are not easy to measure in a con- 
ventional way, it is suggested that teachers frequently 
observe children and talk to them about their feelings 
about mathematics. It is important to realize that one’s 
philosophy toward testing can also have a marked in- 
fluence on the child’s attitude toward mathematics. 
Testing should be reasonable and realistic, and the 
child should understand its purpose. The spirit of 
evaluation should be one of helpful assessment, rather 
than of critical evaluation. If children participate with 
teachers in understanding (if not in developing) the 
goals of instruction, the testing procedure can be a 
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positive influence on the child’s attitude and ability 
to improve. 

It is hoped that the teacher will constantly take a 
broad view toward evaluating mathematics learning 
among his children. In the long run, evaluation of a 
child’s learning should depend upon the interaction 
of that child and his teacher. For this interaction to 
be successful, it may be necessary for the teacher to 
reexamine his own beliefs about how children learn 
mathematics. As each teacher makes modest begin- 
nings toward an activity-oriented approach to mathe- 
matics learning, he might ask himself the following 
questions: 


1. Do I respect each child as an individual with unique 
interests, abilities, sensitivities, and significant 
thoughts? 

2. Does the learning environment of my classroom 
provide a natural, free atmosphere in which chil- 
dren can explore, make decisions, be independent, 
and encounter exciting new experiences? 

3. Does the learning experience also include a sup- 
portive, non-judgmental atmosphere in which chil- 
dren have enough routine activities to provide a 
comfortable threshold of security? 

4. Is the child’s need for earned success recognized 
in my classroom? 

5. Do I recognize and treat mathematics as a dynamic, 
ever-growing discipline which offers limitless new 
vistas to be explored and an inexhaustible variety 
of new problems to be investigated and solved? 

6. Do I view mathematics as a subject of beauty and 
a source of pleasurable fulfillment of intellectual 
curiosity? 

7. Do I appreciate the significance of my role as a 
fellow-learner rather than merely a source of 
information? 

8. Is my overall attitude toward mathematics one that 
encourages a basic freedom to learn through use of 
manipulative materials in an investigative environ- 
ment, and through free discussion and exchange 
of ideas? 


As a teacher evaluates the children in his class, he 
should also reevaluate his approach to mathematical 
learning. The goal of this short text has been to help 
in that reevaluation by encouraging the teacher to 
read, study, observe, experience, experiment, and re- 
consider. If that goal has been achieved, perhaps his 
resulting basic beliefs about children, mathematics, 
and evaluation methods will help him create a new 
climate of interaction that will spark more effective 
learning experiences in his classroom. 


EXERCISE SET 10 

1. Give a set of performance objectives for each les- 
son completed in Section IV. 

2. Create an evaluation tool for each set of behavioral 
objectives given in exercise 1. 
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INTRODUCING THE METRIC SYSTEM 


Canada is committed 
to the metric system of measurement. You may be 
aware of this but may not have a clear idea of exactly 
what the metric decision means to you as a teacher. 
It is hoped that this section will serve three purposes — 

1. give you an idea of how the metric decision will 
affect you, 

2. help you understand the metric system of mea- 
surement, and 

3. give you some hints for teaching the metric sys- 
tem of measurement to your students. 


History and Rationale 


The English system of measurement developed from 
man’s need to measure size and distances using units 
from the most readily available object —himself. He 
utilized his palm, span, finger, an ell, and a fathom for 
length; his foot, step, pace, an arrow’s flight, and a 
day’s journey for distance; and a handful, shellful, 
hornful, or gourdful for capacity. 

There was little need for standardization until man 
began to travel and trade with other men. When 
“standard units’ were developed, a new problem 
arose. Different countries used different definitions 
for the same unit. The foot was, at first, the length 
of any man’s foot. In some countries, it was the length 
of the king’s foot (since he was the “‘ruler’’) and this 
foot could change as the “rulers” changed. Later an 
effort was made to standardize some units; for ex- 
ample, England and Scotland decreed the foot to be 
12 inches. Unfortunately, England and Scotland didn’t 
use the same definition for the inch. 

Today, in the age of technology, one still finds dif- 
ferent units in those countries which are not yet 
metric. Canada and the United States are neighbour- 
ing countries, yet they use two different definitions 
for the gallon. A question at which people in metric 
countries must laugh is ‘“‘Which is heavier, a pound 
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of gold or a pound of feathers?” A pound of feathers 
is heavier since feathers are weighed by the avoir- 
dupois pound (1 avoirdupois pound—7 000 grains) 
and gold is weighed by the troy pound (1 troy pound — 
5 760 grains). Which is heavier, an ounce of gold or 
an ounce of feathers? An ounce of gold is heavier. 
There are 12 ounces in the troy pound, so one ounce 
of gold weighs 480 grains; there are 16 ounces in the 
avoirdupois pound, so an ounce of feathers weighs 
437.5 grains. 

Out of such confusion there developed a need for 
a simple, standardized system of measurement. In 
1670 Gabriel Mouton, a French abbé, developed a 
system of measurement organized according to the 
decimal system of numeration. It took over a hun- 
dred years for a system of measurement like the one 
Mouton put forth to get official sanction. In 1790 
the French National Assembly appointed a commit- 
tee to study the measurement situation and see if a 
rational system of measurement was possible. In 
1795 France adopted a decimal system of measure- 
ment, defining the base unit of length to be the 
metre (from the Greek word metron, “‘a measure’’). 

The metric system did not use parts of the human 
body as units. The metric system did not develop 
haphazardly adding more and more units as the need 
arose. The metre was defined as one ten-millionth 
of the distance from the North Pole to the equator, 
along the meridian passing near Dunkirk, Paris, and 
Barcelona. One can see that such a definition would 
be difficult to replicate in any one country. Also, the 
length of the metre changes as the position of the 
North Pole changes; at the time that the metre was 
defined, scientists were unaware that the position 
of the North Pole changed. 

In 1870, because of the problem of replicating and 
comparing metric units from country to country, 
France called a meeting of the metric countries to 
develop a “‘unified metric system of measurement”. 
In 1875, the Treaty of the Metre was signed to estab- 
lish the General Conference on Weights and Measures 
which meets to determine the official definitions for 
the units used in the metric countries. In 1960 the 
Conference adopted the Systéme International des 
Unités (SI). It is this SI metric system that is most 
used throughout the world. 


A Popular System 


The popularity of the metric system 
stems from two characteristics—the high degree of 
standardization and its simplicity. 

In the entire metric system there are only seven 
base units! They are metre (length), kilogram (mass), 
second (time), ampere (electric current), degree kelvin 
(thermodynamic temperature), candela (luminous in- 
tensity), and mole (amount of substance). 











All units used in the metric system are related to 
these seven base units. The units you will be most 
concerned with (because they are the ones used in 
everyday living) appear in Table 1: 


Table 1: Metric Units to be Studied 





Quantity Unit Symbol 
Length metre m 
Mass kilogram kg 
Capacity litre Cs 
Temperature degree Celsius 5G 


*As a rule of thumb, the cursive letter (7) is used as a symbol for 
the litre to avoid confusion with the numeral (1), however, in 
symbols such as ml (millilitre), kl (kilolitre) the cursive form is 
not used. 


All other units to be discussed can be represented 
by the product of one of the units and a power of 10. 
For example, every possible unit of length can be de- 
veloped by multiplying the number of metres by the 
appropriate power of 10. 


Table 2: Metric Units of Length 
Name (Symbol) Metres 


* kilometre (km) 102m or 1000 m 


hectometre (hm) 10?mor 100m 
decametre (dam) 10'mor 10m 
*metre (m) 10°m or 1m 


10-'m-or 75 m 
10-2m or 7 M 
10-3m or wooo M 


decimetre (dm) 
*centimetre (cm) 
*millimetre (mm) 





*preferred units 


To make the system simpler the same prefixes are 
used with all units. For example, a millimetre (mm) 
iS zoo0 Of a metre, a millilitre (ml) is zoo Of a litre, a 
milligram (mg) is zoo0 Of a gram, etc. 

According to the class, you may want to introduce 
the symbol ‘‘m’”’ for metre, ‘“‘cm’”’ for centimetre, etc. 
The plurals, metres and centimetres, are also sym- 
bolized ‘“‘m’”’ and ‘‘cm’’, not “ms” or ‘“‘cms.”” Remem- 
ber, these are symbols and not abbreviations and no 
period is used after a symbol. 

Countries which have been completely metric for 
several years find that some terms such as “‘deci- 
metre’’ are not used in everyday living. People will 
talk of a book being 28 centimetres long rather than 
2.8 decimetres long. You may wish to explain the term 
‘“‘“decimetre,” but it is not necessary. 

Most people who feel that the metric system is com- 
plex are those who convert back and forth between 
the metric and English systems of measurement. When 
teaching the metric system, conversion to the English 
system is not necessary and should be avoided! 





The metre is defined world-wide to be | 650 763.73 
wave lengths in a vacuum of the orange-red line of 
the spectrum of krypton 86. This is quite a definition! 
There are two reasons why such a complex definition 
was adopted — 

1. the length never varies and 

2. this measurement can be replicated in labora- 
tories throughout the world. 

From this brief history of the metric system it is 
hoped you will take three main thoughts — 

1. The metric system resulted from concentrated 
effort to develop a rational system of measurement. 
It did not develop haphazardly. 

2. The problem of standardization has been solved 
in the metric system. 

3. The metric system is both popular and useful 
because of its simplicity. 


Activities 


Experience and activity 
are key words in the teaching of measurement. Mea- 
sure things! The success of this material will depend 
upon the amount of experience each participant has 
with the activities. The limited number of activities 
that are presented should stimulate possibilities for 
many more. Although the content is approached 
through activities and measuring experiences, there 
is a need for exercises to further these experiences 
and to structure metric thinking. Two points should 
be emphasized — 

1. It is important that you as well as your class do 
the activities in this section. 

2. The activities will be more fun if done in a group 
situation. 

Looking at Table 1 in the History and Rationale 
section, you will notice that you have to be concerned 
with only four base units. So, let’s use the frontal at- 
tack, start right in on length, and begin inching our 
way down the metric road. 
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Length, Area, and Volume 


In the groups where the metric system has been 
argued for years, there were two camps. One group 
wanted to use the centimetre, gram, and second for 
the core of the system and the other the metre, kilo- 
gram, and second. The latter group has prevailed. 

It is strongly urged that first grade teachers not 
start with the metre. It is very difficult for first graders 
to handle a metre ruler. The same argument may be 
advanced for the kilogram and litre. Length will be 
approached as it should be covered with students, i.e., 
first measure with arbitrary units, then use the centi- 
metre, next use the 10-centimetre (decimetre), and 
finally the metre. All measurement should be ap- 
proached as a three step process — 

1. Select a unit. 

2. Partition the object to be measured into units. 

3. Count the number of units used. That number is 
the measure of the object. 


ACTIVITY 1 

Measuring objects with an arbitrary unit. Students 
should do several activities of this type using arbitrary 
units such as their thumb, a paper clip, pencil, crayon, 
cutout of their shoe, width of their hand (a unit in the 
English system used for measuring the height of 
horses), cubit (another “English” unit, the length of 
the forearm from the elbow to the tip of the middle 
finger), or other selected units. For your experience 
measure the chalk eraser, the width of your hand, the 
width of this book, and the length of a pencil using 
a paper clip as the unit. 

In the illustration, a “paper clip train”’ is being used 
to measure the width of a hand. Follow the three steps 
mentioned previously in the measurement process. 


Record all answers. Then measure the object again 
using pieces of paper the length of a thumbnail. Repeat 
the process measuring other objects. 

In class emphasize four points — 

1. The first unit should be lined up with the ‘“‘start- 
ing point” of the object. 

2. The units should touch, but not overlap. 

3. The “train” should be straight. 

4. The units should be ‘rounded off’ to the unit 
that has its right end nearest to the “finishing point” 
of the object. 

In doing activities where arbitrary units are used, 
the need for standardized units becomes obvious. Ask 
several children to measure the same object, each 


I-26 





with his own pencil. On the chalkboard, place their 
statements such as ‘‘The table (or whatever object 
you pick) is 5 pencils wide.” ““The table is 7 pencils 
wide.” “The table is 8 pencils wide.” Children will 
soon see that when pencils of differing lengths are 
used, different answers will result. 


ACTIVITY 2 

Developing the concept of a centimetre. Probably the 
first metric unit the children will make use of is the 
centimetre. You will need (and each student in the 
class will need) 9 centimetre strips —9 pieces of paper 
or cardboard | cm by I cm square. 

The children, especially the younger ones, should 
have the experience of measuring many objects using 
centimetre strips. (If at the time you present this 
activity your students have studied two-digit numbers, 
have them measure objects longer than 9 cm.) 


Using the centimetre strips, measure the length of 
a paper clip, a piece of chalk, the Cuisenaire 6-rod, 
the width of a hand, and the width of a thumb to the 
nearest centimetre. In this initial activity, actually 
use centimetre strips and not a ruler marked in centi- 
metres. An exercise the children can do at their desks 
is to measure the pictures of objects drawn on a dupli- 
cator master. The pictures can be of predetermined 
length. Measure the pictures below. 


35— 


The arrow is about centimetres long. 


The snail is about centimetres long. 


The turtle is about 


centimetres long. 











In exercises like these, the length can be controlled. 
Some answers should require “rounding up,” and 
some “rounding down.” The word “‘about’’ is im- 
portant in the sentence since a measurement is an 
approximation. As the children progress you can have 
them write not only the number but also the name of 
the unit. 


ACTIVITY 3 

Measuring with centimetre rulers. When the chil- 
dren have learned to use the centimetre strips in the 
measurement process, a ruler marked off in centi- 
metres (not millimetres) should be introduced. It is 
strongly urged that the child construct his own 10-cm 
ruler during his first introduction to metric measure. 
He can do this by constructing a 10-cm train on a 
10-cm long piece of paper, pasting the train on the 
paper, then numbering the cars from | to 10. Another 
approach is to construct a 10-cm ruler in front of the 
class. Then hand out 10-cm long pieces of paper al- 
ready marked off in centimetres and have the children 
number the centimetres from | to 10. 

The next few activities should involve the measur- 
ing of an object with a centimetre train, a 10-cm ruler, 
and finally with only a 10-cm ruler. When measuring 
an object with a 10-cm ruler work toward getting your 
students to “read the ruler” rather than counting the 
centimetres as they did with the trains. 

In the example illustrated the child should learn to 
round off to the nearest centimetre and then read the 
ruler, 8 centimetres,” instead of counting “1, 2, 3, 


4,5, 6, 7, 8 centimetres.” 





After the children have become skilled in using a 
10-cm ruler, they should be given activities requiring 
them to measure objects which are longer than 10 cm. 
When working with 5-and-6-year olds, be careful that 
the measure of the object is not a number the children 
haven’t studied. In the activities concerning measure- 


ment it is the process that should be emphasized; the 
numbers themselves should never be a source of 
difficulty. 

Now, using your 10-cm ruler, measure the length 
and width of this book and length of your forearm, 
the length of your foot, and length of your span 
(what is your span?). 


ACTIVITY 4 

The metre and notation. Initially, you may want to 
have your students measure objects with metre-long 
strips of unmarked cardboard. Then ask them to 
number the centimetres on the metre strip in groups 
of 10 using their 10-cm strips. Before proceeding 





further, have the class subdivide these cardboard 
metre rulers into centimetres. It is important that 
you do the activities with the same type of ruler your 
students will use. If you have a classroom set of 
wooden metre rulers, use one of them. Ideally, the 
rulers used should be marked off in centimetres, but 
if the ruler is marked off in centimetres (cm) and milli- 
metres (mm) no harm is done. Measure the length, 
width, and height of your desk rounding off to the 
nearest metre. 

The measurements for a desk, accurate to the near- 
est metre, might be 2 m long, | m wide, and | m high. 
Such measurements would not be helpful. The metre 
is used for much longer measurements, such as the 
length and width of the classroom, the playground, 
the school, the block, etc. To measure the dimensions 
of objects such as desks, tables, bookshelves, and 
people, a metre ruler may be used and the results 
recorded in centimetres. For example, a desk may be 
152 cm long, 76 cm wide, and 74 cm high. 

You might say: | am 178 cm tall; what is your 
height (in centimetres)? 
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Just as 153 cents is written as $1.53, 153 centi- 
metres is written as 1.53 metres. This can be inter- 
preted as | metre and 53 centimetres which is read 
as ‘one point five three” metres. Do not dwell on 
the mathematical use of the notation—it is not 
necessary! 

With your class,record the dimensions of your class- 
room, your desk, their desks, your height, and their 
heights in terms of centimetres, then in terms of 
metres using the decimal notation. 


ACTIVITY 5 
Area using arbitrary units. Here are some examples 
of area units: 


Let the children give names to the units. Then 
follow the measurement process: select one of these 
units, match it against the area of some object, and 
count the number of units used. For example, the 
irregular figure below has an area of about 6 discs 


ONY on ae 


as 


ee AS 


(if disc is the name given to the unit used). Empha- 
size that you are trying to “‘cover” the object. The 
units should be “even with the edge”’ of the object, 
the units should touch, but not overlap, each other. 
Direct the children’s attention to the parts of the 
object that are not “covered.” 

Make a cutout of some irregular area such as your 
thumb and make copies of it out of paper. Use your 
“thumb” to find the area of the top of a chalk eraser, 
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of the irregular figure measured with the discs, of a 
cutout of your shoe, and of figure X. 


Figure x 


Record the answers on the chalkboard in sentence 
form — 

“The figure has an area of about thumbs.” 

Have your class perform similar activities. 


ACTIVITY 6 

Area using the centimetre square (cm?). Have the 
children make centimetre squares (or have them 
available for use). The children should have the 
experience of finding the area of many objects. 

Make duplicator masters for some areas that the 
class can measure with their centimetre squares. The 
figures below are 1 cm?, 9cm?, 25cm’, respectively. 


a 





You might point out that the square containing 
the 9 cm? has a side of 3 cm and the square contain- 
ing the 25cm? has a side of 5 cm. 

Have the children use their centimetre squares to 
find the area of a stamp, a 10-cm ruler, the cutout of 
their thumb, the irregular figure which had an area of 
6 discs, and figure X. 


ACTIVITY 7 
Volume, using the centimetre cube. In the initial de- 
velopment of the concept of volume, it is important 





that children have the opportunity to construct several 
differently shaped objects each having the same num- 
ber of volume units. 

As with length and area, the study of volume should 
be introduced with activities making use of arbitrary 
units of volume, such as blocks, Cuisenaire rods, 
pencils, erasers, or even marbles. 

Use 10 or 12 centimetre cubes in this activity. At 
first, let the children work on their own, constructing 
any objects they like. Encourage them to see that an 
object built of a specific number of cubes has a vol- 
ume of the same number of cubes regardless of its 
shape. For example, the illustration shows 4 different 
constructions, each having a volume of 4 centimetre 
cubes (4 cm’). 


te tk 
aH of 


How many differently shaped objects can be con- 
structed with a volume of 8 centimetre cubes? When 
those possibilities have been exhausted, try the ac- 
tivity with 10 cubes. 


REVIEW: LENGTH, AREA, AND VOLUME 

1. Have your class compare the length of their feet, 
spans, and cubits. Why are these units useless as 
standard units? 

2. Complete these statements. 


a. 128 cm = ___m e. 1.06 m=____cm 

b. 108 cm = ___.m f. 10.01 m=___cm 

© 1S cm = ___m g. 23.86 m=_—__cm 

d. 1010 cm=___m h. 0.09 m=__—cm 
3. What would be the length of the sides in a square 

containing: 

ae Orc itaee > eee CI 

Dae cil — 22 cm) 

Coed Cie eee” CHIT, 


ee Orc enn 
4. How many different-shaped objects can you form 


with 6 centimetre cubes? 


Capacity 


Capacity can be thought of as the amount of mate- 
rial a container will hold. Capacity is usually linked 
to liquid measure though you may have already had 
your classes measure capacity by using sand to avoid 
using liquids. 

In the metric system of measurement, volume and 
Capacity are directly related. A container with a 
volume of 1 cubic centimetre (1 cm?) will hold 1 
millilitre of water. One millilitre (1 ml) is one thou- 
sandth of a litre (0.001 7). 

The need for fractional names such as 3, +, 4, %, # 
etc. will diminish. The parts of the whole which need 
emphasis are—0O.1; 0.2, 0.3, ..., 0.9. Of course, in 
measurement, fractions could disappear completely, 
since % of a meter is 0.375 m or 375 mm. However, 
when working with the litre (the unit of capacity in 
the metric system) don’t worry now about using 
+ 0,3 @, etc. if it is the amount you want the children 
to see or work with. Since the metric system is based 
on 10 and since 1, 2, 5 and 10 are the only divisors of 
10, we will probably talk about halves, fifths, and 
tenths of metric units. The decimal notation (+4 is 0.5) 
will prevail eventually, even at the primary level. 


ACTIVITY 8 

Capacity and arbitrary units. The most obvious 
capacity units are handfuls. Give each child a con- 
tainer to fill with water or sand or other material you 
prefer to use. Have the children fill the container 





(milk carton, ice cream carton, cigar box, etc.) with 
‘‘handfuls”’ of material. Have them record their results 
on a piece of paper: ‘My carton holds hand- 
fuls of .’ Compare the wide range of results. 
Re-emphasize the need for a standard unit to measure 
capacity. If further experience is necessary, you may 
want to repeat the project with cups brought from 
home (since there are so many different sized and 
shaped cups). Try the activity yourself or get several 
containers such as an ice cream carton, a milk carton, 
a wastebasket, a big cooking pan, and a litre container. 
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On a piece of paper write a pair of sentences for each 
container: 

“The (name of container) holds about 
litres. 

The (name of the container) 

(result) litres. 

In the first blank ‘“‘guestimate” the number of litres 
the container will hold. In the second, write in the 
results of measuring the object. 

Don’t forget the three step measuring process — 

1. Select the unit —the litre. 

2. Match the unit against the object —fill the object 

using the litre. 

3. Count the number of units (litres) used. 

When the container is full (it is best to have a “‘fill 
line’ just below the top of the container) round off to 
the nearest whole litre according to whether more or 
less than half of the last litre was used. 





actually holds 





ACTIVITY 9 

Working with the litre. Get a container that holds 
a litre of water(and, ideally, has submarkings for each 
100 ml). When you are collecting containers for your 
classroom, try to get as many different shapes as you 
can. It is important, especially in early experiences, 
that the children see that litre containers can come 
in many different shapes. It is the quantity the con- 
tainer. will hold, not its shape that determines a 
capacity of | litre. 

Once you get a litre container you can make many 
more. Pour a litre of water into a container and mark 
a “fill line” for 1 litre on the outside with tape, or, 
if possible, cut the container so that it holds just 1 
litre. Suggested existing containers which can be cut 
are quart, half-gallon, and gallon milk cartons, round 
quart, half-gallon, and gallon ice cream cartons. Con- 
tainers that can be marked might be various shaped 
pans, cooking bowls, large tin cans, and bottles or 
jugs. Most activities for introducing the metric units 
should be accompanied by some estimation exercises. 
Have the students estimate and record how many 
litres a container will hold, then measure the con- 
tainer to see about how many litres it does hold: Com- 
pare records. 


ACTIVITY 10 

Introducing the millilitre. The litre is a unit for ca- 
pacity that is used for milk, gasoline, paint, and other 
quantities of considerable size. The litre is not used 
to measure small quantities, such as toothpaste, soda 
pop, medicines, frozen orange juice, etc. The unit 
used for the smaller measures is the millilitre (ml). 
If your school is going to get a set of metric capacity 
containers, try to get them in these sizes—1 7, 500 
ml, 200 ml, 100 ml, 50 ml, 20 ml, and 10 ml. With 
such a set (whether bought, given, or constructed) 
one can do all the activities that are necessary. 
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(guess) 


Construct a container with a volume of | cubic cen- 
timetre (1 cm?) to demonstrate the size of the milli- 
litre (ml). Trace the figure below, then cut it out and 
tape it together along the edges. If you avoid spillage 
your cube will hold | ml of water. 


The children need several activities measuring the 
capacity of objects and recording the results in milli- 
litres. Have them first guess and then measure the 
capacity of a thimble, a match box, a tablespoon, and 
a teaspoon. Record the results in sentences like— 

“I estimate that the thimble holds about 

It actually holds about Miso 


ml. 








Mass 


As the metric system becomes the predominant sys- 
tem of measurement you may hear talk about the 
difference between mass and weight. A lunar example 
may be the best way to show the difference. Now 
that we are in the space age, practically everyone 
knows that a man weighs less on the moon than he 
does on the earth. For example, a 300-kg man on 
earth would weigh about 50 kg on the moon, but 
he would have the same mass on the moon as he 
does on earth. Weight is dependent upon gravity, mass 
is not. Begin to stress the use of the correct metric 
term, mass. 

The base unit of mass in the metric system is the 
kilogram (kg). For example, we say “I have a mass of 
78 kg. 


ACTIVITY 11 

Arbitrary units of mass. To find the mass of an object 
you will need a balance and some arbitrary units such 
as paper clips, pencils, Cuisenaire rods, pennies, or 
other objects. Put a pencil on one side of the beam 
and then “‘balance the pencil’ with pennies (or mul- 
tiples of any other small unit). Record the results on 
paper in a sentence like: 

“The pencil has a mass of about pennies.” 

Repeat the activity with at least three other objects. 





ACTIVITY 12 

The unit used for small masses is the gram (g). This 
activity is very similar to the last. You will need gram 
masses. If you have a classroom set, that’s great! If 
you don’t, you can make one. 





Put a gram mass on one side of the balance and bal- 
ance it with a lump of clay or plasticine. Label your 
clay “1! g.” In a similar manner make a set of clay 
or plasticine “masses” in multiples such as: 5 g, 10 g, 
20 g, and 50 g. Use several small objects as test ob- 
jects (a paper clip, a nickel, a penny, and a pencil). 
However, before you have the children put one of the 
test objects on the balance, ask them to estimate its 
mass in grams. Then find the mass of the object. Re- 
cord both the guess and the result. 

The quarter has a mass of about (guess) grams. 

It actually has a mass of (result) grams. 

Repeat the activity using other objects. Do you and 
the class get better at estimating mass? 


ACTIVITY 13 

Measuring mass using the kilogram. Hopefully, all 
schools will have metric scales available for finding 
the mass of children and other large objects using 
kilograms. For this activity, have each child find his 
Own mass and then make and label a cutout of himself 
(perhaps using his projected shadow). Have him re- 
cord his height and mass in metric units on the cutout. 

Then you and your class might measure the mass 
of other objects, such as your own chairs, the text- 
books used in the course of one day, litre of water 
(don’t count the container—first find its mass when 
empty), a dictionary, and even the principal of the 
school (if he agrees). As mentioned earlier, there is 
a direct relationship between volume and capacity 
in the metric system of measurement. In fact, there 
is a direct relationship between volume, capacity, and 
mass. A container whose volume is | cubic cm (cm?) 
holds 1 ml of water and the | ml of water has a mass 
of 1 g. A container whose volume is 1000 cubic cm 
(or 1 cubic decimetre) holds 1000 ml of water (or 
1 litre), and the water has a mass of 1000 g (or 1 kilo- 
gram). What did you get for the mass of one litre of 
water? 

N.B. It is a good idea to label some of the objects 
in the room as you introduce each metric unit. For 
example, the aquarium may be 70 cm long, 40 cm 
wide, 35 cm high; have a water surface area of 
2 800 cm? , volume of 98 000cm?; a capacity of 98 7 
of water and a mass of 12 kg. If the children label 
the objects as they study particular units, they will 
begin to think metric. 


REVIEW: CAPACITY AND MASS 
1. When finding the mass of something using a bal- 
ance beam, how do you decide which unit to round 
off to? 
2. Fill in the answers: 
. 28 ml of water has a mass of about 
170 27 is ml. 
3.12?ke'is g and 2438p or ES. 
. It would take ml of water to balance | kg. 
. Will a car get a higher or a lower number of 
miles per litre than miles per gallon? (Is the 
litre larger or smaller than the gallon?) 

b. Will a car get a higher or a lower number of 
kilometres per gallon than miles per gallon? (Is 
the kilometre longer or shorter than the mile?) 

% c. Gasoline consumption rates will be given in 
kilometres per litre. Will a car get a higher 
or a lower number of kilometres per litre than 
miles per gallon ? 


grams. 
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Temperature 


This last section covers the introduction of a metric 
unit, the degree Celsius (°C), for which there is no 
physical model. On the Celsius scale for temperature, 
water boils at 100°C and freezes at 0°C. The unit 
is named after the Swedish scientist, Anders Celsius, 
who created the centigrade temperature scale. The 


water boils 


body temperature 


Water freezes 





Fohrenheit 
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Celsius and centigrade scales are the same, but cen- 
tigrade is no longer the proper term since the centi- 
grade is a unit used to measure angles in the metric 
system. 

The best way to get used to the Celsius temperature 
scale is to use it! It is almost a necessity that you have 
a Celsius thermometer. However, if you have a dem- 
Onstration model of the Fahrenheit thermometer, 
you can rescale it using the nomograph shown here. 


ACTIVITY 14 

Graphing temperatures. Be sure to give the children 
lots of opportunities to read the temperature and 
record it in degrees Celsius (°C). Perhaps you could 
institute a morning weather report given by a different 
child each day to get the class to use Celsius ther- 
mometers and to give them a feeling for what the 
temperature is when expressed in degrees Celsius 
(°C). The previous day’s high and low temperatures 
(taken from a newspaper account) could be recorded 
on a wall graph. 


REVIEW: TEMPERATURE 

. My body temperature is about 

. Normal room temperature is about 

. Water boils at about °C; 

. A warm summer day would be about EG. 

. The temperature in a refrigerator is about ___ °C. 

. The temperature in the vegetable section of a 

supermarket is about ____— °C 

. Water freezes at about ede et © 

8. What temperature on the Celsius thermometer is 
the same on the Fahrenheit thermometer? ____ °C 


AC 
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Materia 


At the bi a Ani AGLetOU Uk. \ 
will have a problem gathering supplies. Certain ma- 
terials are necessities in the teaching of measurement 
and metric measurement is no exception. Fortunately, 
most of the materials are inexpensive or easily con- 
structed. In the section on length, the construction 
of some of the rulers is discussed. If you have one 
metric ruler, you can construct the rest. If you have 
One metric ruler, you can also construct the centimetre 
squares and cubes needed for the study of area and 
volume. 

The construction of units of capacity and mass 
have als@;been discussed. When it comes to tempera- 
ture vor should have a thermometer available for 
classroom use. If it is a Fahrenheit thermometer, 
then you should rescale it to degree Celsius using 
the nomograph given earlier. 

Following is a list of companies and government 
agencies that are currently producing materials or 
can give some assistance with this problem of teach- 
ing the metric system of measurement. 
AddiséhWesley (Canada) Ltd.—Don Mills, Ontario 
Buntin. Gillies & Co. Ltd.— Ottawa, Ontario 
Cameron Products — Bramalea, Ontario 
Canadian Metric Association—(P.O. Box 35)— 

Fonthill, Ontario 
Contrasts 20—Calgary, Edmonton, Vancouver, Win- 
. nipeg, Regina (Nearest Barber-Ellis Office) 

Kruger Pulp and Paper Ltd.—Moncton, Toronto, 

Hull, Montreal (Nearest Office) 

Information Canada (Under Government of Canada) 

(Nearest Office) 


Jack Hood School Supplies Co. Ltd.—Stratford, 


Ontario 

Lufkin Rule Co. of Canada Ltd.— Don Mills, Ontario 

Lily Cups Ltd. — Scarborough, Ontario 

MacLean-Hunter Learning Materials Co.—Toronto 
101, Ontario 

Metric-Aids Ltd.—Toronto, Ontario 

Moyer-Vico Ltd.—Moncton Weston, Winnipeg, 
Saskatoon, Edmonton, Vancouver and the Lon- 
gueuil Co. in Chambly (Nearest Office) 

The National Council of Teachers of Mathematics — 
1906 Association Drive, Reston, Virginia 22091 
Sargent-Welch Scientific Co. of Canada Ltd.—Wes- 

ton, Ontario 
Spectrum Education Ltd.— Toronto, Ontario 
Spicars International Ltd.— Scarborough, Ontario 
Toronto Dominion Bank (Nearest Office) 
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Place value: 34 cv. 
4-,5-, and 6-place numerals: 40-43 
Inequalities: 44-45, 81, 95, 225, 228-229, 
231, 235-236, 240-243, 330-333 
Base-ten machine: 52-53 
. Reading large numbers to 9 places: 48-51 
Negative numbers: 312-313 
\ 3 


Inverse relation (+ and —): 58-59 
Basic principles: 66-67 
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